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A Transient-Flow Method for Determination of Thermal Constants 
of Insulating Materials in Bulk 


Part I—Theory 


J. H. BLAcKWELL 
Department of Physics, University of Western Ontario, London, Ontario, Canada 
(Received March 2, 1953) 


This is the first of two papers concerning an improved transient-flow method for determining the thermal 
conductivity and diffusivity of insulating materials in bulk. The work was first suggested by the geophysical 
problem of determining the thermal constants of natural rock im situ. A cylindrical “thermal probe,” con- 
taining heat-source and thermometer, is inserted in the medium and constants deduced from a record of 
probe temperature versus elapsed time; this method has been used before but the work described here is an 
attempt to eliminate, or evaluate the effect of, physical idealizations inherent in previous applications. 
The first paper is concerned with development of a new approximate mathematical treatment, using methods 
of the operational calculus first suggested by S. Goldstein, in 1932. A subsequent paper will deal with the 


experimental results obtained with the new theory. 





1. GENERAL INTRODUCTION 


ASIC inadequacies in mathematical analysis and 
treatment of experimental data are apparent in 
previous work with the cylindrical-probe transient flow 
method for measuring thermal conductivity and 
diffusivity. 

These were drawn to the attention of the author when 
geophysicists wished to apply the method to the de- 
termination of the thermal constants of natural rock 
in situ, 

Accordingly it was suggested that the theory be com- 
pletely revised and experimental tests, using the new 
theory, be performed under laboratory and field condi- 
tions. 

In brief, transient probe methods for determining 
thermal constants may be described as follows: a body 
of known dimensions and thermal constants (the 
“probe”) which contains a source of heat and a ther- 
mometer is immersed in the medium whose constants 
are unknown. With the aid of suitable theoretical rela- 
tions, these constants are then deduced from a record 
of “probe” temperature versus elapsed time. (It may be 


1E. M. F. van der Held and F. G. van Drunen, Physica 15, 
865-881 (1949); F. C. —¢ and F. R. Lepper, J. Am. Soc. 
Heating Ventilating Engrs. 22, 129 (1950). 


noted that a cylindrical shape for the probe is necessary 
in the geophysical case, so that the instrument may be 
inserted in diamond-drill holes already in the rock.) 

The deficiencies which have existed in some or all of 
previous uses of the method are as follows: 


(1) It is assumed that, to a first approximation, the 
“probe” may be represented theoretically as a con- 
tinuous line-source of heat. A correction of dubious 
validity is then applied to allow for departure from line- 
source conditions. Reliability of this method of attack 
decreases as the probe radius increases and in certain 
applications (of which the geophysical is one) it is 
impossible to make the probe sufficiently small. 

(2) Thermal contact-resistance at the boundary 
between “probe” and external medium is assumed zero. 
This is never true and in particular is a serious dis- 
advantage in the geophysical problem; long drill holes 
are not very straight and in consequence, the “probe” 
used must be a loose fit in the hole. 

(3) Only semi-intuitive estimates are given of the 
minimum probe-length to ensure radial-flow conditions 
and these appear to be unduly exaggerated. 

(4) Treatment of experimental data seems relatively 
crude and does not lead to any systematic evaluation of 
probable errors in the measured constants. 
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The method has, in consequence, been redeveloped 
both theoretically and experimentally and it is felt that 
the objections listed have been largely overcome. The 
magnitudes of errors introduced by certain simplifying 
physical assumptions have been established and other 
minor improvements made. 

The new theoretical treatment is described below 
and experimental results obtained will appear in Part II 
of the paper. A short summary of the method has 
already been published.” 


2. THEORETICAL ANALYSIS 
(i) Introduction 


It became apparent early in the investigation that 
two approximate solutions of the heat-flow equation 
for the probe temperature would be required for evalua- 
tion of the thermal constants. Previous workers had 
used one only, valid for large times. However, inclusion 
of contact resistance at the probe boundary compli- 
cates the large-time solution and makes it desirable to 
determine the contact resistance “independently.” A 
solution subject to the same boundary and initial condi- 
tions but valid for small times makes this determination 
relatively simple. 

Different cylindrical geometries and several methods 
of introducing heat into the probe were considered, as 
was the choice of a good or poor conductor for the ma- 
terial of the latter. Examination of theoretical and ex- 
perimental advantages of the different arrangements 
led finally to a hollow cylindrical metal probe with 
constant heat input per unit time. A probe of good 
conductor can be treated to a first approximation as a 
perfect conductor and corrections to take account of its 
finite conductivity applied if necessary. These correc- 
tions depend on the location of the probe heater and 
the point of temperature measurement. Mechanical and 
electrical design factors indicate the suitability of a 
spiral heating element wound on a groove on the out- 
side of the probe together with temperature measure- 
ment at the inner surface of the hollow cylinder at the 
center of its length. 

Calculations were made to determine the minimum 
probe length for radial-flow theory to be accurate within 
experimental error, since the basic theory given below 
assumes radial flow. 

Both large and small-time approximate solutions for 
the probe-temperature were developed following meth- 
ods suggested by S. Goldstein* as techniques of the oper- 
ational calculus. In what follows they have been adapted 
to the equivalent Laplace-transformation procedure. 


(ii) Determination of the Probe-Temperature 
Transform 


We wish to solve the radial heat flow equation for an 
infinite region of one material, bounded internally by a 
2 J. H. Blackwell and A. D. Misener, Proc. Phys. Soc. (London) 


A64, 1132 (1951). 
3S. Goldstein, Proc. London Math. Soc. 34, 51 (1932). 


hollow circular cylinder of another (perfectly conduct- 
ing) material, with the initial and boundary conditions: 


(a) Zero initial temperature throughout. 

(b) Constant heat-input per unit time to the inner 
cylinder. 

(c) Contact-resistance at the boundary between 
cylinder and external medium. 


Modifications to the results of the basic analysis due 
to finite probe-conductivity are discussed in (v) below. 
The validity of the radial-flow assumption is investi- 
gated in Appendix I. Let 


6,(t), Mi, cy=temperature,-mass/unit length and 
specific heat of the “probe,” 

62(p,!), Ko, 4e=temperature, thermal conductivity, 
and diffusivity of external medium, 

p =radial coordinate, 

b =external radius of the “probe,” 
= time, 

H =“‘outer conductivity” at the surface p=), 

Q =heat supplied/unit probe length/unit time, 

Q’=Q/2rb and a= M\c,/zb. 








Then 
0°62. 100. 1 06, , 
—+-—=—— b<p<a: #>0, (1) 
Op? pap h,* at 
6:=08.=0 t=0, (2) 
062 
— Kz = H(6,—6.) p=b: t>0,‘ (3) 
Op , 
06> 00; 
— Ky (2rb) = Q— M ye,— p=b: t>0,5 (4) 
Op ot 
1.e., 
00. a 06; 
— K.—=(Q’-—-— p=): ¢t>0. (4a) 
Op 2 dt 
62 is bounded as p>. (5) 


Laplace transformation of differential equation and 
boundary conditions with respect to time results in 
the subsidiary equation and boundary conditions, 





-—— ” * <p<a, 
dp? p dp — 4 
dQ, 
— Kx—= H(0,— 02) p= b, (7) 
dp 
Q’ ap 
=—-—-—0, p=b. (8) 
p 2 
©, is bounded as p>, (9) 


where is the transform variable; g2= p'/he. 


- #H. S. Carslaw and J. C. Jaeger, Conduction of Heat in Solids 
(Oxford University Press, London, 1947), p. 18. 
5 Reference 4, page 16. 
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@1(p), @2(p,p) are the LZ transforms of 6;(#), 62(p,t), 
respectively. 

Solution of Eq. (6) subject to Eqs. (7), (8), and (9) 
gives 








©,(p) —" (10) 
MP pbaph-+ 2K2K(qsb) 
260’ Ko(qz2p) 
@2(0,p) = —— (11) 


pqob[ bapA+2K2K1(qob)} 

where ' 
2 

= —Ko(q2b +(=)x 2b). 12 

7 0(g2b) oo 1(q2b) (12) 


Ko(x), Ki(x) are modified Bessel functions of the 
second kind, and zero and first orders, respectively. 

From the Inversion Theorem of the Laplace Trans- 
formation we have, then, 


1 yti0 
a= — f ©, (p)etndp, (13) 
7 


£71 — joo 


1 ytiv 
92(p,t) =— f Oo(p,p)e'dp. (14) 


ri y—ix 


Examination of the integrands of Eqs. (13) and (14) 
shows that each has a single branch point (at the origin). 
Furthermore, ©,(~) and @2(p,p) satisfy the conditions 
of Jordan’s Lemma‘ and neither has poles within or on 
the closed contour ABCDEFGJK as the radius R of 
the circular arc >”. Hence the contour of integration 
Re(p)=7y may in each case be replaced by the standard 
equivalent contour CDEFG’ (Fig. 1). 

Denoting this contour by Br. we may thus write 


1 
6,=— O,e'?dp, (15) 
2ni Bro 
6,;=— Ore'?dp. (16) 
2ni Broa 


“Exact” evaluation of integrals in Eqs. (15) and (16) 
as real infinite integrals is straightforward and that for 
6,(t) is outlined in Appendix II. These solutions are 
quite unsuitable however, for the present purpose, i.e., 
deduction of thermal constants from a temperature- 
time record, and approximate solutions for 6, are de- 


veloped below. 


(iii) Large-Time Approximate Solution for 
the Probe Temperature 


To obtain a large-time solution, we follow the method 
used by Goldstein.* The transform ©, is expanded 


*H.S. Carslaw and J. C. Jaeger, Operational Methods in A pplied 
Mathematics (Oxford University Press, London, 1947), second 
edition, p. 76. 

7 Reference 6, p. 92. 
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formally in ascending powers of p and the integral of 
Eq. (15) evaluated term-by-term. (Many of the term 
integrals diverge on the original contour but all con- 
verge on Br.) The result is a logarithmic term in T 
(T=h,?t/b) plus an asymptotic expansion in inverse 
powers of T. 

Inserting the ascending-series expansions for the 
modified Bessel functions in Eqs. (10) and (12) and 
simplifying, we obtain 


‘ri 
iain |- in() 
2Ko p WwW 


5? 





ob 





{2 In(Bp) —In?(Bp) — 2} 


ba Bp 
+— in'(—)-+0¢)} (17) 
4K» Ww 


where B=vb?/4h,?; Inw=2K2/bH; and Inv=2y. y is 
Euler’s constant = 0.5722. 
Integrating term-by-term on Bre, using the results, 


4h? 


1 
— ce'?dp=0; (18) 
2ri Bro 
1 1 l 
~ f " in(cprerdp= —1n(-) +4], (19) 
2ri J Bre p c 
1 1 
— In(cp)e'*dp= —-; (20) 
Qari Bre t 


1 2 t 
—- int(cprerap=-| in(=)+y], (21) 
2ri J Bre l Cc 


(where c is a real positive constant and / is positive) we 
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obtain 


bQ’ 2K: 1 
Oty | Ina 9 +4 — In47—y+1 
2Ke bH 2T 


ah? 2K 1 
_—— nt —7+-—*) | +0(—) | (22) 
bKe bH Tt 





Rigorous mathematical justification of the formal 
process described above has not yet been made. Never- 
theless, comparisons between the results predicted by 
terms to 0(1/T) in Eq. (22) and numerical integration 
of the exact real integral of Appendix II have been very 
satisfactory. In addition, these numerical checks (using 
thermal constants of the order of magnitude of ex- 
pected unknowns) are useful in setting the minimum 
value of T for which the expansion Eq. (22) will predict 
temperature within a given error. It is found, for ex- 
ample, that in typical rock with a probe of suitable size 
many hours must elapse before the term of 0(1/7) can 
be neglected without introducing appreciable error ; on 
the other hand, if the term of 0(1/7) is included, a 
relatively small minimum T can be tolerated. 

An intuitive general justification of the type of ap- 
proximation process used is suggested by McLachlan.* 

In the limit H+ (perfect contact), a—0 (probe 
walls removed), the solution Eqs. (22) reduces to that of 
a simpler problem already in the literature.® 


(iv) Small-Time Approximate Solution for 
the Probe Temperature 


To obtain a small-time solution, another method 
suggested by Goldstein in the same paper is followed. 

An asymptotic expansion of the transform in inverse 
powers of “p” is made, and this expansion integrated 
term by term on the original contour Re(~)=+. In the 
special case considered here, the final result is a series 
in ascending integral and half-integral powers of ‘“‘,” 
but in the general case it is usually a series of repeated 
integrals of the complementary error function. 

Inserting the asymptotic expansions for the modified 
Bessel functions in Eqs. (10) and (12) and simplifying, 
we obtain 


oa (2)5o()o(2)} 


Making a term by term inverse transformation, 





20’, HA 16H*he 
a(t —#4+-———*_04-0(0) | (24) 
a a 15(V¥r)aK, 


Unlike the previous case rigorous justification of this 
type of approximation is not difficult, e.g., see Carslaw 


®N. W. McLachlan, Complex Variable and Operational Calculus 
(Cambridge University Press, Cambridge, 1946), p. 100. 
* Reference 4, p. 283. 
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and Jaeger.”° In dimensionless form the general condi- 
tion for validity is the converse of the previous case, 
ie., T=h?t/b<K1. 


(v) Modifications Resulting from Finite 
Probe Conductivity 


In order to investigate the effects of finite probe 
conductivity, the problem has been solved again as far 
as the temperature transform, without using the per- 
fect-conductor assumption. 

The new solution is, of course, more complex. The 
region of solution is now a “‘composite solid,” there is a 
radial temperature gradient in-the probe wall and the 
relative radial locations of heat-injection and tempera- 
ture measurement become important. Let 


K,, h’ =the conductivity and diffusivity of the probe 


material ; 

a,b =the internal and external radii of the hollow 
probe; 

Q =heat supplied/unit probe length/unit time 


at the outer surface of the probe, p=); 

Q’ =(Q/2mb (as before) ; 

6,(a,t), Q1(a,p)=the temperature, and temperature 
transform, respectively at the location of 
temperature measurement, p=a; 


ga == p*/by 


and other symbols as before. Then 





/ K 2 

ex(or-— : Ks(qs)+ Kola | / A’, (25) 
pual H 

where 


A’ = Koq2K, (gob) {11 (91a) Ko(916) + Ki (gia) I0(q1b)} 
Koq2 
-Ku| Ko(qab) +— Kalas) 


X (Ti (qra) Ki (qub) — Ki (qua) 11 (q15)}. 


We now consider the approximate inverse transform 
6,(a,t) for large and small times. 


Large Times 


As before, we expand ©,;(a,p) in an ascending series in 
“»” and integrate term-by-term on contour Brz. We 
obtain 


/ 


bQ 2K, 1 
6; (of) na 9 4 — 
2K2 bH 2T 


a Ry 
x | nary 1—-— nl —>+-—— 
bK bH 


—~ (arta |+0(—) I (26) 


” Reference 6, p. 278. 
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where 





we 





1 b a‘ 
a fwr-torain(?){ | 
h? a/ \B—a?) J 


1 b ah? 7 
—|¥+40"-4 n(-) | ‘ 
h? a/ \B—a?*) | 


It is seen that to 0(1/7) this equation is identical 
with Eq. (22) except for the term —2h,?(Ai+A:)/0? 
within the coefficient of 1/7. This term is usually 
insignificant in magnitude—it is approximately equal 
to —2h,?(b—a)?/3h,b? and, in any event, the curve- 
fitting procedure for obtaining Ke, h,? which is described 
below is independent of its value. 


Ao= 








Small Times 


A “small-time” solution of the ordinary type will be 
of little use for the composite region under consideration. 
Since the conductivity of the probe is high, conduction 
in the probe will pass over into the “large-time” ap- 
proximation region a few seconds after /=0 and it is not 
experimentally practicable to employ such a short time 
interval. 

Once again Goldstein’s paper suggests a suitable al- 
ternative method. A “small-time” solution for the 
poorly conducting external medium is combined with a 
“Jarge-time” solution for the highly conducting probe. 
The solution should be useful for calculation provided 
B?/hYy<Kt«b?/h-? i.e., the time region in the immediate 
vicinity of =0 must be excluded. 

To obtain this solution terms in ©,(a,p) involving 
gia and qg,b are expanded in ascending series, terms in- 
volving gob in descending series. The series are then 
combined discarding terms of order higher than q,’a’, 
q:°b’, 1/q2b and cross products of these small quantities. 
Term-by-term inversion is then performed. In the 
particular case under consideration we obtain 


20’ 2(Ai—A2)H 
A (=| — art | eal! 


a a 


H 16H°he 
——f?+4+————_#°?+ 0(#) | (27) 
a  15(/r)aKe 


If b—a<b, and A,~ A.~ (b—a)*/6h;?, Eq. (27) becomes 


20 H 
6; (of) - Aoti-— —f 
a 


Qa 


16H*h, 
+-———_—_—-#52+ 03) | (27a) 
15(\/r)aK2 


As was to be expected from physical considerations, 
the small-time solution is more sensitive to the value of 
probe conductivity than the large-time solution. The 
dominant effect for small times is to reduce the tem- 
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perature at a given time ¢/ by a constant amount which 
is inversely proportional to the probe conductivity. 


3. APPLICATION OF THEORETICAL RESULTS 


The application of Eqs. (22) and (27) (or 27a) to the 
determination of thermal constants is straightforward: 

Rewrite the “large-time” relation, Eq. (22), in the 
form, 


1 
6,(t)~A In O+Br tC In(@)+D}, (22a) 


where ; 
bQ 


A=— 
2K» 


bQ’ 2Ke 
p=—| nhe—2 Inb+1n4—y+— ]. 
2K. bH 


2 


(Similarly C, D, may be expressed in terms of the con- 
stants of the problem but are not required in what 
follows.) 

It can be seen immediately that a fit of suitable ex- 
perimental data to this expression will yield a value for 
K- directly from the constant A. It is assumed, of course, 
that the input power to the probe and the probe param- 
eters are known. 

In order to evaluate the constant h,” from the value 
of B, however, it is necessary either that the parameter 
K2/bH be negligibly small, i.e., H large (the case of very 
good thermal contact) or that the value of H be known. 

Rewrite the “small-time” relation (27a) in the form 


a 16h. 
y=2(1-a.-— «= H————_—_-+#'._ (27b) 
pe 20’ 15(,/m)Ke 


Then if the quantity y is plotted against /! for small , 
the parameter H can be read off as the intercept on the 
y axis. If H is not very small, it may be necessary to 
include an additional term or terms on the right-hand 
side of (27b) and fit the solution to the data by a 
“selected point”’ method. In this connection it should be 
borne in mind that the larger the quantity H, the smaller 
its effect on the determination of Ke, h2?. Hence when H 
is not very small, only a rough value of the parameter 
is required. 

With H known, h,’ can be evaluated at once from the 
constant B. 

The final accuracy of determination of Ke, h,? de- 
pends intimately on the accuracy of data-fitting to the 
“‘large-time”’ relation. In general, previous workers have 
neglected the term of 0(1/#) in their temperature ex- 
pansion and determined thermal constants graphically 
by fitting a straight line by eye to the plot of 6, against 
In(?). 

As discussed in 2(iii) above, assumption of a straight- 
line relationship can introduce significant errors in Ke, 
h.? unless the minimum value of T7(T=h,*t/b?) used is 
high and the contribution of the 1/¢ term therefore 


a 
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negligible ; such a high value of T is usually undesirable 
from practical considerations. 

The method of “least-squares” has been used by the 
author to fit the experimental data to the complete 
Eq. (22a). A much smaller value of Tin can then be 
used, the objection to fitting a curve by eye is overcome, 
and reliable probable errors for the thermal constants 
can be evaluated (a noticeable omission in previous 
work on the probe method). 
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APPENDIX I 
The Assumption of Radial Flow 


It is obvious physically that, if the probe is made 
sufficiently long and temperature measured at the 
center of its length, the error caused by assuming radial 
flow can be made as small as we please. 

It is necessary, however, to determine a criterion for 
radial flow conditions within a certain maximum error 
and this entails at least partial solution of the com- 
bined radial/axial flow problem. 

The latter is complicated by two considerations: 

Firstly, in the case of the present problem, i.e., the 
probe inserted in a long hole, it is difficult to specify 
(even approximately) the boundary conditions outside 
the probe length. 

Secondly, analytical complexity is greatly increased 
by the presence of a layer of good conductor on the 
inside of the cylindrical hole (the walls of the probe), 
and by the presence of contact resistance at the probe/ 
medium interface. 

It is considered that the presence of a small amount of 
contact-resistance has no basic influence on the criterion 
we are trying to determine and it is neglected through- 
out the analysis outlined below. 

This analysis involves the solution of two problems: 


(i) We assume the probe walls are of vanishingly small 
thickness but impose axial boundary conditions which 
are certainly more severe than those encountered in 
practice. The temperature at the center of the probe 
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length is then compared with the corresponding radial- 
flow temperature. 

(ii) Using the same axial boundary conditions in the 
external medium, we attempt to evaluate the effect on 
the preceding results of the thermal capacity of a finite 
wall thickness of good conductor. Two simplifications 
are introduced here: 


(a) For convenience, the cylindrical configuration is 
replaced by an analogous rectangular configuration. 

(b) The probe-material is assumed to have infinite 
conductivity in the “radial” direction, zero conductivity 
in the “axial” direction. The latter drastic assumption 
is made necessary by difficulties with boundary condi- 
tions; it is justified, in part, by the fact that a very 
small proportion of the heat injected into the probe is 
lost from the ends which, in practice, are covered with 
insulating caps. The necessity for it, however, is the 
least satisfactory part of the present axial-flow analysis 
and the writer has begun a new treatment using a prolate 
spheroidal model for the probe. 


The regions and boundary conditions for which the 
Heat-Flow Equation is solved in the two cases may be 
specified as follows: 


Case (i) The semi-infinite solid bounded by the sur- 
face p=b internally, and by the planes s=+L. 

The temperature is maintained at zero on s=+L, 
p>b and there is constant heat flux across the boundary 
p=b, —L<z<L. 

Case (ii) The semi-infinite solid bounded by the 
planes z=+Z and a slab of “good conductor,” —d<-x 
<0. This slab has infinite conductivity in the x direc- 
tion and zero conductivity in the z direction. There is 
constant heat input to the slab per unit time and all 
heat output from the slab is to the region x>0, —L<z 
<L. The planes z=+Z are maintained at temperature 
zero, x>0. Space does not permit of the development 
of the solutions here" but the results and deductions 
from them are summarized as follows: Case (i) Let 6 
be the temperature at the inner surface of the cylindrical 
hole at the center of its length, i.e., at p=b, z=0. Then 


“i fit exp(—wy")dy 
t® Ke Jo 0 wWJ2(y)+NP(y)] 


(2k+ 1)?3*b?u 
(—1)* exp| — 
47? 


xd du, (28) 
k=O 2k+1 














where T (as before) =/,.7//b? and Q is flux of heat across 
the boundary p=). 


" For Case (i) see J. H. Blackwell, Can. J. Phys. 31, 472-479 
(1953). 
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As L[-—« the radial/axial flow solution, Eq. (28) 
reduces to the radial flow solution, i.e., 


Oa: 








4b0 f ° exp(—wuy")dydu 


TKe J 0 wWJ2(y)+N2 (y)] | 
(29) 








20 pment 
PKedJ_ yT2(y)+N2(y)] 


(The latter result is a special case of one published 
previously.’) If now the value of 


(2k+1)?x*b?T 
4L? 





(—1)* exp| —- 
M 


ss 





P 2k+1 


is not appreciably different from unity 
[i.e., (1°b?T/4L*)«1]; 
then we have, roughly, 


1+M 





@= radial flow solution. 


Let us require the actual temperature to differ from the 
radial flow solution by less than 1/n. Then 


M>1-—(2/n). 


For a maximum axial-flow error of the order of 
} percent, say, we have 


M>0.99. 


Values of the sum of the series M are tabulated (e.g., 
Ingersoll, Zobell and Ingersoll)'® and for M>0.99, we 
find 


BT /4L?<0.0158, 
i.e., 
L> (h?t/0.0632)!. (30) 


In using this criterion to determine a minimum 
length, a value for 4 should be used which is a safe 
upper limit for the type of material being measured 
(e.g., 0.015 cgs units for rock) and “‘t’’ should be of the 
order-of-magnitude of the largest time likely to be used 
in an experiment. It will be noted that the latter will 
depend both on /,? and the radial dimensions of the 
probe; hence there is some justification for stating the 
criterion in terms of a length/diameter ratio, e.g., 


L/b> (T/0.0632)}. 


2 Ingersoll, Zobell, and Ingersoll, Heat Conduction (McGraw- 
Hill, Book Company, Inc., New York, 1948), p. 255. 


Case (ii) Let @ be the temperature at the boundary be- 
tween slab and semi-infinite medium at the center of its 
length, i.e., at x=0, z=0. Then 

40 > (- 1)*perf(Bile/t) exp(—Birhs*t) 

rK, = 2k+11 Bx “ 2(A?+8,?)! 

X {exp{[A+ (4?+8,2)* Pht} 

Xerfc{LA+ (A?+8,7)* hov/t} 

—exp{(A— (A?+8,?) Ph27t} 





Xerfce{[A— (4+8:)" hav | (31) 


where 


Be= (2k+1)x/2L, 
A = K2/2Mh-, 
M =6,c,d. 


51, C1, d are the density, specific heat, and thickness, 
respectively, of the slab, and the remaining symbols 
have their usual meanings. 

(The assumption of zero conductivity of the slab in 
the z direction permits of the application at x=0 of a 
boundary condition similar in form to the “perfect 
conductor” boundary condition used in 2 (ii)). 

The corresponding linear-flow solution" is 


Gm “aha (t/m)+1/(2A) 


X {exp (4A7he*) erfc(2Aher/t)—1}]. (32) 


These results are applied as follows: using values of 
d, 6;, and c, appropriate to the cylindrical probe being 
considered and a value of LZ given by the criterion of 
Case (i), the values of 6 given by Eqs. (31) and (32) are 
compared for the largest value of ¢ to be used in an 
experiment. 

Should the relative axial-flow error then exceed the 
maximum originally imposed, the value of Z would be 
increased and the comparison process repeated. In the 
cases so far examined in this way this has not proved 
necessary. The results, however, must be treated with a 
certain amount of circumspection because of the rather 
artificial boundary condition employed; the problem of 
the effect of the wall on axial flow error is not yet com- 
pletely resolved. 

It is considered that replacement of the cylindrical 
problem by an analogous rectangular problem is itself 
a valid assumption; for example, the reasoning of 
Case (i), when applied to its rectangular analogue ob- 
viously yields the same criterion. 


8 Reference 4, p. 248. 
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APPENDIX II 
The Probe Temperature as a Real Infinite Integral 


By the Inversion Theorem of the Laplace Transfor- 
mation, the probe temperature 


1 tio 
aa— J O,(p)e'?dp, (13) 


TL Y +—iw 


where ©,(p) is the probe temperature transform given 
in Eqs. (10) and (12). 

To evaluate @,(/) as a real infinite integral a standard 
artifice is employed. Let 


O1(p) =F (p)/p. 


Then by a well-known theorem of the Laplace Trans- 


formation 
ytio 


ra 
6; (t)= f | — J i" P(p)erap lt (33) 


Examination of F(p) shows that like ©,(p) it has a 
single branch point at the origin and that it is possible 
in this case also to replace the contour of integration 
Re(p) =~ by the equivalent contour Bre. Thus Eq. (33) 


becomes 
'r 1 
0,(t)= f |— f P(pherdp lt (34) 
0 2mi Bre 


Referring to the contour Br. (=CDEFG) illustrated 
in Fig. 1, the following substitutions are made: 


=ee-*? on the portion DEF 
on the portion FG 


Put p=ce—** on the portion CD 
(35) 


=goe'* 


where oa, €, ¢ are real and oa, ¢ positive. Then 


f F(perap= [ F (ce~'*)e~“*do 
Bre 0 


r 


+t f F (ee**) exp(tee**)ice'*de 
0 Js 


= [loco (36) 
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Inspection of the form of F(p) shows that the second 
integral vanishes. Thus, 


F(p)e*dp= —2i f Im[F (ce'*) Je-**do. (37) 


Bre 


Reduction of Eq. (37) entails replacement of modified 
Bessel functions of imaginary argument by ordinary 
Bessel functions of real argument, and simplification. 
The substitution x=(1/h2)o? is then made for con- 
venience and we obtain 





1 16K.0’ ¢* exp(—h?tx?)dx 
anne F(p)e'"dp = f » (38) 
2ri Bro Tbarh? Jo «lL P?+0?] 
where 


1 2 
P=xJ(bx)+ K2J (bx) {at — 
H ah? 





b 





1 2 
Q=xNo(bx)+ K2N1(bx) | —— : 
H ah? 


Finally, integrating from 0 to ?, 
16K20’ f {1—exp(— h-*tx*) }dx 
m bathe! J eCP+O] 


It is not possible to obtain this result by the more 
direct method of making the substitutions (35) in the 
original integral, 








A(t)= (39) 


1 
an f ©, (p)etrdp, 
Bre 


2rt 


since it is found that the real integrals on the component 
parts of the contour do not converge in this case. 

If we take the limit of Eq. (39) as Ho (perfect 
contact) and make appropriate changes in symbolism, 
this solution reduces to a special case of one already 
published.“ 


4 Reference 4, p. 284. 
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Experimental results on stress-relaxation modulus E,(¢) and complex dynamic modulus E’ (w) ++iE” (w) of 
polyisobutylene are now available in the literature. To cover the entire time scale, the effect of changing the 
temperature of measurement is assumed to be equivalent to a linear change of the time scale. According to 
the general theory of linear viscoelastic behavior, the functions E,, E’, and E” can each be computed from 
any one of them. This is qualitatively correct. The data on £’ in the transition region can be represented by 
the Gauss Error Integral form of equation used by Bischoff, Catsiff, and Tobolsky for E, of several polymers. 
The “wedge-box” distribution function proposed by Tobolsky is also compared with the experimental data 
and shows a reasonably good agreement with experimental results over the entire time scale. 





INTRODUCTION 


N previous articles stress-relaxation data on polyiso- 
butylene were collated and a master curve E,(¢) at 
25°C was synthesized from data obtained over a wide 
range of temperatures.'~> An idealized distribution of 
relaxation times H(logr) was presented® which, in 
graphical form, consisted of a wedge and a box.* From 
H (logr) it was possible to derive analytical expressions 
for E,(t) and also for the complex dynamic modulus 
E’ (w)+iE” (w). The mathematical expressions for E,(t) 
gave very close agreement with the experimental master 
curve. The computed values of E’(w) were tabulated to 
compare with forthcoming experimental data. 

Through a cooperative study of the dynamic prop- 
erties of a NBS (U.S. National Bureau of Standards) 
sample of polyisobutylene, values of E’(w) and E(w) 
are now available.*: 

In this paper the interrelations between the experi- 
mental values of E,(t), E’(w), and E’’(w) are explored, 
using the wedge-box idealized distribution function as 
well as other recently developed mathematical methods. 


RELATIONS BETWEEN STRESS-RELAXATION DATA 
AND DYNAMIC PROPERTIES 


If a material is linearly viscoelastic, its properties are 
completely specified by the distributions of relaxation 
times D(r) or H(logr) which are related as follows: 


D(r)dr=H (logr)d logr. (1) 


1 Andrews, Hofman-Bang, and Tobolsky, J. Polymer Sci. 3, 669 
(1948); G. M. Brown and A. V. Tobolsky, J. Polymer Sci. 6, 165 
(1950). 

2 Tobolsky, Dunell, and Andrews, Textile Research J. 21, 404 
(1951). 

?R. D. Andrews and A. V. Tobolsky, J. Polymer Sci. 7, 221 
(1951). 

*A. V. Tobolsky and J. R. McLoughlin, J. Polymer Sci. 8, 543 
(1952). 

5A. V. Tobolsky, J. Am. Chem. Soc. 74, 3786 (1952). 

* The wedge and box correspond to the transition region and 
rubbery region of viscoelastic behavior, respectively. (See refer- 
ence 4.) 

*R. S. Marvin, National Bureau of Standards Report 2305 
(1953), submitted to Second International Congress on Rheology, 
Oxford, July 26-31, 1953. 

( ee o_o Grandine, and Ferry, J. Appl. Phys. 24, 650 
1953). 


The significant relations among E,(/), E’(w), E’’(w), and 
H (logr) are expressed by the following exact equations. 








E,(t)= f H (logr)e—"'"d logr, (2) 
ce ) +} 

E'(w)= J H (logr) d lear, (3) 
= 1+°*7? 
- WT 

B"()= f H (logr) d logr, (4) 
cle 1+? 


AE(w) = E’ (w)—(E, (8) Jere 


- f H(logr) f(¢)d logr, (5) 


where 


{O= —exp(—10~), 


i+10-* (6) 
¢=logwr. 


EXACT COMPUTATION OF E,(é), E’(@), AND E’ (@) 
FROM THE WEDGE-BOX DISTRIBUTION 


The wedge-box distribution for NBS polyisobutylene 
was given as® 


H (logr)=0 T< 11, (7) 
H (logr)=2.303Pr-*— 11<r< 712, (8) 
H (logr)=0 T2<7T<T3, (9) 
H (logr) = 2.303E T3S TS Tm, (10) 
H (logr) =0 T>Tm (11) 
where 
P=8.91X108, 7=3.16X10-", 7.=3.98X10-, 
Ey=7.2X105, =. r3=4.57K10, =r, = 50.1. 


The values of the parameters are for the composite 
stress-relaxation curve at 25°C with E,(#) measured in 
dynes/cm? and time measured in hours. 

The mathematical expression for E,(¢) obtained by 
inserting Eqs. (7)—(11) into Eq. (2) has already been 
145 
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Fic. 1, Dynamic modulus E’ of polyisobutylene. Comparison of 
experimental results (open circles and triangles) with prediction 
based on “wedge-box”’ distribution of relaxation times. 


given and was shown to agree very well with experi- 
mental data.° 


The analytical expressions obtained by inserting 
Eqs. (7)-(11) into Eqs. (3) and (4) are 


) 





(2u 
E’ (w)= P(o/2){ ta 
ul 


1+ (2u)!+u \" 
Tea a 

1— (2y)'+u 
+3E, In[ (1-++-w* rm?) / (1+ w?r3") J, (12) 
" 


2 
pwr? 





2 
E" (w)= Ptw/2)| _. ") 
ul 


a Ol 
—3 p——_—— 
1— (2u)*+u 
+E)(tan—wr,,—tan“wr;). (13) 


pwr? 


In Figs. 1 and 2 these equations are plotted as solid 
lines. The experimental points are 3G’(w) and 3G”’(w) 
with w converted to radians per hour. G’ and G” repre- 
sent modulus measured in shear, and the factor of three 
is introduced to convert these to Young’s moduli E’ and 
E”. The experimental points shown by circles were 
calculated from recently published data®™ according to 
the method of reduced variables, using Ferry’s values 
for J., and a7.** The experimental points shown by 
triangles were obtained from the “best” line drawn 
through the experimental data of several investigators.® 

It is clear from Fig. 1 that the predicted E’(w) is 
somewhat high at intermediate frequencies but is 
quite good at the low frequencies which correspond to 
the experimental time-scale of relaxation at 25°C. The 
choice of 7; made in Eq. (8) was quite arbitrary since 


( wh ead Grandine, and Fitzgerald, J. Appl. Phys. 24, 911 
1953). 
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the master curve for relaxation did not extend to such 
very low time-values. It appears from the dynamic 
modulus data that this arbitrary choice gives excellent 
agreement with the true asymptotic high-frequency 
value for E,(t) and E’ (w). 

The values of E(w) predicted by Eq. (13) also lie 
above the experimental points in the intermediate fre- 
quency range, as is shown in Fig. 2. However, the over- 
all predictions based on the idealized wedge-box distribu- 
tion must be regarded as quite good. The disparity be- 
tween experimental dynamic data and the predictions 
of the “wedge-box” distribution at intermediate fre- 
quencies is the result of an anexplained experimental 
discrepancy between relaxation modulus and dynamic 
modulus in this frequency region, and not to any 
theoretical shortcoming. This point will be discussed 
later. 


PREDICTIONS BASED ON THE EXPERIMENTALLY 
MEASURED DYNAMIC MODULUS E’(w) OF NBS 
POLYISOBUTYLENE: THE APPROXIMATE 
DISTRIBUTION FUNCTION IN THE 
TRANSITION REGION 


Approximation methods have been developed which 
permit the computation of first and second approxima- 
tions to H(logr) from any smooth curve which repre- 
sents E’(w), whether this curve is expressed analytically 
or not. From these approximations to H(logr) one can 
then predict E,(#) and E’’(w) by numerical integration 
of Eqs. (2) and (4). 

Expressing the data for E’(w) as an analytical func- 
tion (although the function may be entirely empirical) 
is of great convenience for two reasons: (a) in certain 
cases H(logr) may also be obtained as an analytical 
function by solution of Eq. (3); (b) if exact solution of 
H (logr) is impossible, the approximation methods can 
be applied easily without the inconvenience of graphical 
determination of slope and curvature. 

In this section we will first show that an empirical 
function exists which expresses the experimental results 
for E’(w) with moderate accuracy. Since an exact solu- 
tion for H (logr) has not been found, we use approximate 
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Fic 2. Complex modulus E” of polyisobutylene. Comparison of 
experimental results (open circles and triangles) with prediction 
based on “wedge-box”’ distribution of relaxation times. 
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expressions H,’ (logr) and H2,’ (logr). By inserting these 
approximations into Eqs. (3) and (4), predicted results 
for E’(w) and E’’(w) are obtained and compared with 
experimental results. 

The empirical equation which gives a satisfactory fit 
to experimental values of E’(w) at 25° is 


logE’ (w) =8.70+1.82 


0.352(logw aT—9.08) 
| 2 f exp(—2)dz| (14) 
0 


In Fig. 3, Eq. (14) is compared with experimental 
data, and the closeness of the fit is shown. Still another 
test is possible, by plotting on normal probability paper 
(Fig. 4) 


logE’ (w)— 6.88 
100 versus log1/war. (15) 
3.64 





The straight line shown in Fig. 4 is Eq. (14) which is 
again compared with experimental data. It should be 
noted that the region in which the experimental values 
of E’ drop below the Gauss Error Integral curve is also 
the region where an anomalous plateau was found in the 
plot of loss tangent (J’’/J’=G"/G'=E"/E’) versus re- 
duced frequency. Polyisobutylene appears to be unique 
in this behavior.®> 

A first approximation?:*7~* and a second approxima- 
tion": to H(logr) can be obtained from the following 
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Fic. 3. Dynamic modulus E’ of polyisobutylene. Fitting of experi- 
mental results (open circles) by Gauss error integral. 


7™T. Alfrey, Jr., Mechanical Behavior of High Polymers (Inter- 
science Publishers, Inc., New York, 1948). 

8 Ferry, Sawyer, Browning, and Groth, J. Appl. Phys. 21, 513 
ref see also Ivey, Mrowca, and Guth, J. Appl. Phys. 20, 486 

1949). 

*R. D. Andrews, Ind. Eng. Chem. 44, 707 (1952). 

%” Ferry, Fitzgerald, Grandine, and Williams, Ind. Eng. Chem. 
44, 703 (1952). 

1 J. D. Ferry and M. L. Williams, J. Colloid Sci. 7, 347 (1952). 
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Fic. 4. Dynamic modulus E’ of polyisobutylene. Plot of experi- 
mental results (open circles) on normal probability paper. 


equations: 


dE’ (w) 
Hi (ogr)=| ' (16) 
d logw Jismt/+ 





m’ m’ 
Hs (loge) = Hy (oge)/t(1-"-)r(147-), (17) 


where 
d logHy’' (logr) 





m= 


d logr 


H,’ (logr) represents the first approximation to H (logr) 
and H>2,'(logr) represents a second approximation. 

The results obtained from applying Eqs. (16) and (17) 
to Eq. (14) are shown in Fig. 5. Also shown are the 
“wedge” idealization® of H and points calculated 
graphically by Ferry and co-workers.® 

In order to check the validity of these approximations, 
Hy’ (logr) and Ho,'(logr) were inserted into Eq. (3). 
Numerical integrations were performed and the results 
obtained (designated as E,,’(w) and E2,,'(w), respect- 
ively) were compared with E’(w). This comparison is 
made in Fig. 6. If the approximations H,’ and H2,’ were 
perfect, both curves for E’(w) shown in Fig. 6 would be 
identical and would coincide with the experimental data. 
Though not identical, the curves obtained from H,’ and 
H2, give a good fit to the true value of E’(w). As was 
discussed more thoroughly elsewhere, the first approxi- 
mation, when used to recompute E’(w), gives a fairly 
good over-all fit and is especially good in the high- 
frequency (low-time) range where the quasistatic glassy 
modulus, £;, is being measured.” The second approxi- 
mation gives a very good fit at intermediate and low 
frequencies, but gives a slightly lower value of the 
quasistatic glassy modulus in the region of very high 
frequencies." 


2 FE. Catsiff and A. V. Tobolsky, report RLT-5 to U. S. Office of 
Naval Research, Contract No. N6onr-27021, project NR 330-023. 

#3 E. Catsiff, report RLT-6 to U. S. Office of Naval Research, 
Contract No. N6 onr-27021, project NR 330-023. 
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PREDICTIONS BASED ON THE EXPERIMENTALLY 
MEASURED DYNAMIC MODULUS E’(w) OF NBS 
POLYISOBUTYLENE: THE PREDICTED 
STRESS-RELAXATION MODULUS IN 
THE TRANSITION REGION 


The difference function AE(w) of Eq. (5) is the most | 


accurate method for predicting stress-relaxation modu- 
lus [E,(t)]e1, from dynamic modulus E’(w) (or 
vice versa), if exact analytical expressions for both of 
these functions are not known.'* Numerous approximate 
relations by means of which AE(w) can be obtained 
from E’(w) have been derived.” The most nearly 
exact for most real cases is 


AE24(w)=T (m’)( Hey’ (logr) Jrmt/o (18) 
where 


T(m’) = (1/2.303)[ (4/2) csc(m'x/2)—T (m’) ] 


if —1<m'<2 and m’0; for m’=0, T(0)=0.2507. 

In Eq. (18), the function H2,’(logr) which appears is 
defined by Eq. (17). The approximate stress-relaxation 
modulus [E,, 4(t) ]s=1/# is defined by the relation 


CE, 20(t) Jim1o= EB’ (w) — AE2,(w). (19) 


Based on experimental values of E’(w), this is the best 
predicted value of E,(/) which can be obtained without 
quadrature. 


In Fig. 7 the calculated relaxation modulus E£,, 25(¢) is — 


compared with the experimental stress-relaxation data 
and also with the dynamic modulus E’(w) (Eq. 14) 
from which E,,2,(¢) was derived. The tendency of the 
experimental stress-relaxation modulus data, £,(?), 
to lie above experimental dynamic modulus data, 
[3G’(w) ]om1/t, in the intermediate frequency range has 
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Fic. 5. Approximate distributions of relaxation times for 
polyisobutylene based on dynamic modulus E’. Open circles show 
results of graphical determination by Ferry ef al. (see reference 
6b). Comparison with “wedge” distribution. 


“R. S. Marvin, Phys. Rev. 86, 644 (1952). 
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Fic. 6. Dynamic modulus E’ of polyisobutylene. Comparison of 
observed results with results calculated from approximate distri- 
butions of relaxation times. (Vertical scale is linear below 1.78 
X 107.) 


been pointed out previously.*-*:"* This is contrary to the 
theory of linear viscoelastic behavior as expressed in 
Eqs. (2)—(5). No final explanation for this anomaly can 
yet be given, but several alternative explanations will be 
advanced in a laten section. 

The difference between E,2,(/) and the mathemati- 
cally exact E,(#) obtainable in principle from E’(w) and 
Eqs. (2) and (3) is very small.” It is in fact com- 
pletely negligible compared with the difference between 
E,,2»(t) and the experimental relaxation data which are 
compared in Fig. 7. 


PREDICTIONS BASED ON THE EXPERIMENTALLY 
MEASURED DYNAMIC MODULUS E’(@) OF NBS 
POLYISOBUTYLENE: THE PREDICTED IMAGINARY 

COMPONENT E”(w) OF THE COMPLEX 
MODULUS IN THE TRANSITION 
REGION 


Simple approximate methods, not requiring quadra- 
ture, have been developed":"*.' for predicting E(w) 
from H(logr) and hence from £,(/) or E’(w). A more 
exact computation of E”’(w) is obtained by quadrature 
of Eq. (4) with H2,’(logr) inserted for H (logr).” We 
shall designate this approximation E2,,’’(w). It was 
shown that E2,,” (w) differs inappreciably from E” (w) in 
cases where exact computations can be performed.” 

E2»q''(w), which is the best predicted value of E” (w) 
based on experimental values of E’(w), is shown in 
Fig. 8 where it is compared with the available experi- 
mental data for E”’(w). The general excellence of the fit 
indicates that the experimental data is of high accuracy. 


DISCUSSION 


It must first be stated that the results presented here, 
which have been made possible by the accumulation of 


4a R, S. Marvin (private communication). 
( ad , A. Dunell and A. V. Tobolsky, Textile Research J. 19, 631 
1949). 
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Fic. 7. Predicted stress-relaxation modulus of polyisobutylene, 
based on the experimental] dynamic modulus E’. Open circles show 
experimental values for stress-relaxation modulus. 


stress-relaxation data!—> and complex dynamic modulus 
data,®-® represent the most complete attempt yet made 
to interpret the behavior of a polymeric substance by 
means of the general theory of linear viscoelasticity. 
The results are reasonably gratifying from the point of 
view of presenting an over-all picture of the viscoelastic 
properties of polyisobutylene, more complete than has 
been obtained before. The correlation between stress- 
relaxation behavior and dynamic properties is quali- 
tatively and semi-quantitatively in accord with the 
theory of linear viscoelasticity epitomized in Eqs. (2)—(4). 

When considered from a more quantitative viewpoint, 
there is a definite inconsistency in the intermediate fre- 
quencies (5.5<logwar<9.5) between the results for 
E,(t) on the one hand and E’ (w) and E” (w) on the other. 
In this frequency range, the stress-relaxation modulus, 
E,(t), is greater than the real part of the dynamic 
modulus, E’(w), although the theory of linear viscoelas- 
ticity, and specifically Eq. (5), absolutely forbids this. It 
should be pointed out that E,(/) has been determined 
experimentally in this region; the points shown in 
Fig. 7 are taken from the composite stress-relaxation 
curve obtained by the use of the time-temperature 
superposition principle, not from the curve calculated 
from the wedge-box idealized distribution function.® 

It is our belief that the discrepancies are not neces- 
sarily due to the inapplicability of Eqs. (2)-(4). It 
seems more probable that the inconsistencies that have 
been noted are the result of experimental error in 
determining E,(?), E’(w), and E’’ (w). 

The first experimental procedure that requires scrutiny 
is the time-temperature superposition principle em- 
ployed in constructing the master curves for £,(t), 
E’(w) and E”(w).*'*"'8 (The effect of temperature is 


16H. Leaderman, Creep of Filamentous Materials and other High 
Polymers (The Textile Foundation, Washington, D. C., 1943). 
( us) V. Tobolsky and R. D. Andrews, J. Chem. Phys. 13, 3 
1945). 
18 J. D. Ferry, J. Am. Chem. Soc. 72, 3746 (1950). 


assumed to be equivalent to a linear change of time 
scale. This amounts to a horizontal displacement along 
the log time axis.) It is only by invoking this empirical 
principle that the complete master curve can be con- 
structed over the entire time scale. In a sense the 
comparisons made in this paper between predicted 
values of E,(i) [derived from the experimental E’(w) ] 
and measured values of £,(/) may be regarded as a test 
of the time-temperature superposition principle, pro- 
vided that all other sources of experimental error are 
overlooked. The fact that quantitative correlation is not 
obtained in the intermediate frequency range indicates 
that the time-temperature superposition principle is a 
good approximation but not an absolutely precise prin- 
ciple. This conclusion has already been reached from 
very careful stress-relaxation measurements.! To make 
stress-relaxation data at different temperatures super- 
pose exactly it was necessary to introduce “stress- 
factors,” as well as “time-factors.”” Comparison of the 
temperature dependence of dynamic properties with 
that of viscosity also leads to this conclusion.®> 

A second source of error is the necessity for converting 
stress-relaxation data taken at rather large elongations 
to E,(t), and the corresponding necessity to convert 
dynamic data taken at finite amplitudes to G’(w) (the 
dynamic shear modulus). A further approximation, 
which is probably very good, is the conversion of shear 
modulus to Young’s modulus, i.e., E’(w)=3G’ (w). 

Finally, the experimental difficulties associated with 
measurement of low-temperature stress-relaxation data 
and high-frequency dynamic data are considerable. It is 
perhaps significant that the best correlations between 
E,’, E’, and E” are obtained at the long-time end of the 
time scale—both because the experiments are most 
accurate in this region and also because these data were 
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Fic. 8. Complex modulus E” of polyisobutylene. Comparison of 
experimental results (open circles) with results calculated from 
approximate distribution of relaxation times based on dynamic 
modulus E’. 
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Fic. 9. Predicted stress-relaxation modulus of polyisobutylene, 
based on AE»(w) (open circles). Fitting of results by Gauss error 
integral on normal probability paper. Solid line based on Andrews’ 
pn between dynamic and stress-relaxation moduli (see refer- 
ence 9). 


all obtained at 25°C so that the time-temperature 
superposition principle is not used in this region. 

In the light of these several sources of experimental 
error, a redetermination of E,(/) of polyisobutylene in 
the range of reduced frequencies greater than 10°/hr is 
highly desirable. This requires operation in the tempera- 
ture range —50 to —90°C, which poses a not incon- 
siderable challenge. Another direct line of attack would 
be the determination of the dynamic properties of 
polyisobutylene in the same temperature range at such 
low frequencies as to overlap the stress-relaxation 
measurements. This probably poses even greater experi- 
mental difficulties. 


APPENDIX I. THE USE OF THE GAUSS ERROR 
INTEGRAL FOR REPRESENTATION OF 
DYNAMIC MODULUS AND STRESS- 
RELAXATION MODULUS 

In a previous publication” the stress-relaxation curves 
of. amorphous polymers in the transition region were 
fitted to the Gauss error integral form of equation 


E, (2) _ 10¢°—Bert, (h logtR) (20) 
where 


erfx= 2x74 f exp (— u?)du, 
0 


tr=t/K. 


K=temperature-dependent parameter which charac- 
terizes viscoelastic behavior as a function of temper- 
ature.®.! 

In this paper we have also proposed to fit the dynamic 
modulus curves E’ of polymers in the transition region 
by the similar function™ 


E’ (w) as 100’ +8’ ert, (h’ logwR) | (21) 
1 Bischoff, Catsiff, and Tobolsky, J. Am. Chem. Soc. 74, 3378 
1952).° 
#8 Recently, Zapas, Shufler, and De Witt, Phys. Rev. 91, 217 
(1953), have also fitted dynamic modulus data with this type of 
equation. 
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where 
wr= K'w. 


From the strict application of the theory of linear 
viscoelasticity embodied in Eqs. (2)—(4), Eqs. (20) and 
(21) cannot both be exactly true. However, it is possible 
for Eqs. (20) and (21) to be approximately valid. Since 
both equations are empirical, this situation is not 
unexpected. 

In order to test to what extent both equations can be 
approximately valid and still conform to Eqs. (2) and 
(3) we have assumed that Eq. (14) was exactly valid for 
E'(w). The already computed function £,,2,(/) LEq. 
(19)_] represents a very close approximation to the 
mathematically exact value of E,(/) which conforms 
with Eq. (14) and Eqs. (2) and (3). We then attempted 
to see with what degree of accuracy E,,2,(#) could be 
represented by Eq. (20). In Fig. 9 the following plot was 
made on normal probability paper 


logE,, 2o(t)—6.88 
Xx 
3.64 





versus logt. (22) 


(C’ and B’ must be equal to C and B since the glassy 
modulus £; and the rubbery modulus £2 are the same 
for both static and dynamic measurements.) 

The exact values of E,.»,(¢) are shown as circles. As 
seen from this figure these points fall very nearly on a 
straight line with a slope equivalent to h’=0.352. It is 
clear by comparing expressions (15) and (22) that 
C=C’, B=B’ and h=h'=0.352. 

It has been proposed previously® that the curves of 
E,(t) versus logt and E’(w) versus log(1/w) can be 
virtually superposed by a horizontal! shift of 0.2507 log 
units. Mathematically this means that 


K'/K=1.781. (23) 


Another approximation which we attempt to justify 
in Appendix II gives 


K'/K=1.622. (24) 


This would correspond to a horizontal shift of 0.210 log 
units. 

To test Eq. (23), E’(w) (on probability paper) versus 
log(1/w) has been shifted over by an amount corre- 
sponding to this equation and this shifted curve is com- 
pared with E,,2,(¢) in Fig. 9. It is clear from this figure 
that the approximation is reasonably good. It consti- 
tutes a very useful approach to the experimental data. 


APPENDIX II. CORRELATION OF GAUSS ERROR 
INTEGRAL REPRESENTATIONS OF DYNAMIC 
MODULUS AND STRESS-RELAXATION 
MODULUS 


In a previous paper,” the first approximation to the 
difference function when stress-relaxation data is repre- 
sented by the Gauss error integral was given as 


AE, (w) = 2ynBh exp[— (h logKw)? JLE,(4) Jeet, (25) 
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where y=0.5772, Euler’s constant. Hence, 


logy’ (w)=log{LE,(t) Jrm1u+ AE: (w)} 
=C+Berf(h logKw) 
+log{1+2yx-*Bh exp[ — (hlogKw)?]}. (26) 
In every case thus far investigated, the product Bh 
has been less than unity, so that the second term in 
brackets is certainly less than unity, and we may 
expand the logarithm of the bracketed term, giving 
logEy’ (w) =C+Berf(h logKw) 
+2Myx— Bh exp[— (h logKw)?] 
— (M/2)(2y)?*x“ Br? 


Xexp[—2(h logKw)*]+---, (27) 
where M =loge=0.4343. But, from Eq. (21), 
logE’ (w) =C+ Berf (8h logaKw), (28) 


where h’=8h and K’=aK. If E’(w) is set equal to 
E;'(w), 


erf (8h logaKw) 
=erf(h logKw)+2Myx-h expl— (hk logKw)? ] 
~2M 7x" Bh? exp —2(h logKw)*}+---, (29) 
2n-} f 
0 


Bh logaKw 
= ant f 
0 
+2Myx-th exp[ — (h logKw)*] 
—2M yx Bie exp[—2(h logKw)?]+---, (30) 


Bh logaKw 
f exp(—w*)du 
h 


logKw 
= Myh exp[_— (4 logKw)*] 
— Myx Bi? exp[—2(h logKw)?]+---. (31) 


exp(—*)du 


h logKw 


exp(—u*)du 


If 8 and a are sufficiently close to unity, the integral 
may be replaced by the product of the integrand and the 
difference between its limits, so that 
h exp[_— (h logKw)?](6 logaKw—logKw) 

= Myh exp[_— (h logKw)*] 
— Myx Bh? exp[ —2(h logKw)*?]+---, (32) 
B loga+ (8—1) logKw 
= My[1—yx-!Bh exp[— (h logKw)*?]+---]. (33) 


We are primarily interested in the region where Kw=1, 
so 


loga= (My/B)(1—p+4y?/3—2y5+ 16u*/S—---], (34) 


where p= ym 3Bh. 
In the simplest case, let B=1(h=h’) and neglect the 


terms in yw. Then 


loga= My=0.2507, 
a=e7= 1,781. 


This is the simple relationship between £,(#) and 
E' (w) which is referred to in Appendix I as Eq. (23) and 
which has been proposed before.’ It appears in Fig. 9 as 
a solid line. 

In most cases, while 8 may be nearly equal to unity, 
the term u=~yzx~Bh is not negligible. Indeed, for the 
dynamic modulus of NBS polyisobutylene, .=0.209. If 
B is set equal to unity, as justified by Fig. 9, and several 
terms in yu are retained, 


loga= 0.837 My =0.210, 
a= ¢-877= 1.622. 


This is the second relationship between £,(t) and 
E’ (w), which is given as Eq. (24) in Appendix I. It is not 
shown in Fig. 9 because it lies but 0.041 units to the 
right of the line shown. 


(35) 


(36) 


APPENDIX III 


TABLE I. Real component of dynamic modulus of NBS 
polyisobutylene at 25°C. 








logE’ (w), dyne/cm? 





logw Computed Reported by Found by Computed 
(radian/hr) by Eq. (12) Marvin* Ferry et al> by Eq. (14) 
14.0 10.50 10.56 10.49 
13.5 10.50 10.56 10.47 
13.0 10.49 10.56 10.43 
12.5 10.44 10.54 10.40 10.36 
12.0 10.27 10.47 10.27 10.25 
11.5 10.04 10.30 10.08 10.10 
11.0 9.81 10.03 9.80 9.90 
10.5 9.55 9.73 9.51 9.65 
10.0 9.30 9.41 9.25 9.34 
9.5 9.05 9.08 8.96 9.00 
9.0 8.80 8.73 8.63 8.64 
8.5 8.55 8.36 8.28 8.29 
8.0 8.31 7.98 7.97 7.96 
7.§ 8.07 7.66 7.67 7.67 
7.0 7.81 7.43 7.43 7.43 
6.5 7.56 7.23 7.24 7.24 
6.0 7.32 7.09 7.10 7.11 
5.5 7.12 7.00 7.01 7.02 
5.0 7.02 6.95 6.96 6.96 
4.5 6.99 6.93 6.93 6.92 
4.0 6.97 6.90 6.92 6.90 
3.5 6.94 6.87 
3.0 6.89 6.85 
2.5 6.84 6.82 
2.0 6.79 6.79 
1.5 6.73 6.73 
1.0 6.65 6.67 
0.5 6.56 6.58 
0.0 6.45 6.46 
—0.5 6.30 6.29 
—1.0 6.07 6.06 
—1.5 5.66 5.76 
—2.0 4.91 5.35 








® See reference 6. 
b See reference 6a. 
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TaBLe II. Imaginary component of dynamic modulus of NBS polyisobutylene at 25°C. 








logE”’ (w), dyne/cm?* 


logE’’(w), dyne/cm* 








logw Computed by Reported by Found by logw Computed by Reported by Found by 
(radian/hr) Eq. (13) Marvin* Ferry et al> (radian/hr) Eq. (13) arvin® Ferry et al> 
14.0 8.53 8.20 SS 6.95 6.49 6.55 
13.5 9.02 8.70 5.0 6.56 6.19 6.25 
13.0 9.51 9.19 4.5 6.19 5.96 5.99 
12.5 9.89 9.66 9.89 4.0 6.07 5.83 5.87 
12.0 10.00 9.97 10.03 
3.5 6.06 5.79 
11.5 9.90 10.12 9.98 3.0 6.05 5.80 
11.0 9.72 10.05 9.82 2.5 6.05 5.85 
10.5 9.51 9.83 9.58 2.0 6.05 5.93 
10.0 9.27 9.57 9.32 
1.5 6.05 5.99 
9.5 9.03 9.25 9.08 10 6.05 6.04 
9.0 8.79 8.90 8.79 
0.5 6.05 6.08 
8.5 8.54 8.53 8.47 
8.0 8.29 8.20 8.15 0.0 6.05 6.09 
7.5 8.04 7.86 7.81 —0.5 6.04 6.06 
7.0 7.80 7.52 7.48 —1.0 6.00 5.97 
6.5 7.54 7.17 7.16 —1.5 5.86 5.79 
6.0 7.28 6.85 6.85 —2.0 5.52 5.58 











* See reference 6. 
b See reference 6a. 
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Ferrites of the system MgO-MnO-Fe.O; have been investigated, and two new classes of magnetic materials 
have been developed. One class of ferrite has low losses and shows the Faraday rotation effect at microwave 
frequencies, which makes it useful in new types of microwave components. A second class of ferrite has a rec- 
tangular hysteresis loop and inherent high resistivity which allows digital computer magnetic memories to 
be operated at much greater speeds than was possible with the familiar magnetic metal alloys. Both 


classes of ferrites are now commercially available. 


N an early stage of the investigation of ferromagnetic 

ferric-oxide compounds, two ferrites with very dif- 
ferent magnetic properties attracted attention: mag- 
nesium ferrite and manganese ferrite. The first was 
remarkable for its high insulating qualities (10° ohm- 
centimeter) while the second had an unusually high 
permeability for a single ferrite. For a material com- 
bining magnetic and dielectric properties, magnesium 
ferrite appeared to be useful; its refractory nature, 
however, prohibited the commercial preparation of a 
dense body at readily-available temperatures. Hence 
manganese oxide was added as a third component to 
promote the formation of a dense body and at the 
same time to contribute to the magnetic strength of the 
material. Further study of this three-oxide system with 
respect to variations in composition and firing condi- 
tions produced a number of ferrites with unexpected 
properties and new technical applications. 

The first commercial ferrite of this system was 
Ferramic A-34.' As a result of low absorption loss, 


1 Snyder, Albers-Schoenberg, and Goldsmith, “Magnetic fer- 
rites,” Elec. Mfg. 44, 86 (1949). 


this material proved useful in microwave applications.?# 
This was an unusual type of ferrite since it contained 
an excess of magnesium oxide which was not balanced 
by an equivalent amount of iron oxide; the mole ratio 
of the composition was MgO: MnO: Fe.0;=52:7:41. It 
is a peculiarity of this oxide system that the range of 
useful compositions extends far over to the magnesia 
excess side (see Fig. 1). The location of composition 
A-34 is shown near the center of the enclosed areas on 
the diagram. Starting from composition A-34, the in- 
vestigation went in two directions; each direction yield- 
ing a class of ferrites with unique properties. In the 
upper area of the diagram is located composition MF- 
1331, which represents a much-improved variation of 
A-34 for microwave applications. Dielectric and mag- 
netic properties for Ferramic A-34 and MF-1331 are 
listed in Table I. At one megacycle, the dielectric losses 
of MF-1331, although large compared with true high- 
frequency dielectrics, are small when compared with 
other ferrite bodies. The dielectric constant does not 


? D. Polder, Phil. Mag. 40, 99 (1949). 
3 Rado, Wright, and Emerson, Phys. Rev. 80, 273 (1950). 
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change up to microwave frequencies while the dielec- 
tric loss decreases with increasing frequency. The appli- 
cation to microwave circuitry depends on the ability 
of this ferrite when in a magnetized state to rotate the 
plane of polarization of an electromagnetic wave which 
passes through it; the Faraday rotation effect is well 
known in optics.~® Since in addition the material has 
low dielectric losses, MF-1331 is finding use in micro- 
wave switches, modulators, and phase changers. 


MgO 






MICROWAVE 

APPLICATIONS 

FERRAMIC 
A-34 


SQUARE LOOP 
APPLICATIONS 


VA 7 


3 








Fic. 1. Triaxial diagram (all figures mole percent) of the system 
MgO-Mn0O-Fe,0; showing favorable working areas. 


Ferramic A-34 deserved attention for more than its 
microwave properties. It was the first composition which 
gave evidence that a square hysteresis loop ferrite could 
be developed.' Since the square-loop metal alloys have 
limited use in high-frequency circuits, in particular, 
high speed pulse applications, the investigation of the 
A-34 took on a new importance.’ The lower area on the 


Fic. 2. Saturated hysteresis 
loop of MF-1326-B. 


triaxial diagram (Fig. 1) shows the region which is the 
source of compositions having well-developed square 
hysteresis loops. In this region is located composition 
MF-1326-B, which is now widely used in magnetic 
memory applications. 

The functioning of a ferrite memory core in a digital 
computer is through magnetic storage of information, 
due to the high degree of squareness of the hysteresis 


4N. G. Sakiotis and H. N. Chait, Proc. Inst. Radio Engrs. 41, 
No. 1 (1953). 

5 P. J. Allen, Proc. Inst. Radio Engrs. 41, No. 1 (1953). 

°C. L. Hogan, Bell System Tech. J. 31, 1 (1952). 

7 E. Gelbard, Tele-Tech 11, 50 (May, 1952). 





Fic. 3. Characteristic 
curve of square loop 
ferrite core explaining 
the meaning of the 
“squareness ratio.” 











loop.’“ The features of a good square hysteresis loop 
are given with reference to Fig. 2 which shows a 60-cps 
hysteresis loop photographed from an oscilloscope. The 
important requirements of this loop are as follows: the 
magnitude of flux density at H=0 should be as high as 
possible so that the Br/Bs ratio approaches unity; the 


TABLE I. Table of properties of two ferrites for 
microwave applications. 








A-34 MF-1331 





Initial permeability (1 Mcps) Mo 15 50 
Maximum permeability (DC) max 100 350 
Saturation flux density (DC) gauss B, 850 1600 
Retentivity (DC) gauss Br 615 1300 
Coercive force (DC) oersteds He 3.5 2.5 
Dielectric constant é 10 13 
Dielectric power factor 

10* cps tané 0.035 0.03 

10°° cps 0.01 0.003 
Resistivity Ohm-cm 8 X108 1 X<10° 








outside corners should be sharp with the inside corners 
well developed; the loop should have steep sides. These 
characteristics may be combined into one measurable 
figure of merit called the squareness ratio. As illustrated 
in Fig. 3, this is the ratio of magnetic flux at —}J max 
to the magnetic flux at +J max for a particular hystere- 
sis loop. The maximum squareness ratio for MF- 





Fic. 4. Family of hysteresis loops of MF-1374 (top) and 
MF-1326-B (below) at H max=0.3; 0.7; 1.4 oersteds. 


8 J. W. Forrester, J. Appl. Phys. 22, 44 (1951). 

*W. N. Papian, Proc. Inst. Radio Engrs. 40, 475 (1952). 

0 J. A. Rajchman, RCA Rev. 13, 183 (1952). 

"™ An Wang and Way Dong Woo, J. Appl. Phys. 21, 49 (1950). 

2” H. Billing, Naturwiss. 40, Heft 2 (1953). 

13D. R. Brown and E. Albers-Schoenberg, Electronics 26, 146 
(1953). 

4 E. Albers-Schoenberg Ann. Rep. Comp. El. Insul. 1952, 51. 
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Fic. 5. Hysteresis loops (60 cps-H max=2 oersteds) vs temperature for MF-1326-B. 


1326-B is 0.8 and for its related composition MF-1374 
is 0.95. 

Figure 4 shows a family of hysteresis loops taken at 
different field strengths for MF-1326-B and MF-1374. 
The hysteresis loops were photographed at field 
strengths of 0.3, 0.7, and 1.4 oersteds. Magnetic 
properties for these two materials are given in Table IT. 














MF-1326-B MF-1374 
Initial permeability (1 Mcps) wo 40 48 
Maximum permeability (DC) pmax 515 1600 

(1000 gauss) (1400 gauss) 
Saturation flux density (DC) B, 1780 1950 
Retentivity (DC) gauss B,- 1590 1870 
Coercive force oersteds He 1.5 0.7 
Access time microseconds t 1-2 4-7 
B,/B, ratio 0.89 0.96 


Maximum squareness ratio 


©( —Imj)/®(Um) R, 0.8 0.95 








Figure 5 shows the effect of temperature on the shape 
of the hysteresis loop of MF-1326-B. This loop repre- 
sents a field strength of 2 oersteds which isapproximately 
equivalent to the field strength at which optimum pulse 
test results are obtained. Within the range of tempera- 
ture from —25°C to +75°C, the squareness ratio re- 
mains sufficiently high for magnetic memory appli- 
cations. 

When used in a digital computer, a significant prop- 


erty of a square loop core is its switching or access 
time, which is defined as the time required to drive the 
core from the state of — Br to the state of + Bs, or vice 
versa. Early in the development of the square loop 
ferrites, these materials were found to have extremely 
short switching times (as low as 0.5 microsecond) 
which indicated that they were particularly suited for 
use aS memory units in high-speed electronic digital 
computers. It is interesting to notice that there appears 
to be a relationship between coercive force and switch- 
ing time. For example, the first square loop ferrites had 
a switching time of less than one microsecond but a 
coercive force of 2.5 to 3 oersteds; these cores had to be 
“driven hard” to reverse their state of magnetization. 
When with further development the coercive force was 
reduced to 0.5 to 0.7 oersteds, the switching time was 
simultaneously increased to 4-7 microseconds. In gen- 
eral, a relatively large amount of manganese oxide 
results in a body having high saturation and long switch- 
ing time while a large amount of magnesium oxide has 
the effect of reducing both these properties. 

Although square loop ferrites have only recently 
arrived at the stage of widespread technical usefulness, 
many thousands of cores are already being used in 
digital computer memory applications. Increasing in- 
terest in square loop and microwave applications de- 
mands a fundamental understanding and a further in- 
vestigation of this oxide system. 
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An improved convolutional method is used to synthesize theoretical line profiles generated by the joint 
action of seven instrumental weight functions characteristic of the x-ray spectrometer. These include in 
addition to the five geometrical factors described in a previous publication: (VI) a so-called misalignment 
function and (VII) a spectral impurity function. The method is applied to the new spectrometer design 
incorporating a narrow x-ray source, Soller slits, and an angular range 20=0 to 165° or higher. Good agree- 
ment between theoretical and experimental line profiles is achieved for quartz reflections at 20=24.0 and 
90.7°. The improved treatment is used to define new curves for correcting experimental spectrometer line 
breadths for instrumental broadening effects. It is demonstrated that spectrometers of the new design are 
capable of measuring crystallite dimensions as large as 3000A. 





I. INTRODUCTION 


ARLIER publications'? of the present author 
dealing with the effect of geometrical factors upon 
spectrometer line profiles were restricted to the forward- 
reflection region and did not include a treatment of 
Soller-slit collimators. The subsequent modification of 
the design of x-ray spectrometers, incorporating Soller 
slits and a narrow x-ray source and extending the 
angular range into the back-reflection region, has 
necessitated a review and some expansion of the previ- 
ous treatment. The present investigation makes a more 
effective use of the convolution principle? to predict 
theoretically the nature of the line profiles to be ex- 
pected under various experimental conditions. A useful 
result has been the establishing of curves appropriate to 
the new spectrometer design for the correction of line 
profiles for geometrical broadening. These curves are of 
practical value in the determination of crystallite size 
from line broadening. 

As explained in the previous treatment,” for powders 
of sufficiently large crystallite dimensions the observed 
line profile is determined by the joint action of five 
specific instrumental factors, or weight functions: (I) 
x-ray source profile, (II) flat rather than curved sample 
surface, (III) vertical divergence, (IV) absorption of the 
incident beam by the specimen, and (V) width of the 
receiving slit. The new treatment embraces two addi- 
tional factors, which under certain circumstances exert 
their effects upon the observed line shape: (VI) the 
misalignment function and (VII) the spectral impurity 
function. The misalignment function, which is so desig- 
nated for lack of a better name, is a nonspecific and 
empirical function sometimes found to be essential in 
achieving close agreement between the synthetic and 
experimental line profiles. It is likely, though not 


* Based in part upon material presented before the American 
Crystallographic Association at Tamiment, Pennsylvania, on 
June 20, 1952. 

1L. Alexander, J. Appl. Phys. 19, 1068 (1948). 

2 L. Alexander, J. Appl. Phys. 21, 126 (1950). 

3R. C. Spencer, Phys. Rev. 55, 239 (1939). 

*R. C. Spencer, J. Appl. Phys. 20, 413 (1949). 


certain, that this factor is the result of a somewhat 
random combination of small, residual imperfections in 
the alignment of the several components of the spec- 
trometer. Possibly a specific geometrical aberration of 
the system is responsible, but, if so, the writer has not 
yet diagnosed it. The spectral impurity function, al- 
though not of instrumental origin, causes significant line 
broadening at the larger angles and must be reckoned 
with in matching theoretical and observed profiles. 

The present investigation has demonstrated the in- 
accuracy of a statement made in the introduction of the 
previous paper,” “In the newer models vertical diver- 
gence is practically eliminated by the use of Soller 
slits . . . .” This was an uncritical expression of the 
popular opinion prevalent at the time of the introduc- 
tion of the new spectrometer design. The outcome of the 
present studies corroborates the recent findings of 
Eastabrook’ that the vertical-divergence profile gener- 
ated by Soller-slit collimators is of the same order of 
breadth as that produced by spectrometers without 
Soller slits, although the shape of the profile is modified. 
Vertical-divergence effects with Soller slits are weighty 
at small Bragg angles but insignificant in comparison 
with other sources of broadening at large angles. 


II. SYNTHESIS OF LINE PROFILES BY THE 
CONVOLUTION METHOD 


As explained previously,” if the superposition theorem 
holds, the line profile #(e) generated by a spectrometer 
is the convolution of the pure diffraction function f(¢) 
and the over-all weight function of the apparatus g(e), 


h(e)= f a) fle—fdr,” (1) 


where the variables ¢ and ¢ represent angular displace- 
ments from the theoretical diffraction angle 26, their 
sign being positive in the direction of increasing 20. The 
function g will be here understood to include the influ- 
ence of the natural spectral distribution of wavelengths 


5 J. N. Eastabrook, Brit. J. Appl. Phys. 3, 349 (1952). 
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in the ideally monochromatic radiation employed.® This 
net instrumental function may also be resolved into the 
several specific instrumental functions, gi, gu, etc., 
equivalent to the respective factors enumerated in the 
introduction. The function g(¢) can then be derived 
from the seven specific functions by means of the 
following six successive convolutional operations, the 
order in which the several functions are chosen being 
irrelevant : 


+2 
g.nlo= f gig (e—$)dg, 


—2 





gn(o= f gr, git (e—$)dg, 
+2 

gavi= f gi—migiv (e—$)dg, 
nt (2) 


+o 
gv(o= f gi-1vgv(e—$)df, 


+00 
gi—vI =f &1—v&vi (e—f)dg, 





+00 
g1—vil (e)= g(e) = J gI-vIgvil (e—¢)de. 


—2 


Once the over-all instrumental profile g(e) has been 
computed for a given set of experimental conditions, the 
final line profile can be synthesized for a powder speci- 
men of any given crystallite size by performing the 
convolution (1) of g(e) and the appropriate pure 
diffraction line profile f(e). When the crystallite size 
exceeds about 1000A at small, and about 3000A at large 
Bragg angles, the breadth of the f(e) profile becomes 
negligible in relation to that of g(e), and the observed 
line profile is given simply by g(e). 

The present convolutional synthesis differs in two 
respects from that previously published.? First, the 
contribution of the pure diffraction function f(e), if any, 
is not dealt with until after the development of the net 
instrumental function g(e), according to the scheme 
given by Eqs. (2). Second, greater flexibility and 
exactness are gained by expressing the successive con- 
volutions, g1, 11, g1—111, etc., in this scheme as analytically 
faithful sets of numerical data rather than by attempting 
to express them, more or less successfully, as simple 
mathematical formulas (see, for example, Table II of 
reference 2). For spectrometers without Soller slits the 
previously published descriptions of the first five instru- 
mental weight functions? are unchanged save for one 
minor exception. Eastabrook’s excellent treatment of 
vertical-divergence effects’ demonstrates that the angu- 
lar limits of the vertical-divergence profile, gr11= | €|~}, 


*H. Ekstein and S. Siegel, Acta Cryst. 2, 99 (1949). 


are e=0 and —(1/4)écot@ rather than e=0 and 
— (1/8)8(1+-cos26)? cot2@, as deduced by the present 
writer using a more approximate method. The two 
negative limits do not differ greatly at small Bragg 
angles, where the vertical-divergence effect is relatively 
large, but they differ increasingly at the higher angles, 
where, however, it happens that the magnitude of the 
effect is so small as to resist detection by ordinary 
experiments.’ 

Table I recapitulates the nature of the five instru- 
mental weight functions previously described* for spec- 
trometers without Soller slits. In addition the table 
includes the necessary expressions for spectrometers 
with Soller slits and for the extended angular range 
20=0 to 180°. Figure 1 shows the appearance of the six 
instrumental weight functions as computed for old and 
new spectrometers operating under typical experimental 
conditions. These include a diffraction angle of 20=24° 
and a medium linear-absorption coefficient, .=34. At 
this rather small angle the asymmetry resulting from 
vertical divergence is large, whereas the spectral-im- 
purity broadening is so small as to be negligible. It 
should be noted that functions gr, gy, and gy1 broaden 


TaBLeE I. The seven instrumental weight functions determining 
x-ray spectrometer line profiles. 











Function Form of the function Definitions or remarks* 
g1 Source exp—k;e (approxi- kr=1.67/w1 
mate form) 
git Flatsample_ !e|~? _ __ 7 cotd 
e=0 to Em = 114.6 
degrees 
gir Vertical No Soller €=0 to em 
divergence slits: | «|~+ ___-& cotd i 
(4x57.3) °° 
Soller 


slits: no simple ex- 
pression, see 
reference 5 for 
profiles 
e is always negative, 


giv Absorption exp—&rve (for thick 


specimens) kyy=4yl/114.6 sin20 
gv Receiving Constant Angular limits 
slit e—w,/2 and e+w,/2 
gvi Misalignment 1/(itkvPe) (in a kyr=2/wvi 
typical case ex- 
amined) 


1/(i+ky1r%e) (ap- 
proximate form) 


kyi1=2/wvi1 and 
wvy11 = 0.0424 tanOo 
for CuKa radiation 


gvi1 Spectral 
impurity 








* The coefficients are such as to express all angles in degrees. 
¢ =angular displacement from the theoretical diffraction angle, 260. 
w =angular width of profile at half-maximum intensity. 
 =horizontal divergence of the primary x-ray beam. 
6 =vertical divergence of the primary x-ray beam. 
l =spectrometer radius in cm. 
yw =linear absorption coefficient of the specimen. 
ws =angular width of the receiving slit. 
b See reference 6. 


7L. Alexander, Brit. J. Appl. Phys. 4, 92 (1953). 
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9 Sn on on Gy oun 9 (e) 
Source Flot Verticol Al i Re 
Sample Divergence anette ee Misalignment Final Profile 


Fic. 1. The six instrumental 
weight functions for spectrometers 
of A old and B new designs com- 
puted for typical experimental 
conditions. 
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the profile symmetrically, but that gi, gin, and gry 
broaden it asymmetrically and displace the peak of the 
final profile toward lower angles. It can be seen from the 
figure that the striking improvement in resolving power 
displayed by spectrometers of the new design springs 
from the greatly reduced width of the x-ray source when 
the focal spot is viewed laterally instead of longitudi- 
nally and from the attendant use of a narrower receiving 
slit. In the final section of this paper it is shown that 
this conspicuous reduction in the line-profile breadth 
permits a significant increase in the range of crystallite 
size measurements compared with the potentialities of 
the older spectrometers or photographic methods in 
general. With the exception of g; and gy, the instru- 
mental weight functions are little changed. The magni- 
tude of the misalignment function given in Fig. 1 was 
chosen empirically so as to effect optimum agreement 
between theory and experiment for the particular 
spectrometer used in the present studies ;f there is little 
likelihood that a gyz function of the same breadth would 
be applicable to all instruments and to all states of 
optical alignment. 

The reader’s attention is directed to Fig. 2 for 
an illustration of the convojution process. Here the 
functions considered are gi=|e|~? and giv=exphrve, 
where the angular limits are, respectively, 0 to €m 
= — (y?/114.6)cot@ degrees and 0 to — ©. The absorp- 
tion constant kry is given by 4yu//114.6 sin2@. Substi- 
tution of the representative experimental values 20= 24°, 
y=1°, 1=17 cm, and »h=34 (moderately absorbing 
specimen) gives em and kyy the approximate values 
—0.05° and 50, respectively. Application of Eq. (1) to 
these two functions gives, for the convolution to be 
evaluated, 


giv(o= f |t!Lephv-Di, 


which for numerical computation can be replaced by the 
corresponding summation, 


gu, 1v(€-)= 2 |¢|~*Lexpkiv (e—$) Jae. (4) 


The accuracy of the numerical results can be made as 
good as desired by keeping the interval A¢ sufficiently 


t The instrument employed was a Norelco wide-angle Geiger- 
counter x-ray spectrometer with narrow source and Soller slits. 


small. The carrying out of these calculations can be 
facilitated by tabulating the necessary numerical values 
of |¢|—? and expkrv¢ in vertical columns on two strips, 
which are translated stepwise with respect to each other 
to permit evaluation of the series at successive values 
of «. The labor is lightened by utilizing a calculating 
machine capable of accumulating products. The sharp 
cutoff in the function gi at e=—0.05° (see Fig. 2) 
results from the limited horizontal divergence of the 
x-ray beam. 


III. COMPARISON OF THEORETICAL AND 
OBSERVED LINE PROFILES 


Figure 3 compares theoretical and experimental line 
profiles at low and intermediate Bragg angles. The ex- 
perimental profiles were obtained by manually counting 
over the (10-1)8 and (13-2)a; reflections of quartz 
powder. With CuK radiation these lines occur at the 
respective angles 24.0 and 90.7°. The x-ray spectrometer 
was carefully aligned before the measurements and 
adjusted for the best resolution possible without an 
undue sacrifice of diffracted power. Sufficient counts 
were totalized at each point to reduce errors arising from 
counting statistics to a negligible level. The quartz 
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Fic. 2. The instrumental weight functions g11 and gry com- 
puted for typical experimental conditions and their convolution, 
gil, Iv. 
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Fic. 3. Comparison of theoretical and observed spectrometer line 
profiles for A, 20=24.0° and B, 20=90.7°. 


powder was prepared by crushing a water-white, clear, 
single crystal to a fine state in a Plattner “diamond” 
mortar and separating a size fraction in the range 5-20 
microns by sedimentation from methanol. This pro- 
cedure yields a powder free of particles fine enough to 
produce line broadening, insuring that the experimental 
line profiles at large Bragg angles will be the result of 
purely instrumental factors. Table II gives in detail the 
experimental conditions that apply to the observed and 
theoretically computed profiles of Figs. 3A and 3B. 
The agreement between theory and experiment dis- 

played by the figures is evidently rather good, especially 
in view of the fact that the forms of several of the 
instrumental weight functions cannot be specified with 
great accuracy. This is particularly true of the vertical- 
divergence and spectral-impurity functions, the former 
being very important at 24° and both exerting a 
significant influence at 90°. Likewise, two of the less 
weighty functions can be approximated only imper- 
fectly, the source and the sample-absorption functions, 
the latter because of the difficulty of assaying the precise 
ahsorption coefficient u of the powder, which varies with 
its state of compactness. The form of the vertical- 
divergence profile for spectrometers with Soller slits, 
although already subjected to detailed mathematical 
analysis, is nevertheless known to but a first approxima- 
tion because of unusual difficulties which are en- 
countered in attempting to incorporate certain geo- 
metrical features into the treatment. These include the 
finite height of the x-ray source and the “end” effects 
resulting from the use of a limited number of Soller-slit 
apertures. It is perhaps not surprising, then, that a 


misalignment function of 0.04° half-maximum breadth 
gave improved agreement at 24° but was not needed at 
90°. It may be mentioned that at an intermediate angle 
(20= 50°) the same misalignment function with w=0.04° 
again was found to yield improved agreement. 

The foregoing discussion of the limitations affecting 
line-profile studies of a quantitative nature supports the 
conclusion that further efforts to refine the theoretical 
treatment would hardly be justifiable. The principal 
excuse for the very considerable efforts already ex- 
pended on this topic has been the generally felt need on 
the part of diffractionists for a clearer understanding of 
the factors responsible for observed line shapes. Besides 
contributing to this clearer understanding, it is hoped 
that these studies will make it possible for workers to 
apply the x-ray spectrometer to a wide variety of 
practical problems somewhat more efficiently and pro- 
ductively. One specific practical outcome of the recent 
studies is treated in the next section. 


IV. THE CORRECTION OF X-RAY SPECTROMETER 
LINE PROFILES FOR INSTRUMENTAL 
BROADENING 


The determination of crystallite sizes from the 
breadths of x-ray diffraction lines with the aid of the 
Scherrer equation,® 


D=kx/B cos, (5) 


is contingent upon one’s ability to deduce from an 
observed line breadth B the pure diffraction broadening 
8, free of instrumental effects. In a previous publication® 
a brief review was given of current methods for cor- 
recting experimental line breadths obtained photo- 
graphically, and new correction curves were developed 
by the method of convolutional synthesis for use with 
spectrometers of the older design without Soller slits, 


TABLE II. Experimental conditions governing the line 
profiles of Fig. 3. 











(10-1) (13 +2) 
CuKs CuKa 
Function 20 =24.0° 26 =90.7° 
I. Source w= 0.02° 0.02° 
y= + hg 4° 
II. Flat sample ‘? asia —0.04° —0.14° 


Computed for 
Soller slits and 


IIT. Vertical divergence Computed for 


Soller slits and 


5=2.2°, 26 5=2.2°, 260 
= 24° =90° 
IV. Absorption Ww 6 . 
V. Receiving slit W.= 0.025° 0.050° 
VI. Misalignment w= 0.04° Neglected 
VII. Spectralimpurity © w= Neglected 0.04° 








8 P. Scherrer, Géttinger Nachrichten 2, 98 (1918). 
*L. Alexander and H. P. Klug, J. Appl. Phys. 21, 137 (1950). 
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having broad sources, and capable of measurements only 
in the angular range 20=0 to 90°. Subsequently 
Schoening, van Niekerk, and Haul,'® employing the 
Fourier integral equation, derived a correction curve for 
spectrometers on the assumption that all experimental 
line shapes may be described by the function c/ (1+ ’e*)*. 
Although they did not allow for geometrical differences 
between instruments having narrow and wide sources or 
for the dependence of the geometrical effects upon 28, 
their correction curve agrees closely with that given by 
Alexander and Klug’ for spectrometers of the older 
design. 

Figure 4 gives new correction curves, derived in the 
present convolution studies, which are applicable to 
spectrometers with narrow sources (rectangular focal 
spot viewed laterally), Soller slits, and designed for 
operation over the wider angular range extending from 
286=0 to 165° or more. These curves were derived by a 
method similar to the one described earlier,?* with the 
difference that instead of employing successive broaden- 
ing-ratio curves to arrive at the net breadth resulting 
from the action of the pure diffraction profile, f(e), and 
the several instrumental factors, g1, gir, gi, etc., com- 
plete instrumental line profiles, g(e), were first synthe- 
sized for various sets of typical experimental conditions, 
after which convolutions were executed of these g(e) 
profiles with f(e) profiles of various breadths 6 (see 
reference 2, pp. 138-9). As in the earlier work, the basic 
and rather well justified assumption is made that the 
pure diffraction profile has the form 1/(1+?e*). 

Because of the pronounced differences between the 
geometrical conditions underlying measurements at 
small and those at very large Bragg angles, it is neces- 
sary to define no less than two correction curves, one for 
each of these limiting conditions. At low or moderate 
Bragg angles (20 between 0 and 90°) the instrumental 
profile g(€) is produced by the joint action of a number 
of factors of approximately equal weight, several of 
them being asymmetric (see Fig. 1B). The convolutions 
of such profiles with pure diffraction profiles f(¢) of 
various breadths lead to the correction curve designated 
“low-angle reflections.””’ The difference between the 
positions of the curves for half-maximum and integral 
breadths is so small as to be justifiably neglected con- 
sidering other larger sources of inaccuracy that are 
present. It is felt that this curve is more reliable than 
those previously published for spectrometers with wide 
sources’ because the former dominant role of the x-ray 
source profile has in the present analysis been superseded 
by the combined influence of several factors, most of 
them known with somewhat better accuracy. 

At large Bragg angles (202 145°) broadening due to 
the several instrumental factors becomes small in rela- 
tion to that resulting from the natural spectral distribu- 
tion in the incident radiation, as pointed out earlier. 


%” Schoening, van Niekerk, and Haul, Proc. Phys. Soc. (London) 
B65, 528 (1952). 
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Fic. 4. Curves for correcting x-ray spectrometer line breadths 
for instrumental broadening. Spectrometers with narrow x-ray 
sources and Soller slits. 


Data compiled by Compton and Allison®"" from double- 
crystal spectrometer measurements indicate that the 
profiles resulting from the spectrai distribution (or 
impurity) conform rather closely to the function 
1/(i+#?e?). This means, then, that to a first approxi- 
mation the observed profile at large Bragg angles is 
simply the convolution of two 1/(1+?é) profiles, one 
due to the crystallite-size distribution and the other to 
the spectral distribution in the radiation employed. 
Computation of a series of such convolutions leads to 
the possibly unexpected result labeled “back reflections” 
in Fig. 4, a straight line from the upper left-hand to the 
lower right-hand corner of the chart. This correction 
applies to both widths at half-maximum intensity and 
integral breadths. It is equivalent to 


8/B+b/B=1 
or 


which states that 6 and 6 are simply additive, the 
original Scherrer postulate.* It must be strongly em- 
phasized at this point that this correction formula has 
no general applicability in diffraction measurements be- 
cause it is strictly valid only when both f(e) and g(e) are 
of the form 1/(1+e?). For spectrometers with narrow 
source profiles this condition is approached at back- 
reflection angles, and it is therefore suggested that the 
straight-line function be adopted for all crystallite-size 
measurements in the angular range 145-180°. Actually 
it is probable that in any particular crystallite-size 
determination at high angles the optimum correction 
curve to be applied lies somewhere between the two 
curves of Fig. 4 but rather closer to the lower one. 
The much narrower instrumental profiles attained in 
the newer spectrometer design permit the determination 
of 8 from experimentally measured breadths 6 and B 


1A. H. Compton and S. K. Allison, X-Rays in Theory and 
Experiment (D. Van Nostrand Company, Inc., New York, 1935), 
second edition, Chap. 9. 
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Fic. 5. Curves for correcting line breadths for Ka-doublet 
broadening. A is Jones’ curve. C and D apply to Gaussian and 
1/(1+%e) line profiles, respectively. B applies to a line of 
intermediate shape. 


with far greater precision than was possible with older 
spectrometers. This is because the ratio b/B decreases 
as the instrumental breadth b decreases, thereby causing 
the point of calculation to move to the left along the 
curves of Fig. 4, and the precision with which 6/B and 8 
can be determined improves toward the left, especially 
when the calibration curve is nonlinear and, instead, 
convex upward. It is worthwhile at this point to reaffirm 
the general rule that for best precision in crystallite-size 
measurements the experimental conditions should be 
selected with a view to making b/B as small as possible. 

It is also noteworthy that the lower curve of Fig. 4 is 
of special importance because it applies to the angular 
region in which cos? has minimum values, thereby 
permitting measurements of relatively large crystallite 
dimensions, D [see Eq. (5) ]. By employing resolved a 
or B lines it is possible to do rather accurate work in the 
size range 500 to 2000A, and size estimates can be made 
up to about 3000A. Below 500A partial superposition of 
the a; and a profiles sets in, making it difficult to utilize 
the components of the doublet, and better results will be 
realized by resorting to a 6 line or an unresolved Ka line 
in the medium- or low-angle region. 

As pointed out in the earlier paper,’ line broadening 
resulting from the separation of the Ka doublet should 
be allowed for before the curves of Fig. 4 are applied. 
Jones” showed how such a correction curve can be 
derived, assuming lines of any known shape. His 
method consists essentially of compounding two profiles 
of the same shape and breadth b but differing in height 
by a factor of two and separated by some angular 
increment d, and then dividing the resultant area by the 
resultant height to yield the final integral breadth dp. 
Assuming a line profile of more or less typical shape, 
Jones in this way arrived at the correction curve A of 
Fig. 5, in which b/)p is depicted as a function of d/bo. Of 
course, the curve applies equally well to broadened 
diffraction profiles, yielding B/Bo as a function of d/Bo. 
In Jones’ notation bo and Bo refer to the observed line 
breadths including the effect of Ka-doublet broadening, 


%F, W. Jones, Proc. Roy. Soc. (London) A166, 16 (1938). 


b and B refer to the line breadths after correction for 
Ka-doublet broadening, and d is the angular separation 
of the doublet for the particular radiation employed and 
at the appropriate angle 20. 

In order to conform to the usage of the present treat- 
ment, which employs breadths at half-maximum in- 
tensity, the curves B, C, and D of Fig. 5 have been 
developed by a method similar to that of Jones. Curves 
C and D are applicable to Gaussian and 1/(1+k*e) 
profiles, respectively, whereas B has been derived for a 
profile of intermediate shape. It is suggested that B or D 
be used for spectrometer line profiles, the latter being 
more suitable at back-reflection angles. The experi- 
mental conditions should be chosen so as to make d/bo 
or d/Bo as small as possible, preferably less than 0.4. 
The correct choice of curve to be used becomes more 
critical and the reliability of the correction poorer as the 
ratio increases. To measure crystallite sizes with the 
highest absolute accuracy, it is best to circumvent the a- 
doublet correction whenever possible by utilizing re- 
solved lines such as ai, a2, or 8, or, failing in this, a 
careful analysis of the line shape should be carried out 
and a more appropriate correction curve derived than 
those of Fig. 5. Values of the angular separation of the 
Ka doublet as a function of @ for the common Ka 
radiations have been published." 


V. ILLUSTRATIVE CRYSTALLITE-SIZE 
DETERMINATION IN THE 
BACK-REFLECTION REGION 


The specimen was micronized quartzite powder sedi- 
mented from methanol to remove all particles larger 
than 5 microns in mean dimension. The diffraction 
pattern obtained with CuKa radiation showed appreci- 
able broadening only in the back-reflection region, so 
this served as a good test of the new spectrometer with 
narrow source when applied to the determination of a 
mean crystallite dimension near the upper limit of the 
measurable range. The (24-0)a; line at 20=146.6° was 
counted point by point and the profile compared with a 
reference profile of the (24-0)a; line of a 5 to 20-micron 
fraction of pure quartz powder, the respective widths at 
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Fic. 6. Shapes of the (24-0) line of quartz powder as observed 
for the size fractions <5 microns and 5-20 microns with a spec- 
trometer having a narrow x-ray source and Soller slits. 


13 International Tables for X-ray Crystallography (Kynoch Press, 
Birmingham, 1952), Vol. III (in preparation); or Internationale 
Tabellen zur Bestimmung von Kristallstrukturen (Gebriider Born- 
traeger, Berlin, 1935), Vol. II, pp. 588-608. 
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half-maximum intensity being 0.370 and 0.220° (see 
Fig. 6). The latter line is conspicuously broadened by 
the natural spectral breadth of the CuKa radiation, as 
can be seen by comparing its breadth, 0.220°, with the 
breadths observed at relatively low angles, which are of 
the order of 0.10° (see Fig. 3A). 


b=0.220+0.015°. 
B=0.370+0.015°. 
b/B=0.595+0.050. 
8/B=0.405+0.050 (using the back-reflection curve of 


The following numerical results are obtained if the 


shape factor K of Eq. (5) is assigned a value of 0.90: Fig. 4). 
Dax. = = (), 9r/B cos@ B=0.150°. 
0.9X 1.54 57.3 Do.o= 1840A. 





= 276/8. 


BX 0.287 Approximate precision limits in Deg.o, 1700-2100A. 
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Rocket Measurements of Upper Atmosphere Ambient Temperature 
and Pressure in the 30- to 75-Kilometer Region* 


H. S. Sicrysx1, N. W. SPENCER, AND W. G. Dowt 
University of Michigan, Engineering Research Institute, Ann Arbor, Michigan 


(Received May 19, 1953) 


A method for determining ambient temperature and ambient pressure in the upper atmosphere is de- 
scribed, using the properties of a supersonic flow field surrounding a right circular cone. The underlying 
fundamentals stem from basic aerodynamic principles as combined with the developments of the aero- 
dynamics of supersonic cones by G. I. Taylor, J. W. Maccoll, and A. H. Stone. The experiment provides the 
necessary cone pressures, velocities and Eulerian angles, such that a Mach number characterizing the am- 
bient space conditions may be computed. A description is given of the requisite experimental equipment 
and related techniques. Experimental data from two rocket-borne equipments are presented with the result- 
ing calculated pressures and temperatures as experienced over New Mexico to approximately 70 kilometers. 





I. INTRODUCTION 


HE University of Michigan Department of Elec- 
trical Engineering has been engaged for the past 
several years in the measurement of the ambient tem- 
perature and pressure of the upper atmosphere. These 
measurements have been carried out in high altitude 
rockets, in particular, the ‘“V-2” and the “Aerobee.”’ 
During the period in which V-2 rockets were em- 
ployed, temperature measurements were implemented 
by application of the “barometric equation” to a 
measured curve of ambient pressure versus altitude. 
Although curves of ambient temperature versus altitude 
were obtained,' the computational procedure for ob- 
taining the temperature is primarily one of differentia- 
tion, and hence yields only very approximate values of 
temperature. 
In an effort to improve the quality of the measure- 
ments, a more exact method has been developed which 


* The research reported in this paper has been sponsored by the 
Geophysical Research Directorate of Air Force Cambridge Re- 
search Center, Air Research and Development Command, under 
Contract Nos. AF19(122)-55 and W33-038 ac 14050. 

t Department of Electrical Engineering, University of Michigan, 
Ann Arbor, Michigan. 

1 Rpt. No. 2, Upper Air Research Program, Engineering Re- 
search Institute, University of Michigan, July 1948. 


overcomes certain disadvantages of the earlier proce- 
dure. Essentially point-by-point values are obtained in 
a manner that does not require an averaging process. 
That is, each temperature point on the curve is de- 
termined directly from the experimental pressure data 
independently of other points and gives the temperature 
at a particular location in space, as contrasted with 
values obtained from the barometric equation which 
represent an average over a rather considerable altitude 
interval. 

The experimental data required for a temperature 
computation by the new method include in general: a 
ratio of the nose-cone tip (impact) pressure to the 
pressure at some point on the cone wall, a determina- 
tion of the instantaneous angle between the rocket’s 
longitudinal axis and a space-fixed reference system, 
and the magnitude of the missile velocity vector in the 
same reference system.” 

The required pressure measurements are accom- 
plished in the missile through the use of “Alphatron” 
ionization gauges, which are utilized in equipment that 


2 Another temperature measurement method, similar in that 
correspondingly fundamental pressure measurements are em- 
ployed, has been utilized by the Naval Research Laboratory. See 
Haven, Koll, and La Gow, J. Geophys. Research 57, 59-72 (1952). 
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Fic. 1. Physical quantities appearing in non-yaw conical flow. 
Pressures measured by the experiments described appear inside of 
the outline of the cone. (For physical significance of symbols, see 
list in paper.) 


has been developed by this research group. The data 
obtained is telemetered from the rocket to ground sta- 
tions where it is recorded. 

The fundamental information required for angle com- 
putation is similarly determined in the missile through 
the use of a single gyroscope. In this case, the data are 
recorded in the rocket on film, which is later recovered 
when the missile reaches the ground. 

Velocity information is obtained by triangulation 
employing ground based instrumentation which tracks 
the rocket during flight. 

Temperature measurements have been made on 
several rocket flights utilizing the new method. The 
following sections of this paper present the data result- 
ing from two such flights of Aerobee rockets, a discus- 
sion of the theoretical basis for the measurements and a 
description of the particular equipment developed to 
obtain the basic data. 


Il. THEORETICAL CONSIDERATIONS 
A. General 


Temperature is a typical “intensive” magnitude’ 
quantity, which, for its determination, must be corre- 
lated with phenomena measured “extensively.” Al- 
though the usual laboratory thermometric systems can 
measure temperature in extensive terms, these tech- 
niques cannot be directly extrapolated to supersonic 
missiles for upper atmosphere ambient temperature 
measurements without producing questionable results. 
The chief difficulty arises with the formation of a 
boundary layer about the instrument, which perturbs 
the temperature experienced. A more promising datum 
is pressure, which, unlike the temperature, is very 
nearly constant throughout any boundary layer sec- 
tion, being nearly equal to the value just outside the 
boundary layer. The pressure datum thus “neglects” 
the boundary layer, approximating an inviscid flow. 

For the practical case of a cone with a semi-vertex 
angle of 7.5°, very good agreement exists‘ between the 
inviscid theory and experimental data from viscid tests 


* For definition of extensive and intensive properties see F. E. 
Fowle, Smithsonian Physical Tables. 

*Cronvich and Bird, Pressure Distribution Tests for Basic 
Conical Flow Research (Ordnance Aerophysics Laboratory, 


Daingerfield, Texas). 


in the range of Mach numbers and yaw angles ex- 
perienced. 

The principal limitation to applying inviscid theory 
occurs for large yaw angles (e~0.86,) where boundary 
layer separation occurs.® 


B. Non-Yawing Cone © 


The problem of supersonic flow around a cone has 
been successfully analyzed by Taylor and Maccoll,® 
with the subsequent embodiment of their results 
in tabular form by Z. Kopal.? These results are 
applicable to cone-pressure measurements in order to 
compute ambient upper air conditions for given conical 
geometry and the characteristic Mach numbers. Al- 
though surface pressure measurements alone do not 
constitute sufficient information to deduce the charac- 
teristic Mach number, knowledge of the total head 
pressure will, when taken concurrently with the surface 
pressures, define the characteristic Mach number. A 
schematic representation of the experiment and the 
physical quantities appearing is shown in Fig. 1. Quan- 
tities with subscript “one” are the upstream conditions 
or so-called “ambient values.”’ The dotted area about 
the cone vertex defines a subsonic flow region existing 
because the cone is truncated to permit total head 
measurement. This deviation from purely conical 
geometry affects the flow locally; however, a wind- 
tunnel analysis demonstrates that the conical flow 
regime is established ahead of the cone surface pressure 
measuring port. 

The computation of the ambient conditions proceeds 
through a combination of the Taylor-Maccoll relations 
and the Rayleigh total-head expression. Py’ and P, 
(cone-tip and cone-wall pressures) and cone velocity V 
relative to the ambient air are measured experimentally. 
The theory presented leads to a relationship (Fig. 2) 
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Fic. 2. Mach number versus quotient of cone pressures for non-yaw 
case of a 7.5° half angle, supersonic cone. 


5 Franklin K. Moore, “Laminar boundary layer on a cone in 
supersonic flow at large angles of attack,”” NACA-TN-2844. 

6G. I. Taylor and J. W. Maccoll, Proc. Roy. Soc. (London) 
A139, 279-311 (1933). J. W. Maccoll, Proc. Roy. Soc. (London) 
A159, 459-472 (1937). 

7Z. Kopal, Massachusetts Institute of Technology Tech. 
Report No. 1, 1947, Department of Electrical Engineering, 
Center of Analysis. 
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between P’/P, and the Mach number Mj, thus per- 
mitting a determination of the Mach number from the 
experimental data. The dependence of Mach number 
and cone-wall pressure P, on the ambient pressure P; 
appears in the course of this determination. The am- 
bient temperature is determinable from the familiar 
Eq. (6) relationship between Mach number and 
velocity relative to ambient air. 

It is convenient to initiate the theoretical analysis 
by stating that ratio Po’/P, of the measured pressures 
in the following identity :f 


Po Po Pi Pw Po (1) 
P, P,P. PoP, 


The theoretical treatment consists in expressing each 
of the right-hand factors in terms of the Mach number 
and the known ratio of specific heats, thus leading to the 
Fig. 2 relationship. 

To accomplish this for the first factor, energy con- 
siderations permit expressing the ratio of pressures 
across the normal shock wave in terms of the Mach 
number and the ratio of specific heats as follows: 





P, [= a @) 
Pi Lb (+t) 2 ) 


Similar evaluation of the remaining three factors on 
the right of Eq. (1) requires use of the theory of the 
conical regime. Taylor and Maccoll* determined the 
pressure ratio across the shock wave using a lengthy 
graphical procedure. Kopal’ derived an explicit ex- 
pression for this ratio using purely algebraic procedures; 
he also prepared tables providing values of the local ve- 
locities (radial velocity U,, tangential velocity V,,, and 
sonic velocity, a) for any given cone angle as a function 
of the Mach number. By using values from these tables 
in his expression, 


Py (y7—- 1) (C—«,,?—2,,*) 


—_ ’ (3) 
P, 4y0,. — (y ei 1)? (2 — Une — Ty") 





the second factor on the right of Eq. (1) can be evalu- 
ated in terms of Mach number and yj. 

The quantity c, appearing here, is a useful reference 
velocity, sometimes defined as the maximum velocity 
attainable by converting all the heat energy of the fluid 
into uniform motion. In terms of the local sonic velocity, 
a, and the velocity V relative to ambient air, the 
reference velocity c is defined as 


2a” 
+} (4) 


c= r| 1 
V?(y—1) 


t See list of symbols at end of paper. 
8G. I. Taylor and J. W. Maccoll, Proc. Roy. Soc. (London) 
A139, 288-292 (1933). 
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Fic. 3. The relationship between the unyawed surface pressure 
and the ambient pressure as a function of the free stream Mach 
number for a non-yawing, 7.5° half angle supersonic cone. 


The third factor on the right-hand side of Eq. (1), 
the ratio of static pressure behind the shock wave to 
the stagnation pressure, is found directly from the 
Bernoulli integral and the assumption of adiabatic flow 
behind the shock surface.’ This ratio, in terms of the 
local velocities provided by Kopal’s tables, is 


Pro Po=[1— (tho/¢)?— (w/c)? J". (S) 


Lastly, the ratio P,/P» of cone surface pressure to 
stagnation pressure behind the shock wave follows from 
Eq. (5) on setting the tangential velocity (v,,.) equal to 
zero. 

The results from using these four evaluation proce- 
dures in Eq. (1), expressed in terms of the Mach number 
for the non-yaw case of a 7.5° half-angle cone, are shown 
in Fig. 2. 

With the requisite Mach number known from Fig. 2, 
the ambient pressure is available from Eq. (1) after 
dividing both sides by Po’/P;. The result of this pro- 
cedure is shown in Fig. 3. 

Computation of the ambient temperature depends on 
the definition of the Mach number and the adiabatic 
sonic velocity relationship. These express the ambient 
temperature explicitly as 


T= (V/M,)(Ry)*. (6) 


The velocity V appearing here is the relative flight 
speed. In the experiments presented, no provision was 
made for estimating local wind conditions ; consequently 
the missile velocity relative to the earth was taken as 
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Fic, 4. Coordinates describing the yawing cone. 


the defining velocity. Tacitly, this statement assumes 
that the winds present are negligible compared to the 
relative flight speed. 

These data have given the temperatures through 
which a reasonably smooth curve could be drawn 
(Fig. 11). The departure of the measured temperature 
from the smooth curve are of the nature that would 
result from the presence of a wind field varying in speed 
and direction. Uniform wind fields, on the other hand, 
would yield temperatures, continuously higher or lower 
than the actual ambient temperature. 


C. Yawing Cone 


Under the conditions experienced by high-speed 
vehicles missiles are fundamentally yawing bodies; 
that is, the missiles longitudinal axis does not usually 
maintain coincidence with the free stream relative 
velocity vector. Consequently, the experiment must 
employ a yawing-cone theory for its analysis. 

A theory for yawing supersonic cones was developed 
by A. H. Stone’ which included second order yaw effects. 
Stone’s analysis led to Kopal’s” tabulation of the per- 
turbation coefficients for use in the solution of supersonic 
flow fields about large-yaw cones. Of particular interest 
is Stone’s expression for the cone’s surface pressure, since 
it provides the basis for a pressure experiment on a 
yawing cone. In terms of the coordinates of Fig. 4, the 
surface pressure P, is 


P,=P,+« rE Nn Cosno+ & = P, cosnp::-. (7) 
n=O n=0 


* A. H. Stone, J. Math. Phys. 30, 200 (1952). 


%”Z. Kopal, Report No. 3, Massachusetts Institute of Tech- 


nology Department of Electrical Engineering Center of Analysis 
and Z. Kopal, Report No. 5, 1949, Massachusetts Institute of 
Technology Dept. of Electrical Engineering Center of Analysis. 


P, is the surface pressure for a zero-yaw angle (e=0), 
while the perturbation coefficients n, and P, are avail- 
able from reference 7. Stone’s analysis demonstrated 
that .all the second-order yaw terms except »=0 and 
n=2 vanish under the boundary conditions on the 
cone, while the Rankine-Hugoniot conditions reduce 
all the first order terms to zero except n=1. 

In application of Eq. (7) the perturbation coefficients 
as given by Kopal need to undergo a transformation 
by means of a Taylor expansion for utilization in the 
desired reference frame." Kopal’s tabulation presents 
these coefficients relative to arguments of the unyawed 
reference system where the desired coefficients are per- 
turbed by angle (4). Thus the pressure at any per- 
turbed position @ is given by the relation 


P(0)= P (6+ .a5) = P(6)+P’ (8) a5) 
+P" (8),s5)/2-++, (8) 


where the barred quantities are with respect to the un- 
yawed reference frame. The primes refer to differentia- 
tion with respect to 6. With Eq. (8) we still need an 
expression for the yawed conical surface with respect to 
the unyawed reference frame. In the region between 
the shock wave surface and the yawing cone the 
variables will be constant over surfaces of a generally 
conical nature. If it is assumed that these surfaces re- 
main cones of circular or elliptical section, rotated 
through the yaw angle e, the equation” for any of these 
surfaces is 


6,+A0,=6,+€ cosp— (1/2)é cotd, sin’¢- -+, (9) 


where the particular surface is defined when 6, and Aé, 
are stated. Using Eqs. (8) and (9) in Eq. (7), then 
collecting terms to the order e, and evaluating the 
derivatives gives the pressure at the yawed solid cone 
surface as, 


" 7 P2 ¥f{Us\? 
Pi=P| ite cos (7) +e costo( ="+7(~) ) 
P, FP. 2X6 
Po Y/Us . 
+e(5+7(“) )--} (10) 
P, 2X\a 


The experimental data provide values for P,, ¢, and ¢. 
These quantities along with Eq. (10) permit computa- 
tion of P,, the unyawed pressure. Having P,, the experi- 
ment reduces to the non-yaw case for which expressions 
involving the ambient pressure and temperature have 
already been given. P, are surface pressures measured 
by suitable gages located in the cone, and ¢ and ¢ are 
computed from a combination of the trajectory locus 
and data from a missile-borne gyroscope. From the 
definitions, the yaw-angle computation makes pre- 
requisite an assumption regarding environmental winds. 
In both experiments presented the wind velocities are 


1 Van Dyke, Young, and Siska, J. Aeronaut. Sci. 18, 355 (1951). 
% A. H. Stone, J. Math. Phys. 27, 73 (1948), Eq. 34. 
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assumed to be small compared to the missile velocity. 
The yaw angle is then determined with the wind vector 
tangent to the missile trajectory while the missile 
aspect is taken from a gyroscope. 


Ill. INSTRUMENTATION 


The instrumentation that has been developed and 
used in Aerobee rockets by this research group to ob- 
tain the fundamental data required utilizes an Alpha- 
tron gauge as the basic pressure sensitive element, and a 
gyroscope for missile angular position determination. 

This section of the paper will describe briefly the 
manner in which each of these devices is employed. 


A. Pressure Measurement 


An Alphatron is an ionization gauge wherein the 
ionizing energy is obtained from alpha particles emanat- 
ing from a small quantity of radium, generally of the 
order of milligrams. 

The essential external characteristics of the particular 
gage chosen for use in this investigation are illustrated 
in Fig. 5, which presents a typical curve of output cur- 
rent versus chamber pressure. The lowest measurable 
pressure is determined fundamentally by the “dark 
current,” the value on the curve to which the lower 
portion of the curve is asymptotic. The upper limit is 
determined by recombination of ionized particles before 
the ionization products are collected and measured, as 
evidenced by the bending of the curve at the higher 
currents. 

Two features important from the standpoint of cir- 
cuit requirements are immediately apparent from the 
curve: the very small current that constitutes the basic 
information signal, and the rather large ranges of cur- 
rent and pressure which must be accommodated in an 
instrument which utilizes the device over its useful 
range. The small current implies either the use of a rela- 
tively small (few megohms) load resistance and very 
large voltage amplifications, or the use of very high 
values of resistance, with the consequent problem of 
impedance matching. The extensive useful range on the 
other hand demands the use of several subranges in 
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Fic. 5. Variation of output current with chamber pressure for a 
particular Alphatron pressure gauge. 


TEMPERATURE AND PRESSURE | 165 


ROCKET 
SURFACE 
PORT 














Fic. 6. Elementary 















































block diagram of Alpha- [AcpHATRON 
tron pressure measure- LOAD pe - 
ment system. RESISTANCE 
| | 
RANGE 
CHANGING 
CIRCUIT 
OUTPUT 
TO 
TELEMETER 
SYSTEM 


order to obtain a reasonable definition in the ultimate 
pressure data. 

Figure 6 is an elementary block diagram illustrating 
the circuit developed to meet these requirements. 
The Alphatron current is passed through a resistance of 
sufficient magnitude to produce a voltage equivalent to 
the desired information signal. Because of the very 
small current, this resistance may be as high as 250 000 
megohms. 

The voltage obtained across this resistance is applied 
to a 100 percent negative feedback dc amplifier which 
acts essentially as an impedance changing device. The 
first stage of the amplifier employs an electrometer 
tube in order to provide an input resistance that is large 
compared with any probable Alphatron load resistance. 
The following sections of the amplifier are, in sequence: 
a voltage amplifier, a heater voltage regulator, another 
voltage amplifier and finally a cathode follower stage. 
Inside the feedback loop the voltage gain is high, of the 
order of 4500. However, with feedback, the voltage 
gain of the system is unity, whereas the current gain 
is significantly high. Since the output voltage is equiva- 
lent to the input voltage (100 percent feedback) the 
current gain is numerically equivalent to the ratio of the 
input load resistor (Alphatron load) to the cathode 
resistor of the cathode follower. 

The voltage obtained from the cathode follower con- 
stitutes the desired data and is accordingly applied 
to the recording system, in this case the telemetering 
system. 

In order to provide for the several subranges, differ- 
ent possible values of Alphatron load resistance are 
provided, one for each subrange. It is the function of 
the range changing circuit to select and insert the par- 
ticular load resistance appropriate to a particular range 
of chamber pressure. To accomplish this, the amplifier 
output signal is applied to the range changing circuit 
which uses two thyratrons to control a bi-directional 
rotary solenoid. If the information signal voltage ex- 
ceeds a predetermined value (in either direction) the 


18 Developed from an original design by J. R. Downing and G. 
Mellen, Rev. Sci. Instr. 17, 218 (1946). 
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Fic. 7. Variation of Alphatron pressure measurement system 
output with pressure for a particular sub-range. 


next lower or higher value of resistance is inserted, 
thus returning the information signal to an “on scale” 
value. An automatic range selection device is of course, 
necessary because the equipment operates unattended 
through the total pressure range encountered during a 
rocket flight. 

Figure 7 illustrates the variation of output signal with 
pressure for a particular subrange. In this case the 
Alphatron load resistance is 5000 megohms. 

The complete Alphatron equipment in a particular 
rocket includes several nearly identical, independent 
units similar to that described above, differing only 
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Fic. 8. Actual cone pressures, total head (cone tip) and surface, 
compared with the ambient pressure for Aerobee rocket of June 20, 
1950 at 0838 hours, at Holloman Air Force Base, Alamogordo, 
New Mexico. 


perhaps in regard to choice of pressure subranges as 
may be required by particular gauge locations, for ex- 
ample, cone-wall or cone-vertex mounting. 


B. Angle Measurement 


The gyroscope used for missile angular position 
measurement is a modified Sperry type F4A unit. The 
modification was accomplished primarily in order to 
allow operation under free fall conditions. However, 
in addition, an attachment was developed that enables 
the establishment of zero position prior to rocket flight. 

Recording of gyroscope data is accomplished by 
photography of the gyroscope sphere (gyrostat) posi- 
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Fic. 9. Ambient temperature at various altitudes above Alamo- 
gordo, New Mexico. These temperatures are computed from 
Aerobee rocket data of June 20, 1950 at 0838 hours using the 
assumption of a limited wind field. 


tion in reference to a missile-fixed coordinate system. 
The film on which the position is recorded is recovered 
at the end of the rocket flight. 


IV. EXPERIMENTAL RESULTS 


Two experiments based on the above theoretics have 
been successfully completed. Pressure equipments were 
instrumented in Aerobee Sounding Rocket type missiles 
for launching by the U. S. Air Forces at the Holloman 
Air Force Base at Alamogordo, New Mexico. The first 
experiment on June 20, 1950, carried one impact pres- 
sure gauge and one cone-surface pressure gauge. For com- 
parison purposes the two experiniental pressures and 
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the resulting computed ambient pressure are shown in 
Fig. 8. From this first experiment, the ambient pressure 
data is reliable to one part in thirty-five. 

The seemingly relatively large scatter in the cone 
surface pressure is a result of the missile’s rotation as 
it assumes increasing yaw angles with altitude. The 
impact pressure is generally without such cyclic varia- 
tions since it remains independent of the yaw angle for 
values up to about thirty degrees. Although not shown 
in entirety, maxima in the ratios of both cone surface 
and impact pressure to ambient pressure occur in the 
neighborhood of 35 kilometers altitude. These maxima 
are presumably the result of the combination of maxima 
in the Mach number and the missile velocity; as such 
they can only be construed as caused by missile be- 
havior, not representing properties of the atmosphere. 

The temperatures computed from these data are 
shown in Fig. 9. No comment is offered on this curve 
other than that the maximum probable error is be- 
lieved to be teight degrees Kelvin to about sixty 
kilometers and +thirteen degrees Kelvin above about 
sixty kilometers. 

The second experiment was completed on September 
13, 1951. The instrumentation represented considerable 
improvement over that of June 20, 1950, in having two 
cone-surface gauges and a greatly increased information 
reporting capacity. The increase in sampling informa- 
tion rate resulted in a reduction of the overall probable 
error of the final temperature data. For Fig. 10 the tem- 
peratures up to fifty kilometers have a maximum prob- 
able error of +five degrees Kelvin while the probable 
error above fifty kilometers is +seven degrees. The 
ambient pressure resulting from this flight has an im- 
proved accuracy such that it is reliable to one part in 
sixty-five. These data are shown in Fig. 11 as the 
“experimental points.” 


V. SELF-CONSISTENCY IN THE RESULTS 


It has been pointed out above that each experimental 
point, for the temperature curves of Figs. 12 and 13, 
is evaluated from the experimental data independently 
of other points. Furthermore, in the non-yaw case, the 
temperature calculations leading to Figs. 11 and 12 
employ only the ratio of the measured total-head- 
pressure and cone-surface pressures, not their absolute 
values. Thus, the absolute values of the pressure meas- 
urements are not employed in determining tempera- 
tures. 

It is obviously possible to employ the experimentally- 
determined temperatures in the familiar hydrostatic 
equation“ thereby determining the absolute values of 
the ambient pressures by a method that does not di- 
rectly use the pressure measurements obtained by the 
rocket instrumentation. In such use of the hydrostatic 
equation an inverse square variation of gravity is as- 


4S. K. Mitra, “The Upper Atmosphere,” The Royal Society of 
Bengal Monograph Series (1947), Vol. V, Eq. 3, p. 5 (dP/P 
= —mgdh/kT)). 
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HEIGHT 30 40 50 60 70 
ROCKET - PANEL 
T 231.7 | 262.5| 2708 | 252.8 | 218.0 


SMOOTHED 
VALUES 230 | 27! 268 | 238 189 
OBSERVED 





ALTITUDE (KM 


Fic. 10. Ambient temperature at various altitudes above Alamo- 
gordo, New Mexico. These temperatures are computed from 
Aerobee rocket data of September 13, 1951 at 0437 hours using the 
assumption of a limited wind field. 


x © HYDROSTATIC 
o* EXPERIMENTAL PTS. 


PRESSURE mb.) 





ALTITUDE (KM.) 


Fic. 11. Pressures calculated from hydrostatic equation 
(dP/dh= —Pgm/RT) using experimental temperature of Fig. 9, 
compared with ambient pressures for the same flight. 
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Fic. 12. Pressures calculated from hydrostatic equation using 
experimental temperatures of Fig. 10, compared with ambient 
pressures for the same flight. 


sumed, and a mean molecular weight of 28.966 for air 
is employed. Balloon observation results are employed 
to provide the absolute value of pressure at 30 kilo- 
meters, which serves as a constant of integration. 

Figures 11 and 12 present, for the two data sets, 
Figs. 9 and 10, respectively, the absolute values of 
ambient pressure determined by 


(a) As shown by the circles, by direct point-by-point 
determination from the data, using Fig. 3, in this case 
the ambient pressures are obtained practically speaking, 
by applying an appropriate correction to the cone-wall 
pressures. 

(b) As shown by the crosses, by employing in the 
hydrostatic equation the Figs. 9 and 10 temperatures 
obtained point-by-point from the data. 


The very good agreement between the two sets of 
points in each case provides a rather satisfying self- 
consistency check of the system of instrumentation and 
data reduction employed. The deviations between the 
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two sets of points are less than the experimental errors 
of the method. Of course, self-consistency as between 
these two different rocket flights and observations by 
other methods" is also of interest. However, seasonal 
and diurnal variations of the temperature curve cer- 
tainly exist and must be taken into account in com- 
paring the two sets of results here reported with one 
another and with results obtained by other methods. 
We wish to take this opportunity to thank Mr. 
Ralph E. Phinney for his interest and valuable discus- 
sions involving the basic aerodynamics of this problem. 


LIST OF SYMBOLS 


P, Cone surface pressure of yawed cone, along ray 
at angle ¢ from plane of yaw 

P, Ambient pressure 

Po Stagnation pressure behind conical shock wave 

P,! Stagnation pressure behind normal shock wave 

P2 Static pressure behind normal shock wave 

P. Static pressure at shock wave surface on down- 
stream side of a conical shock wave 

P, Cone surface pressure when yaw angle is zero 
(e=0) 

T Ambient temperature 

M, Free stream Mach number 

M2 Mach number behind normal shock wave 

V Free stream velocity 

Pw Tangential particle velocity 

Uy Radial particle velocity 

Us Cone surface particle velocity 

6, Cone half angle 

c See Eq. (4) 

€ Yaw angle 

n/P, Stone’s first-order perturbation coefficient 

P,/P, Stone’s second-order perturbation coefficient 

P,/P, Stone’s second-order perturbation coefficient 

t) Spherical coordinate 

6 Spherical coordinate 

y Angle of rotation about cone’s longitudinal axis 
measured from plane defined by cone’s longi- 
tudinal axis and the wind velocity vector V 

a Local sonic velocity 

h Altitude 

g Acceleration of gravity 

m Mean molecular weight 

R Universal gas constant 

Y Ratio of specific heats 


16 The Rocket Panel, Phys. Rev. 88, 1027 (1952). 
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When a magnetic field is applied to the surface of a lamination of a metallic ferromagnetic core, it does 
not instantly penetrate into the interior because of the induced eddy currents. If the B-H curve of the core 
material is a straight line, the computation of the field within the material can be performed with known 
methods. For a general B-H curve the resulting equation for H is nonlinear, and only a numerical! solution 
is possible. The purpose of this paper is to give an approximate solution for the case of a rectangular hystere- 
sis loop material. The theoretical results that are developed are in close agreement with the experimental 


measurements described in this paper. 





I. INTRODUCTION 


ECENTLY, rectangular loop ferromagnetic ma- 
terials having a B-H curve similar to that shown 
in Fig. 1 have found wide application in the digital 
computing field as storage devices, shift registers, and 
logical elements. As used in computer applications, the 
magnetic core consists of a toroidal tape of thickness d, 
height h, and radius r. The thickness is on the order of 
a thousandth of an inch, the height, about an eighth of 
an inch, and the radius, on the order of an inch. The 
core is usually driven by a constant current source and 
the output winding is connected to a load. Because of 
the nonlinearity of the B-H curve, an exact description 
of the field inside the core is not possible. In the follow- 
ing an approximate solution will be given for a core 
under various loading conditions. 


Il. THE FIELD EQUATIONS 
1. Assumptions 


It will be assumed that the applied magnetizing 
field H is the z direction (see Fig. 2) and symmetrical 
around the circumference of the tape; this assumption 


BA 


Bs YH 


B= \H 


all 


v= 





He 


_—_ 





B= HAH 
Fic. 1. Typical dc hysteresis curve for increasing H. 


* Polytechnic Institute of Brooklyn, Brooklyn, New York ; Con- 


sultant, Burroughs Corporation Research Center, Philadelphia, 
Pennsylvania. 


is satisfactory even if the driving coil covers only part 


of the core, since the permeability of the material is 
much larger than the permeability of the air. Since 
d<r, H will be assumed to be the same on both sides 
of the tape. The induced field E is in the y direction. 
Thus, E-H will be treated as a plane wave independent 
of y and varying only in the x direction, as in the case 
of a magnetic sheet of thickness d that is infinite in y 


Fic. 2. A section of 
the metallic ribbon of a 
magnetic core. 








and z, with a uniform field H applied at its surfaces 
x=0 and x=d. 

If the dielectric constant ¢ is neglected Maxwell’s 
equations take the form 


0E/dx= —dB/dt, (1) 
0H /dx=—cE, (2) 

hence 
0H /dx2?= —cdB/dt. (3) 


In the Eqs. (1)—(3) E is a scalar in the y direction, H a 
scalar in the z direction, o is the conductivity of the 
material, and B is a known function of H. It is assumed 
that at every point within the metal, B takes instantly 
the value B(H) given by the dc hysteresis loop for 
increasing H, where H is the magnetic field at the point 
under consideration. 


2. The Initial and Boundary Conditions 


The magnetizing field H is symmetrical about d/2; 
hence its slope, 0H/dx=—aE, which is continuous, 
must equal zero for every ¢ at x=d/2. Thus 


E(d/2,t)=0. (4) 
If the driving current i(#) is given, then 
H(0,t)= Ho(t)=Ni()/s, (S) 
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Fic. 3. Idealized de hysteresis curve for increasing H. 


where s=2zr is the circumference of the material and 
N is the number of turns on the driving coil. The core 
consists of w wraps of the tape; in the following it will 
be assumed that w=1; with obvious modifications the 
results can be extended to any value of w. 

The integral of EZ around the path of length 2h en- 
circling the core equals the rate of change of the flux 
@ therefore 


ido e(t) 
E(0,t) ee (6) 
2h dt 2hN 


e(t)= Nd@/dt 


is the induced voltage in the driving coil. In general 
i(t) and e(¢) satisfy a relation depending on the source 
and on the loading of the core. Thus, at x=0 a known 
relation must hold between H and E. Special cases will 
be considered below in the discussion of the core under 
load. 

We assume H in the interior of the core to be zero 
at /=0 (at the moment the driving current is applied) ; 
thus 


where 


H(x,0)=0 0<x<d, (7) 


. 3. The Square-Loop Magnetic Material 


Figure 1 shows a typical B-H curve for the type of 
material under consideration. It can be approximated 
by three straight lines; 4; and yw. are small compared 
to yu. In the following, u2 will be taken equal to zero; 
the error due to this assumption is small if the applied 
H is large compared to H;. The B-H curve will thus be 
approximated as shown in Fig. 3. It will be assumed 
initially that u:=0; the effect of u; will be evaluated in 
a later section. 

Plotting H and E as functions of x for a given time 
t, the curves of Fig. 4 are obtained. The intersection of 
the H curve with the line H=H, determines the point 
x,. For OSx=x,, H is greater than H,; hence in this 
interval the core is saturated and B=yuH,=constant. 
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Therefore (see Eq. (1)) 0E/dx=0 and E=E,(t) 
=constant for a fixed ¢. Integrating (2) from 0 to x,, 
we obtain Eq. (8) since H(x,)=H, and E is constant in 
this interval. 


H (0,t)—H,=ox,(t)E, (t) (8) 
hence 
H(0,t)—H, 
E,(t)= E(0,t) = _———_. (9) 
ox,(t) 


We shall next determine dx,(t)/dt in terms of E,(é). 
An approximate expression can be derived as follows. 
Figure 5 shows the variation of B inside one half of the 
material at a given time ¢. In the saturated region 
O<x<x,, B=yuH,. The total area (OAKL) under the 
B curve in the interval (0,d/2) equals $(¢)/2h; simi- 
larly, the area of OAK’L’ equals ¢(/+At)/2h. If K’L’ 
is considered as a parallel displacement of KL by Ax,, 
the area between KL and K’L’ (shaded area in Fig. 5) 
equals uH,Ax,; hence in the interval of time At, ¢ in- 
creases by 2huH,Ax,. Therefore (see Eq. (6), 





1 do pwH,dx, 
E,(t)=E(0,t)=— —= 
2h di dt 
or 
dx,/dt= E,(t)/pH,. (10) 


Equation (10) states that the velocity with which x, 
moves inside the metal is proportional to the rate of 
change of the flux ¢. Actually the ratio between E,(t)/ 
uH, and dx,/dt is a function of time k(?) so that 


dx, E,(t) 


R(t) ) 
dt wH, 








(11)! 


If Eq. (11) is integrated from 0 to ¢,, the time for 
which x, =d/2, then it follows that 


ts 


dx, d 

k(t) —dt=-, 

0 dt 2 
H,E » 
H(0,t) 





E, (t) 














Xs (t) d/2 


Fic. 4. Variations of E and H inside the ferromagnetic core 
for a fixed time ?. 


1Tt can easily be shown that if H,=0 k(t) =1; in this case B=0 
for x>%s. 
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since 








f E.(t) 1 £ s. g(t.) d 
= —dt= =—, 
0 BH, wH,2hd, dt pH,2h 2 


Thus the weighted average of k(t) must equal one 
because 
ts dx, d 
f —a--. 
o dt 2 


If k(t) and dx,/dt decrease with time, as is the case for 
the loading conditions under consideration, the average 
of k(t) must be smaller than one. If therefore in Eq. (11) 
a constant value is to be taken for k(t), this value must 
be smaller than one. An estimation of this constant 
can be obtained by solving the linear problem B=yH 
in the interval x,<x<d/2 with the condition that 
E(x,,t)= E,= constant, and finding the time / necessary 
for H to be H, at the point x,, and the increment Af 
necessary for the average H in the interval (x,,x,+Azx,) 
to become H,. This approach matches E=E, (and 
hence 0H/dx), and H to their proper values at the 
point x,, but it does not give for H its proper value in 
every point of the interval (x,,d/2). However, it gives 
a satisfactory solution if H(0,t) is large compared to 
H,, because for this case the main flux variation occurs 
in a small interval just to the right of x,. The solution 
of the linear problem stated above results in the rela- 
tion between dx, and di that is given by Eq. (12) 


dx, 4E,(t) 


= ; (12) 
dt urH, 








The derivation of (12) is omitted since it involves only 
straightforward mathematics. 
The following analysis will be based on Eq. (13) 


dx,/di=E,(t)/kuH. (13) 


where & will be assumed to be a constant whose value 
as given by Eq. (12) is 


k=n/4. 


The form of e(¢) and the time necessary for the core 
to be saturated will be considered next. 


4. Constant Driving Current 


Let the source be a constant current driver so that 
i(t)=Io; then H(0,t)= Ho=N-I)/s. 
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Fic. 5. Plot of B versus x; curve AKL for time ¢; curve 
AK'L’ for time ¢+-At. 
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Fic. 6. Predicted voltage output during switching of a core 
that is driven by a constant current generator. 


From Egs. (9) and (13) we obtain the relation 
dx, Hyo—H, 


dt kopH,x, 








whose integral is given by Eq. (14) since x,(0)=0 
kouH, 


{= —_—__—_x,,”. (14) 
2(Ho— H:) 

In Eq. (14), ¢ is the time necessary for the saturation 

point to be at x,; the core is completely saturated when 

x,=d/2; the corresponding time /, is given by 


RouH da’ 


!,= ——_—__.. (15) 
8(Ho—H.) 


The time ¢, will be called the saturation time; it is 
proportional to uH,. The quantity uH, equals the in- 
crease in flux density AB from the initial to the satu- 
rated state. Thus, 

ko Bd? 


yuaesomnnectiann, (15a) 
8(Ho—H,) 


To find the form of the induced voltage e(t), we solve 
Eq. (14) for x, and insert the result in (9). Using Eq. 
(6), we obtain Eq. (16). 





e(t)=— 
t o 


Nh /2kuH,(Ho—H.)\! 
) (16) 


The voltage e(/) as given by Eq. (16) is plotted in 
Fig. 6. For t=t,, x=d/2; hence (see Eq. (9)) 
4Nh(Ho—H,) 
e(t,) =. 
od 


The effect of 4; on the voltage wave form during the 
interval of time 0 </<z, is negligible, it can be shown, if 


Mi H, 
—< 1 
u Ho—H, 
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To find e(t) for ‘>t,, we must solve the linear problem 
B=y,H with the boundary conditions set forth in 
Eqs. (4) and (5) and the initial condition at /=/, as 
given by Eq. (17). 


2x 
H(x,t,)= Ho— edna Sy (17) 


Equation (17) is true because at ‘=/,, H varies linearly 
from the value Hy at x=0 to the value H, at x=d/2. 


— a 
u L 

Fic. 7. One section of 
S the filter of m sections that 
> 4 is approximately equivalent 
=S Ss to the magnetic core. (L 
+1;)n=yd/2; nl,=ud/2, 

nG=od/4. 











An exact solution of the above linear problem can easily 
be obtained with known methods. The result is in the 
form of an infinite series. In the following an approxi- 
mate simple solution will be given: Eqs. (1) and (2) 
have the same form as the voltage and current equation 
of a transmission line with R=C=0. The condition 
corresponding to Eq. (4) is obtained when a line of 
length d/2 is terminated with a short circuit. If the 
instantaneous current at any point in the line is 7, the 
inductance per unit length is represented by a filter, 
a typical section will be as shown in Fig. 7, where the 
switch S closes when the current becomes i,. It is of 
interest to note that if the line is represented by a filter 
with only one section, with L+L,;=yd/2, Li=y,d/2, 
G=od/2, and the end shorted, the switching time /, is 
obtained from the following expression for i,: 


t, To 
i= 1] 1-exp(— ) = 
LG LG 


(since t,/LG<1).. Replacing the current in the expres- 
sion for the equivalent filter by the magnetic field for 





—_ 





lo ir 
| } Fic. 8. Resistor loaded 
N Ni Vr oR core, schematic. 





' 


the case of the magnetic core, we obtain for /, the value 
pod’ ,/8Ho. 

To find the voltage wave form for ‘>, we use the 
equivalent circuit of Fig. 7 with the switch S closed. 
Letting ¢’=/—1t,, we have as initial current in the coil 
the average value (Ho+H,)/2 of the field inside the 
core at time ¢’=0; thus it is easily shown that E(0,/) 
(corresponding to the voltage in the input of the filter) 





is given by the relation 


2(Ho— FH.) Si’ 
————— exp(- ). 








a pod 
Hence, 
4hN (Ho— H,) 81’ 
e(t’) = 2hE(0,t) = exp( -—) 
od pod 
8?’ 
=e(t,) exp( -—) . (18) 
Mid d 


The voltage form e(?’), for ‘> t, is thus an exponential 
with a time-constant T given by 


T= 00/8. 


The dotted curve in Fig. 6 indicates the voltage wave 
form for (>4?,. 


Ill. CORE UNDER LOAD 
1. Resistive Load 


Again assume that the driver is a constant current 
generator. If a resistive load, R, is connected to the 
core, we have (see Fig. 8) 





and 
Vre= Rirg=2hN,E(0,1) 


[see Eq. (9) ]. Hence, 





H(0,t)= Ho—GE(0,t), (19) 
where 
Ho = NIp/s 
and 
2h 
G=—N;Y. (20) 
sR 
From Eqs. (9) and (19) we obtain Eq. (21): 
Ho—dH, 
E,(t)= (21) 
ox,+G 


Hence, with Eq. (13), 
dx, Ho—H, 








=—_—_—____, (22) 
dt kp(ox,+G) 
Integrating Eq. (22), we get 
kovH, (x2 G 
t= (=+ =m). (23) 
Ho—H,\2 o 


The saturation time /, is given by Eq. (23a) which 
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follows from (23) when x,=d/2. 


kuoH 
up iied = =) =a 14 -), (23a) 
8(Ho— od 


In Eq. (23a), és is the saturation time without load. 
To find the form of e(#) we solve Eq. (23) for x, and 
insert the result in Eq. (21). Knowing E(0,t), we find 
e(t) from Eq. (6). The result is plotted in Fig. 9 for 
three cases: G=0, d/4, d/2. 
For ‘=1?,, 
2Nh(Ho—4H,) 
e(t,)= . (24) 
G+ (cd/2) 


For G large compared to od/2, 





Ho—H 


8 
= constant; 


E,()= 





7 











Fic. 9. Predicted voltage output during switching of a re- 
sistance loaded core for three different values of the load re- 
sistance. 


hence in this case the voltage wave form during switch- 
ing remains approximately constant. 

For {>t,, an approximate expression for e(#) can be 
obtained, as in the case of the core without load, by 
using the one-section equivalent filter. The equivalent 
load, G, will appear as an input load on the filter. The 
resulting voltage wave form is an exponential curve 


with a time constant. 
od 
nf +] 
4 


2 
and is shown by the dotted lines in Fig. 9. 


2. Capacitive Load 


With a constant driving current J and a capacitive 
load C, we have (see Fig. 10) 


NIy Niic 
H(0,t)=——— 





s s 


























To ic 
Fic. 10. Capacitor loaded | 
core, schematic. N N i he 
and 
dv. i-(t) dE (0,1) 
—— = = 7 ° 
aC "dt 
Hence, 
dE (0,t) 
H(0,t)= Ho—C’ , (25) 
dt 
where 
2h 
C = —N rC. 
s 
From Eqs. (9) and (24), we obtain Eq. (26). 
dE, 
H.—C'’—— H ,=0%,E, (t). (26) 
dt 
With Eq. (13), Eq. (26) leads to 
ax, dx, 
pukC”’ =, teu r =1, (27) 
t 
where 
p= H,/(Ho— H,). 
The first integration of Eq. (27) gives Eq. (28), 
dx, puk 
pukC’ —x,7=1, (28) 
dt 2 


which is a special form of Riccati’s equation. Figures 11 
and 12, respectively, give plots of x,(¢) and dx,(t)/dt 
for different values of C. The induces voltage e(¢) has 
the form of Fig. 12 since it is proportional to dx,/dt 
(see Eqs. (6) and (13)). For large values of C, 


dx,/di~t/RuC’ ; 


hence, in this case, the voltage wave form during | switch- 
ing varies linearly with time. 

For t>t,, the voltage form is the same as for the 
equivalent transmission line with a capacitor across its 
input, in parallel with a constant current generator. 
For an approximate expression we use the one-section 
equivalent filter with a capacity C’ in the input. Since 


x* 





asl 
Fic. 11. The saturation 
point plotted versus ¢ for a 
capacitor loaded core, for 
three different values of the 
load capacity. 
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Fic. 12. Predicted voltage output during switching of a capacitor 
loaded core for three different values of the load capacity. 


oscillations are possible, we must consider the return 
path of the B-H curve; assume that it remains a straight 
line with slope 4. The resulting wave form is given by 
the dotted line in Fig. 12 for a value of C for which 
oscillations occur. 











TABLE I. 
w 
Core Num- 
num- Ay B h r d ber of 
ber oersted gauss inches inches mils mh o/m wraps 
1 0.13 12 000 } 4 1 10° */40 8 
2 0.11 10 500 $ as 2 10-*/40 4 
3 0.10 10 000 } is 4 10-*/40 2 








3. The Switching Time for an Arbitrary 
Magnetizing Force 


It will be shown that when the magnetizing force is 
an arbitrary function of time Ho(¢), the saturation time 
is given by the same expression as in Eq. (15a) where 





Fic. 13. Output voltage of core 3. 


*3 microseconds per division 
60 millivolts per division. 


Time scale: 
Voltage scale: 
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Ho must be replaced by the average value Ho of H(t). 
The average value is defined in Eq. (29). 


, ire 
Ay=—f Ho (t)dt. (29) 
t, 0 
From Eqs. (11a) and (13), we have 

dx, H)(t)—H, 











dt kouvH x, 
which, when integrated, gives 
kouH, 


2 





t 
x2= f (Ho(t)—H, jdt. 
0 


For x,=d/2, t=t,. Thus, replacing in the foregoing, 





Fic. 14. Output voltage of cores 1, 2, and 3. 


Time scale: 
Voltage scale: 


3 microseconds per division 

for core 1 230 millivolts per division 
for core 2 130 millivolts per division 
for core 3 60 millivolts per division. 


we obtain 


kouH .d* 





ts 
-f Ho(t)dt— H.t.= (Ao—H,)t,. 
0 


Therefore, 


kouH ,d* ko A Bad? 


 8(Ae—H.) 8(Mo—H.) 





l 


which has the same form as Eq. (15a). The foregoing is 
true if Ho(¢) remains large compared to H,. 


IV. EXPERIMENTAL RESULTS 


Measurements were performed with three magnetic 
cores. The core material was 4-79 Permalloy; the 
physical properties of the cores are listed in Table I. 
The driver was a constant current generator with rise 
time of about 0.5 microsecond. A single turn served 
as the input winding. 

Figure 13 shows the voltage output of core 3 (Table I) 
without load; driving current Jo, is 6 amperes, corre- 
sponding to H»=202 ampere-turns per meter; the 
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read-out coil consisted of one turn. Figure 13 has the 
same form as Fig. 6. The theoretical value of e(é) is 
obtained from Eq. (16) by multiplying the number of 
wraps w. Thus, from theory 


1 
e(t)=69X 10-*X " volts, 
‘ t 


which is in close agreement with Fig. 13. The saturation 
time computed from Eq. (15), is ¢,= 13 microseconds. 

Figure 14 gives the voltage outputs of cores 1, 2, 
and 3 (Table I) under the same conditions as already 
given; for cores land 2 the theoretical expressions for 
e(t) are 


; 1 
core 1: e(t)=276X 10°x- volts, 
t 


1 
core 2: e(t)=138X 10~“X- volts, 
t 





Fic. 15. Output voltage of core 1 for three values of 
applied magnetizing field. 
Io =6A, 4.5A and 3A 


1 microsecond per division 
220 millivolts per division. 


Driving current: 
Time scale: 
Voltage scale: 


which is in agreement with the voltage wave forms in 
Fig. 14. 
The corresponding saturation times are 


core 1: ¢,=0.8 microseconds, 


core 2: ¢,=3.25 microseconds. 


Figure 15 shows the voltage output of core 1 without 
load for three different values of applied magnetizing 
field. The three current values J>=6 amperes, 4.5 am- 
peres, 3 amperes, correspond to Hyp=202 A—t/M, 151 
A—t/M, 101 A—t/M. 

Figure 16 shows the voltage output of core 1 for 
three different conditions: without load, with a load 
resistance R, of 94 ohms, and with a load resistance 
R, of 42 ohms. The output winding NV, contains 30 
turns, and the driving current J) is 6 amperes. The 
voltage was observed across the load resistor. From 
Eq. (23a), we have 


i.= teol 1+ (4G/od) ], 





Fic. 16. Output voltage of core 1 for three 
values of load resistor. 


Time scale: 
Voltage scale: 


1 microsecond per division 
6.9 volts per division, 


where 
G= (2h/sR)N 2w 


an obvious modification of Eq. (23) for the case of 
more than one wrap of material in the core. 


For R=94: 1+ (4G/od)=2; t,=2ts0. 
For R=42: 1+ (4G/ed)=3.3; t,=3.3te0, 


where /,o is the saturation time without load. At ‘=0, 


2N,h(Ho— H,) 








e(0)= w volts 
at f=f, 
2Nih(Ho— A) 
e(t,)= w volts 
G+ad/2 
For R=94: e(0)=9.5 volts; e(t¢,)=3.2 volts 
For R=42: e(0)=4.2 volts; e(t,)=2.3 volts. 


The theoretical values above agree closely with the 
values measured in Fig. 16; the form of the curves in 
Fig. 16 is the same as in Fig. 9. 

Figure 17 gives the output of core 1 for three different 





Fic. 17. Output voltage of core 1 for three values 
of loading capacitance. 


Time scale: 
Voltage scale: 


1 second per division 
6.9 volts per division. 
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conditions: without load; with capacitive loads, C 
=0.015 microfarad; and C=0.085 microfarad. The 
wave forms in Fig. 17 have the same form as the curves 
in Fig. 12. 


V. CONCLUSIONS 


The results that are developed in Section II, although 
approximate, describe satisfactorily the performance of 
the core for the case of high magnetizing force, as can 
be seen from the close agreement between the theo- 
retical and the experimental wave forms. Secondary 
factors like variation of uw inside the material, and the 
rise time of the constant current source have been 
omitted. The secondary factors, however, affect the 
voltage wave form even for high H when the thickness 
of the core material is less than $ mil. 


PAPOULIS 


For H of the order of H, (see Fig. 1), the foregoing 
treatment does not hold.? 
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2 The following general statement for an arbitrary concave 


B-H curve has been proved: if the magnetizing force is constant 
the output voltage waveform is a decreasing function of time. 
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The ferromagnetic spinel MgO-3MnFe20,, “magnesium manganese ferrite” is satisfactory for magnetic 
memory devices. Small rings of about 55-mil diameter which have proved practical for memory matrix use 
have a coercive force of about 3 oersteds and switch-over time of 0.3 microsecond, and a nearly rectangular 
hysteresis loop. Rings of about 0.5-cm diameter which were used to study composition variables showed a 
lower coercive force of 1.6 oersteds for the same composition and processing. Resistivities are in the order of 


45X10 ohm cm. 


1, INTRODUCTION 


N magnetic memory devices using arrays of magnetic 
cores, such as worked on at RCA Laboratories by 

Rajchman’s group,' and others,?~ it is advantageous to 
have a magnetic material which has a nearly rectangular 
hysteresis loop, a low coercive force and a high resist- 
ance. The rectangular hysteresis loop is necessary, be- 
cause such materials have two stable states of positive 
and negative residual flux density to store binary 
information. The low coercive force is advantageous to 
minimize the current required to store information. 

Metallic magnetic materials have been available 
which meet the rectangularity and low coercive force 
requirements. These materials are cold-rolled nickel- 
iron alloys and oriented silicon steels, although such 
materials have a long switch-over time of about 5 to 
10 000 microseconds, and they are rather expensive. 

Ferromagnetic spinel materials with their inherent 
high resistivity and consequent low eddy currents have 
a switch-over time of a few tenths of a microsecond and 
are much less costly. 

1 J. A. Rajchman, RCA Rev. 13, 183-201 (1952). 

2 A. Wang, J. Appl. Phys. 21, 49-54 (1950). 


3 J. W. Forrester, J. — Phys. 22, 44-48 (1951). 
4W. N. Papian, Proc. Inst. Radio Engrs. 40, 475-478 (1952). 


Preliminary tests showed that the hysteresis loop of 
the magnetic spinel MnFe2O, approaches rectangularity. 
Also, it appeared that if the loop rectangularity of this 
material could be increased without greatly increasing 
the coercive force, a useful material could be obtained. 
Such was found to be the case, and this paper describes 
the preparation and properties of an altered manganese 
ferrospinel which has a rectangular hysteresis loop, a 
relatively low coercive force, and a high resistivity. 


2. EXPERIMENTAL 
(a) Test Procedure 


In order to evaluate the materials as to their degree of 
rectangularity of hysteresis loop, it has been found 
desirable to make tests under conditions approximating 
those to be found in practical application as an element 
of the memory array. The test procedure used was a 
current-pulse method which was developed and con- 
structed by Rajchman and Arbaeus, and all tests by 
this method were made by Arbaeus. The test sample 
was prepared as a ring having an outside diameter of 
about 0.5 cm, an inside diameter of about 0.3 cm, and a 
height of about 0.15 cm. The ring was wound as a 
transformer through the primary of which flowed rec- 
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tangular current pulses. These current pulses as a series 
of five in number had the following polarities and 
amplitudes: pulse 1, positive and unit amplitude; pulses 
2 and 3 negative, one-half amplitude; pulse 4 positive 
and unity; pulse 5 negative and unity. By comparing 
the voltages induced by these pulses in the secondary 
winding, certain points on the hysteresis loop, as 
illustrated in Fig. 1 may be determined. In Fig. 1, point 
6 represents the magnetic induction remaining in a test 
ring immediately after completion of pulses 1 and 4, 
point 7 represents the magnetic induction remaining 
immediately after completion of pulse 2, point 8 repre- 
sents the magnetic induction remaining immediately 
after completion of pulse 3, and point 9 represents the 
magnetic induction remaining immediately after com- 
pletion of pulse 5. The parameter of the rectangularity 
is defined as 
D=Br/(Br—Bp), 


where D is called the discrimination, Br is the magnetic 









H IN AMP TURNS(CM) 


INDUCTION (B) 





Fic. 1. Points on hysteresis loop by current pulse method. 
Point 6, induction after pulses 1 and 4. Point 7, induction after 
pulse 2. Point 8, induction after pulse 3. Point 9, induction after 
pulse 5. 


induction at point 6 of Fig. 1, and Bp is the magnetic 
induction at point 8 of the figure. It may be seen that 
the value of D varies directly with the degree of 
rectangularity. The curve on the trailing edge of the 
hysteresis loop becomes sharper as Br increases and as 
(Br—Bp) decreases. For magnetic memory devices it is 
also desirable that the material have a low coercive 
force. In order to evaluate the material, including both 
its coercive force and the rectangularity of its hysteresis 
characteristic, a quality factor chosen as D/H was used, 
where H is the field at maximum discrimination. The 
value of H in ampere turns/cm is obtained by the 
relation 
H=IN/1, 


where J is the current at maximum discrimination, V 
is the number of turns on the primary winding of the 
test ring, and 1 is the average magnetic path in cm of the 
test ring. The value H is not the coercive force of the 
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Fic. 2. D and H of MgO plus 
MnFe.0, in solid solution. 
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material but is a satisfactory measurement for ob- 
taining the quality factor D/H which gives a relative 
evaluation of the discrimination and coercive force of a 
material. 

A few of the compositions were tested on a calibrated 
60-cycle/second dynamic hysteresis-loop tracer con- 
structed by H. L. Donley. With this apparatus, the 
saturation value Bs; the remanence Br, and the 
coercive force H¢ were obtained. 

The initial permeability uo and Q were measured at 50 
kc on a rf bridge. 


(b) Material Preparation 


The materials were synthesized from their constituent 
oxides MgO, MnO», and Fe2O; by ceramic processing 
methods already described.5* Manganese carbonate 
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Fic. 3. Bs, Br, and He of MgO plus MnFe.Q, in solid solution. 


5J. L. Snoek, New Developments in Ferromagnetic Materials 
(Elsevier Publishing Company, Inc., New York, 1947). 
* Harvey, Hegyi, and Leverenz, RCA Rev. 11, 321-363 (1950). 


















178 Ee Bs 
500 
400¢ 340 
300 430 
} 
3 Ope o 
X = Q@500KC 
200Fr 420 
100} 410 
0 i i i i L r@) 
Oo OF O02 03 04 O5 QE 





MOLS MgO IN MnFe,0, 
Fic. 4. wo and Q at 500 kc of MgO plus MnFe.Q, in solid solution. 


MnCO; may also be used with equivalent results, and in 
some cases may be preferable, as not all grades of MnO, 
give satisfactory results. 

The materials whose characteristics are plotted in 
Fig. 2 were ring samples of 0.5-cm diameter. The plot 
shows that the loop-rectangularity of MnFe.Q, is in- 
creased with addition of MgO incorporated in solid 
solution, with a corresponding increase in H. At compo- 
sitions having MgO greater than about 0.33 MgO, which 
is equivalent to MgO-3MnFe.O,, the values of D be- 
come sensitive to variations in heating procedure, and 
their reproducibility becomes more difficult with further 
addition of MgO. As H values above about 2.0 ampere 
turns/cm are not desirable, the best material for 
memory-device use is MgO-3MnFe.O,, using D/H as 
the criterion of quality. The values of D and H vary 
with the temperature and the length of time of crystal- 
lization. 

Data were obtained, also, on remanence, saturation, 
and coercive-force values by using a calibrated 60- 
cycle/second dynamic loop tracer; and initial perme- 
ability, and Q at 500 kc were obtained on a rf bridge. 
For these measurements, ring samples of 2.54-cm out- 
side diameter were used. Figure 3 shows data on these 
materials as obtained from the hysteresis-loop traces. 
The coercive force H¢ increases as Bs and Br approach 
each other with increasing amounts of MgO. Figure 4 
shows the decrease of initial permeability, uo and Q 
with increasing amounts of MgO. 


The Curie temperatures of the materials were found. 


to decrease linearly from 320°C, for MnFe.O,, to 
300°C, for MgO-3MnFe.0,. The lattice parameter, or 
cube edge, also decreases linearly from 8.51A for 


HEGYI 


MnFe,Q, to 8.46A for MgO-3MnFe.2O,. X-ray powder- 
diffraction patterns showed a solid solution of MgO in 
MnFe,O, for all samples. The resistivity of the 
MgO-3MnFe.O, was 45X 10° ohm cm. 

Solid solutions of MgFe2O, in MnFe.O, were prepared 
also by heating mixed oxides in proper proportion. 
These materials were tested by the current-pulse method 
and are listed in Table I. 


3. DISCUSSION AND CONCLUSION 


The experimental data presented show that the 
rectangularity of the hysteresis loop of MnFe.O, is in- 
creased if MgO is added in solid solution. An increase in 
coercive force is also obtained. This, however, is not 
appreciable for the above combinations, and so the 
quality factor D/H is appreciably increased. In the case 
of solid solution of MgFe.O, in MnFe2O, as shown in 
Table I, there is a large increase in H, as D increases, 
and so no improvement in D/H results. 

The material MgO-3MnFe.0, showed the most 
promise for magnetic-memory use, because this ma- 
terial is reproducible, has a relatively low coercive 
force, and large discrimination. If the MgO content is 
further increased, the reproducibility is reduced. This 
reduction is caused, most likely, by the known charac- 
teristic of magnesium ferrospinels where the magne- 











TABLE I. 

Molar proportions 

MgFe20,4 MnFe204 D H D/H 
0.25 0.75 1.9 1.4 1.35 
0.50 0.50 3.4 4.1 0.83 
0.60 0.40 5.7 5.3 1.07 
0.66 0.34 6.0 6.1 0.98 
0.90 0.10 6.6 5.4 1.22 








siums take positions in either four or six coordinated 
positions in the close-packed oxygen lattice.’ 

For use in a memory magnetic matrix, rings having an 
outside diameter of about 55 mils, inside diameter of 35 
mils, and height of 15 mils were made from the 
MgO-3MnFe,O, material. At optimum discrimination 
these rings had a switch-over time of 0.3 microsecond 
when driven with current of 1.1 ampere turns. This 
maximum drive corresponds to 3.9 oersteds which is 
equivalent to a coercive force of about 3 oersteds. 
These smaller rings at present have proved more 
practical for memory matrix use than the 0.5-cm out- 
side diameter rings for which data is given in this paper. 
The experiments have indicated that using the 
MgO-3MnFe,0, composition and same processing larger 
diameter rings (0.5 cm) have a smaller coercive force 
(1.6 oersteds). 


7™L. Néel, Ann. phys. 3, 137 (1948). 
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Coupling of Modes of Propagation 


J. R. Prerce 
Bell Telephone Laboratories, Murray Hill, New Jersey 


(Received June 8, 1953) 


When two lossless modes of propagation are coupled, waves which increase or decrease with distance may 
arise when the power flow of the two modes is in opposite directions or when power is generated in the 
coupling device. This behavior is characteristic of wave filters, traveling-wave tubes, double-stream ampli- 
fiers, and space-charge-wave amplifiers. Such behavior is analyzed assuming linearity and conservation of 


energy only. 





INTRODUCTION 


ANY important devices and effects involve coup- 

ling between modes of propagation. For instance, 

a wave filter may be made by placing a series of obstacles 

in a waveguide. The obstacles couple the forward and 

backward modes of propagation and give rise to pass 

bands and stop bands. A series of loading coils in a 

transmission line and a series of weights attached to a 

stretched string have similar effects. Directional couplers 

are another example of devices utilizing the coupling of 
modes of propagation. 

In electron devices, we can regard the gaining wave in 
a traveling-wave tube as arising through coupling be- 
tween a forward-moving circuit wave and the slower 
space-charge wave, which moves backward relative to 
the electrons of the beam. Double-stream amplification 
can be regarded as arising through coupling between 
two space-charge waves. Space-charge-wave amplifica- 
tion can be considered as operation in the stop band of a 
wave filter in which the space-charge waves are reflected 
at periodic discontinuities. 

Although it is easy to make broad general analogies 
and to draw broad conclusions, it is also important to be 
able to check these, to prove theorems and to make 
calculations. One method of achieving rigorous and 
quantitative results is to formulate the equations 
governing a particular case of mechanical waves, or 
electromagnetic waves, or space-charge waves, and to 
work with these equations, as W. E. Mathews has done 
in the case of transmission lines and electron streams in 
relative motion.!*? However, it is not always easy to 
formulate equations for a particular system with a 
satisfying degree of generality. Further, in dealing with 
particular instances one always wonders just how broad 
analogies are. 

Another approach is to abstract from the various 
sorts of systems which are to be considered a few very 
elementary properties which they have or which they 
may have in common, and to try to deduce various 
forms of common behavior from these elementary 
properties. 

This paper attempts to do this for the very simple 
case of coupling between two lossless, unattenuated 

!W. E. Mathews, J. Appl. Phys. 22, 310-316 (1951). 


, 951) E. Mathews, Proc. Inst. Radio Engrs. 39, 1044-1051 
1951). 


modes of propagation of a linear system. The treatment 
is based chiefly on linearity and conservation of energy, 
although reciprocity is considered briefly. 

It is quite possible that the approach used here could 
be used to investigate cases of coupling between more 
than two modes of propagation. Counting forward and 
backward propagation in each guide as two modes, a 
directional coupler has four modes. Thus, the work 
given here does not apply strictly to directional couplers. 
However, the writer felt it best to tackle a simple case 
first. This is perhaps justified by the fact that this 
simple case, treated by familiar methods, can serve to 
relate and explain the operation of a variety of devices. 


1. LINEAR TRANSDUCER 


Consider a linear system with two unattenuated 
modes of propagation. Let the two modes be uncoupled 
except in a region of limited extent, and there let them 
be coupled in a linear manner. 

Let us measure the complex amplitudes of the two 
modes by P and Q. P and Q are proportional to some 
quantity, such as voltage or current or displacement or 
velocity in terms of which power flow can be expressed, 
and P and Q are chosen so that the power flow in the 
first mode is PP* and the power flow in the second mode 
is +QQ*. Choice of the plus sign means that power flow 
is in the same direction for both modes; choice of the 
minus sign means that the two modes carry power in 
opposite directions. 

The situation to be considered is represented in Fig. 1. 
Here P, is the amplitude of one mode at one end of the 
region of coupling, P4 that at the other end of the region 
of coupling, and similarly for Q. and Qq. r:---1r4 are 
reference planes at which the complex amplitudes P,, 
Pa, Qa, Qa are measured. We will call the region of 
coupling a transducer. 

The system considered has the same properties as the 
usual “four terminal network,” and if we regard such a 
network as being connected to transmission lines at each 
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end, P, and Q, can be regarded as measuring the 
amplitudes of two waves at one end of the network and 
P, and Q4 as measuring the amplitudes of two waves at 
the other end of the network. 

Because the modes and the transducer are assumed to 
be linear, we can write 


Pa=AP,+BOQa, (1.1) 
Qa=CQ.+DP,. (1.2) 


Ordinarily, modes are considered in pairs, as the 
forward and the backward waves on a transmission line. 
This pair of modes has been treated, for instance, by 
Fano and Lawson.’ Here we will proceed with no as- 
sumption as to the nature of the modes or their ve- 
locities. 


2. A CHAIN OF LINEAR TRANSDUCERS 


Suppose that the two modes are coupled periodically, 
as illustrated in Fig. 2. We see that P, and P,,; corre- 
spond respectively to P, and P, of (1.1), and also Q, and 
Qn+1 correspond to Q, and Qu of (1.2). 


Let us assume that mode P suffers a phase lag 0, be- 


tween transducers and mode Q suffers a phase lag 0, 
between transducers. Using (1.1) and (1.2) we write 


Pryi= Ac~*P,+ Be-80,, (2.1) 
Onyi=Ce-i%Q,, + De-i*>P,. (2.2) 


We can solve (2.1) for Q and substitute Q, and Qn41 
in (2.2). This gives 


Payo— (Ae #?4+-Ce-i%e) Py, 
+ (AC— BD)e~*4r+*0 P=0, (2.3) 
Let us look for solutions in the form 


(6,+6,) 
Poss Patit=m exp| = j ~didi. 





|p (2.4) 


We obtain an equation in m 


= 9,—9, 9— P 
mt {4 onl ; “}+- conf - 4 | 


+(AC—BD)=0. (2.5) 











3 Microwave Transmission Circuits, edited by George L. Ragan, 
ag oo Book Company, Inc., New York, 1948), Chap. 9, 
ec. 9.3. 
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3. CONSERVATION OF ENERGY 


Let us now assume that the two modes in question 
travel in a fixed medium. There is no source of energy, 
and the transducer is assumed to be lossless. Thus, the 
power flowing into the transducer must be equal to the 
power flowing out, or 


P.P*£0.Q00*= PaP #4000. (3.1) 


If we use (1.1) and (1.2) in connection with (3.1), we 
obtain 


P.P.*(AA*+DD*—1)+0.0.* (BB*4CC*¥1) 
+[P.0.*(AB*+DC*)] 
+[P.0.*(4B*+DC*)}*=0. (3.2) 


Now (3.2) must hold for P,=0 and for Q,=0. Hence, 
we must have 


AA*+DD*—1=0, (3.3) 
BB*+CC*+¥1=0. (3.4) 

If this is so, the last line says that 
R.(P.Qa*)(AB*+DC*)=0. (3.5) 


The phase of P,Q," is arbitrary, so that (3.5) means 
that 


AB*+DC*=0. (3.6) 


So far, we have allowed an arbitrary location of the 
reference planes r;—14 at which the P’s and Q’s are 
measured. If 0,=0, for any location of r; we can locate 
r. and r, so that P, and Q4 are in phase with P,. Thus, 
for any location of r; we can shift r2 and 7, so that A and 
D are real. Suppose we do this. Then if Pa=0, we can 
locate r; so that C is real. But we see through (3.6) that 
if A, D and C are real, B must be real. Thus, for any 
location of r;, A, B, C, D can be made real by locating 
2, r; and r, properly. Suppose this has been done. 

We find that (3.3)-(3.5) are satisfied when A, B, C 
and D have real values such that (1.1) and (1.2) become 


| Pa=(1FR)'Po+kQa, (3.7) 
Qa= (1FR)10.F kPa. (3.8) 


Here the upper signs apply when the powers flow in the 
same direction and the lower signs when the powers flow 
in opposite directions. The degree of coupling is meas- 
ured by the magnitude of k. Equations (3.7) and (3.8) 
apply to a general lossless linear transducer with 
specially chosen reference planes. 

Suppose we wish to shift the reference planes to some 
other locations, so as to obtain the most general relation 
from (3.7) and (3.8). If we let P., Pa, Qa, Qa be shifted in 
phase by angles 67, 011, 0117, and @ry, respectively, we 
obtain 


Pa= (1F R)tetOr-O1) P+ keiOr-4N9,, ~— (3.9) 
Qa= (1-F Rh?) hei O19) =F kei G1-41) P,, (3.10) 
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If we let 

61—611= hi, (3.11) 
6111-811 = 42, (3.12) 
6111—O1v=93, (3.13) 

then 
61—O0rv=0:—62+-63 (3.14) 

and 
P a= (1FR’) ke? P+ kei®O,, (3.15) 
Qa= (1FR?)'e480 =F heir Ost) P,, (3.16) 


We have in (3.15) and (3.16) the most general pos- 
sible relation between P., Pa, Qa, Qa for lossless modes 
consistent with linearity and conservation of energy. 

Let us use the values of A, B, C, D given in (3.15) and 
(3.16) in connection with the relation (2.5) for propaga- 
tion in a chain of transducers. We obtain 


6,—9, 
n+ (1H)! exp] : +6) 


6,—9» 
+ex0| —( ; -64) |} mt cio —0, (3.17) 


Let 
f9st+A 
w-nne{-(°2)] 


From (3.21) and (3.20) we obtain 











(3.18) 





0,—0,+0:—03 
MP+-2M (1K) cos : )+1=0. (3.19) 


If the power flow is in the same direction for both 
modes, the minus sign applies and the radical is less 
than unity. If this is so, the equation always yields 
complex values of M of magnitude unity; that is, 
unattenuated waves. This is as it should be. If two 
lossless modes with power flow in the same direction are 
coupled together, power can flow back and forth be- 
tween them but it must continue to travel along un- 
diminished. In our picture, two new unattenuated 
modes are brought into being. 

If, however, the power flow is in the opposite direction 
for the two modes, the plus sign applies and the radical 
is greater than unity. When this is so, (3.19) yields 
unattenuated waves only when 


6,—0,+6:—43 
(1+)! cos( : )<t. 
Over the range of the argument of the cosine for which 


0,—0,+0:—0; 
(14%)! cos( )> 1, (3.21) 


M is real, the waves described by M change in ampli- 
tude exponentially with distance, and the behavior is in 





(3.20) 





all respects that characteristic of the stop band of a 
filter. 

In the stop band, the net power flow is zero. Power 
flowing in by one mode is completely carried back by 
the other. Thus in terms of our variables P and Q, ina 
stop band P,P,* is equal to 0,0,*. 

The parameter k measures the degree of coupling. For 
zero coupling, k=0, and the waves are always unat- 
tenuated. As the coupling is made larger, k becomes 
larger and the range of the argument of the cosine over 
which the wave decays exponentially becomes larger. 
As k is increased the stop band becomes broader with 
respect to the parameters governing the arguments of 
the cosine. In actual cases, 05, 0, 6:1, and 62 may vary 
with frequency, with electron velocity, or with other 
parameters. 

Let us consider the case in which the transducer 
involves negligible phase shift, so that we can regard 0, 
and @; as equal to zero. Then the stop bands are centered 
about 


(3.28) 


An example of this is the stop band of a series of small 
regularly spaced obstacles in a transmission line when 
the obstacles are an integral number of half-wavelengths 
apart. 


4. RECIPROCITY 


So far we have invoked linearity and the conservation 
of energy, but we have said nothing about reciprocity. 
Let us consider it for the sake of completeness. Consider 
the modes to be the forward and backward waves on 
two identical sections of transmission line connected by 
a transducer for which reciprocity applies. Then P, 
describes power flowing toward the transducer from the 
left, Pa describes power flowing away from the trans- 
ducer at the right, Q. describes power flowing away 
from the transducer at the left, and Q4 describes power 
flowing toward the transducer from the right. The lower 
signs apply in (3.15) and (3.16) and (1+?) is greater 
than unity. Reference planes 7; and 13 coincide and 
reference planes r2 and 1, coincide. 

Imagine the lines to have reflectionless terminations 
to the left and right. Reciprocity requires that the ratio 
of Pz to P, when Qz is zero be the same as the ratio of Q. 
to Qa when P, is zero. 








When P,=0, 
e143 
o/Qa= ' (4.1) 
Oe Fe) 
When Qa is zero, 
k 
0.= —_ ei(%1—92) P (4.2) 
(+k) 
so that 
eit 
P./P.= (4.3) 





(1+%)) 
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Thus, reciprocity requires that 
6;= —6). (4.4) 


Accordingly, when reciprocity holds the equations for 
the most general transducer are 


Pa= (1+F)he™P + ke, (4.5) 
Qa= (1+ #)te-0 + ke™P (4.6) 


5. MOVING MEDIUM; NEGATIVE ENERGY 


When a medium carrying a wave moves with respect 
to the observer, a wave may have a negative energy if it 
involves motion in the direction of motion of the 
medium. That is, the moving medium may have less 
energy when a wave travels in it than in the absence of 
a wave. This can be so because kinetic energy is pro- 
portional to the square of the total velocity and the 
medium can be rarefied in regions of highest velocity and 
compressed in regions of lowest velocity. 

The direction of energy flow of the wave must be the 
direction of the group velocity. But, if the energy is 
negative the direction of power flow may be contrary to 
the group velocity. This is the case for the slower space- 
charge wave when the group velocity is in the direction 
of motion of the electrons. Chu,‘ and L. R. Walker 
in unpublished work, have pointed out the negative 
energy of the slower space-charge wave. 

The negative energy of the slower space-charge wave 
accounts for many typical microwave tube phenomena. 


Because of it, the parameter (1+*)! is greater than. 


unity and we can have waves whose amplitude increases 
or decreases exponentially with distance. Examples are: 

In a traveling-wave tube® the slow space-charge wave 
interacts with an electromagnetic wave moving in the 
same direction and gives rise to a growing and a de- 
creasing wave. In this case the coupling is really con- 
tinuous and we can approximate this continuous coup- 
ling with a chain of very many very short transducers, 
with k given as so much per unit length. The stop band 
occurs when the argument of the cosine in (3.21) is near 
zero and the modes which are coupled are nearly in 
synchronism. This is markedly different from the case of 
coupling between the forward and backward waves of a 
transmission line, in which the two waves are never in 
synchronism and a stop band can occur only for discrete 
coupling and never with continuous coupling. 

In a double-stream amplifier’ a slow space-charge 
wave of one electron stream interacts with a fast space- 
charge wave of another electron stream and gives rise to 
a growing and a decreasing wave. 


‘L. J. Chu, Paper presented at the Institute of Radio Engineer’s 
Electron Devices Conference, University of New Hampshire, 
June, 1951. 

5J. R. Pierce, Traveling Wave Tubes (D. Van Nostrand Com- 
pany, Inc., New York, 1950). 


/ 


PIERCE 


In a space-charge-wave amplifier,® the slow and fast 
space-charge waves of one stream are coupled periodi- 
cally and produce an increasing and a decreasing wave. 
In accordance with the remarks made in section 3, the 
region of “gain” or exponential change of amplitude 
with distance will occur when the difference of phase of 
the two waves over one period of the coupling (ac- 
celerating plus decelerating region, for instance) is near 
to 2nr. 


6. MOVING MEDIUM; ENERGY SOURCE 
AT TRANSDUCER 


We can explain many interesting phenomena in- 
volving moving media in terms of waves with negative 
energies. Consider, however, a purely torsional wave in 
a rod translated parallel to its axis. The velocities as- 
sociated wlth the wave are at right angles to the 
velocity of translation and the kinetic energies add. An 
analysis shows that when a torsional wave on a fixed rod 
is coupled purely by couples about the axes to the slower 
torsional wave on a parallel rod moving axially with 
respect to the first, no gaining wave results. 

This may seem contrary to results obtained with a 
mechanical device built by C. C. Cutler, C. F. Chapman, 
and W. E. Mathews.” In this device, two torsional 
systems were coupled by means of magnets. The 
torsional systems extended around the rims of two 
bicycle wheels, and when the wheels rotated in opposite 
directions at a critical speed oscillations in the systems 
increased in amplitude with time. Although the situa- 
tion is somewhat different from that which we have 
considered, the result does indicate the growth of an ac 
disturbance in the absence of negative energy, and 
similar linear torsional systems in relative motion might 
well exhibit exponentially increasing waves. 

This can be explained by assuming that longitudinal 
forces associated with the coupling act’so that when two 
modes are present on media in relative motion a force is 
present acting in the direction of motion, which can 
slow down the moving system and put energy into the 
waves. Let us consider this possibility. 

Suppose that the modes described by P and Q are 
modes for media in relative motion, both carrying power 
in the same direction. Assume that energy is not con- 
served at the transducer, but power is produced or 
absorbed. Since all amplitudes present can be expressed 
in terms of P, and Q,, the power produced must be a 
function of these. It must be a real function of the 
complex quantities P, and Qa, so let us assume the most 
general real function of products of P’s and Q’s, de- 
scribed in terms of real parameters a, 8, y, 6. 


PiPa*+O0a* 
= P,P.*+Q.Q0a*t+a(P.*Q.*+ PQa) 
+B(P.Qa*+Pa*Qo)+7(PaPa*)+5(Q.0.*). (6.1) 


‘ 6 Ping King Tien and Lester M. Field, Proc. Inst. Radio Engrs. 
/ 40, 688-695 (1952). 
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By using (1.1) and (1.2) we obtain 


P.Pa*(AA*+DD*—1—7)+Q.0.*(BB*+CC*—1—8) 
+ { [PQ.* (A B*+DC*—8) } 
+[P.Q.*(AB*+DC*—B) }*} 

— (Pa*Qa*+P.Qa)a=0. (6.2) 


If Qa. is zero and P, is not zero, all terms of (6.2) but 
the first vanish and hence the coefficient of P,P,* must 
be equal to zero. Similarly, the coefficient of Q.0.* must 
be equal to zero. The third term of (6.2) depends on the 
difference of the phase angles of P, and Q, while the 
fourth term depends on the sum of these phase angles. 
By adjusting the difference without changing the sum, 
we can make the third term zero without changing the 
fourth term, so a must be zero. Since all terms but the 
third have been shown to be equal to zero, the coefficient 
of P.Qa* must also be zero. Hence we have the relations 


AA*+ DD*—1—y=0, (6.3) 
BB*+CC*—1—5=0, (6.4) 
AB*+DC*—g=0, (6.5) 
a=0. (6.6) 


Only three parameters are possible: 6, y, and 6. 

Let us now consider a chain of transducers, to which 
(2.5) applies. We can simplify matters by choosing 
special reference planes so that A, D, C are made real 
and as a consequence B is real. In doing this we do not 
really lose generality; we merely transfer some phase 
shifts from the transducer to 0,, 0, and the relative 
phases of P,, and Q,. We then have from (6.3)-(6.6), 


y= 42+ D1, (6.7) 
= B+C?-1, (6.8) 
8=AB+Dc. (6.9) 


Now we note that (2.5) can give rise to unattenuated 
waves only if 





A=C, (6.10) 
AC—BD=A?—BD=1. (6.11) 
If this is so, 
9,—9, 
m>+-2Am cos( ; )+1=0 (6.12) 


In this case, the waves are always unattenuated if A <1, 
but if A>1 the amplitude changes exponentially with 


distance if 
6,—98, 
A cos( ) >1. 
2 


Thus, the behavior of the waves as (6,—8,) is varied 
depends only on how big A is; A is the only remaining 
parameter. 





(6.13) 


It is interesting to note that if (6.10) and (6.11) hold 


y= B(B+D), (6.14) 
5=D(B+D), (6.15) 
6=(1+BD)'(B+D), (6.16) 
A=(1+BD)}. 
We note that for small couplings, that is, if 
|B\<| A], (6.17) 
|D|<|A}. (6.18) 
Then 
5X8, (6.19) 
¥KB. (6.20) 


If we examine (6.1), we see that this implies that the 
power produced directly through P, and Q, is larger 
than that which will be produced when P, or Q, is zero 
(presumably, power-produced by interactions involving 
P b and Q»). 

It seems that there are only two alternatives—either 
(6.14)-(6.20) are true for all coupled dissipationless 
systems with nonnegative energy in relative motion, or 
some such systems have no unattenuated modes. The 
author guesses that the former may be correct. 


7. COMMENTS 


It will not have escaped the reader that the physical 
content of this material is rather small and the phe- 
nomena to which it is applied are somewhat varied. 
Many of the equations could as well be applied to the 
focusing of light rays by periodic lens systems or to the 
motion of electrons in periodic fields, thus giving an even 
broader and perhaps more dubious generality to the 
work. When we look carefully even at the particular 
instances we have considered, however, we may find our 
sense of propriety violated. Thus, consider a space- 
charge-wave amplifier in which the parameters of the 
electron beam are not constant over any appreciable 
distance. In this case the uncoupled modes do not really 
exist; the system is all transducers with no space be- 
tween them. This does not invalidate the analysis but it 
does mean that P and Q are not really the amplitudes of 
waves which exist in the physical device, but are rather 
convenient variables in terms of which the excitation of 
the electron stream can be expressed. 

It would perhaps be fruitless to hope to find one 
picture which would fit like a glove a large group of 
phenomena or devices in all their varied forms. What 
this paper does purport to do is to point out certain 
formal similarities which are to some extent physically 
appealing. 

The author wishes to acknowledge the help of L. R. 
Walker, which led to a considerable simplification and 
shortening of this work. 
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Thin layers of antimony of average thickness about one hundred angstroms, electrodeposited at 90°C 
and 2 ma/cm? on the (111) cleavage face (referred to pseudo-cubic axes) of an antimony single crystal, yield 
abnormal electron diffraction patterns. Analysis of these patterns shows that the deposit crystals are 
arranged in three azimuthal equivalent orientations, with their (111) instead of the (111) lattice planes 
parallel to the (111) antimony substrate. This is confirmed by comparing the patterns obtained experi- 
mentally with those constructed from the Laue zones of reinforcement of the electron beam scattered from 
three nonparallel atom rows. This observation is discussed in connection with the various factors controlling 


the crystal orientation in electrodeposited metals. 





URING a series of investigations of the crystal 
growth of electrodeposited metals, single crystal 
faces of several metals having different crystal struc- 
tures were used as substrates, and the structures of 
thin layers of various metals electrodeposited on them 
were studied by electron diffraction. Abnormal diffrac- 
tion patterns were obtained in a number of cases, one 
of which, antimony on antimony (111) cleavage face 
(referred to pseudo-cubic axes), has been analyzed and 
is described here. 


EXPERIMENTAL 


Antimony single crystal was prepared by melting 
chemically pure antimony metal in a graphite crucible 
(inside diameter 1 cm) having a taper bottom in an 








Fic. 1. Antimony cleavage face (111). Beam along [112]. 


electric furnace at 700°C and then lowering the crucible 
through a temperature gradient of 20°C per cm at a 
rate of 1 cm per ten minutes. Cleaving was done with a 
sharp blade after the direction of the cleavage face in 
the crystal had been located by breaking the tip of the 
crystal. Figure 1 is an electron diffraction pattern 
taken from the (111) cleavage face with a Finch-type 
camera having a distance of 25 cm between the speci- 
men and the photographic plate. The presence of clear 
Kikuchi lines in the pattern indicates that the crystal 
possessed a high degree of lattice perfection and that 
at least a large part of the cleavage face was highly 
smooth. 

Antimony was electrodeposited on the freshly 
cleaved face from a bath containing 200 gm SbCl; and 
300 cc concentrated HCl in one liter of the solution at 
90°C and 2 ma/cm?. The reagents used for preparing 
the solution were of the chemically pure grade, and the 
anode was electrolytic antimony. The bath was purified 
by electrolysis under the aforementioned conditions 
with a dummy antimony cathode before the deposition 
on the single crystal face. The average thickness of the 
deposit was estimated to be about 100A from the 
current passed, the time of deposition, and the surface 
area of the cathode, assuming 100 percent current 
efficiency. After the deposition the crystal was removed 
from the bath when the electric circuit was still on and 
washed immediately with 2 N HCI followed by distilled 
water. 

When the deposit was examined in a Finch-type 
camera (specimen to photographic plate distance 
L=47.5 cm), the patterns shown in Figs. 2(a) and 
2(b) were obtained. These patterns, however, are not 
those expected from a (111) arrangement of the de- 
posited atoms on the (111) substrate. In order to know 
exactly the camera length LA (A=the wavelength of 
the electron beam) when the patterns were taken and 
hence to calculate the spacing d of the lattice plane in 
the deposit crystals, which was parallel to the substrate 
surface, a little graphite powder was dusted on the 
surface of the specimen and a composite pattern Fig. 
2(c) was taken. From the radius of the 1120 ring of 
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graphite, the camera constant was evaluated, the 
basal axis length* of graphite being taken as 2.4613A.! 
Using this camera constant and the distances D be- 
tween the central spot and the spots of successive order 
of diffraction V along the plane of incidence in Fig. 
2(c), it was found, as shown in Table I, that the de- 
posit crystals were oriented with their (111) instead of 
(111) lattice planes parallel to the (111) substrate 
surface. a 

Although Table I shows that the (111) planes of the 
deposit are parallel to the (111) of the substrate, there 
remain to be explained why in Figs. 2(a) and 2(b) some 
of the diffraction spots are doublets and why in Fig. 
2(a) only the diffraction spots to the left of the plane 
of incidence are doublets. Since there is a number of 
different ways to put Sb(111) on Sb(111), it is therefore 
decided to calculate the patterns corresponding to the 
different types of arrangement of Sb(111) on Sb(111) 
in order to find out whether the abnormal characteristics 





Fic. 2(a). Antimony electrodeposited on antimony_(111). 
Average thickness about 100A. Beam along [101 ]. 


of the diffraction patterns can be explained by the 
presence of some or all of these different types of 
arrangement. 


CALCULATION OF THE PATTERNS CORRESPONDING 
TO THE DIFFERENT TYPES OF ARRANGEMENT 
OF Sb (111) ON Sb (111) 


The antimony unit cell, referred to the pseudo-cubic 
axes, is shown in Fig. 3(a), and the atomic arrangements 
of the (111) and the (111) lattice planes are shown in 
Fig. 3(b). When the (111) is put on the (111) plane, it 
can easily be seen that the arrangement may be either 
like Fig. 4(a), in which the /, of (111) is parallel to the 
1, of (111) and there are three possible azimuthal 
equivalent orientations (Type A), or like Fig. 4(b), in 





* All the lattice dimensions in this work are in absolute ang- 
strom, 

1W. Hume-Rothery, The Structure of Metals and Alloys (The 
Institute of Metals, London, 1945), p. 50. 





Fic. 2(b). Antimony electrodeposited on antimony _(111). 
Average thickness about 100A. Beam along [112]. 


which the /2 of (111) is parallel to the J, of (111) and 
there are six possible azimuthal equivalent orientations 
(Type B). The deposit crystals may have either of 
these arrangements or both. In order to find out which 


TABLE I. Determination of the lattice plane in the antimony 
deposit, which is parallel to the (111) antimony substrate [see 
Fig. 2(c)]. 











N D(cms) D/N d=(LX)/(D/N) (A) d(average) dy, *(cale.) 
{2 1.343 0.672 3.559 
'3 2.022 0.674 3.549 

4 2.713 0.678 3.529 

5 3.392 0.678 3.529 3.542 3.541 








Radius of 1120 ring of graphite_in Fig. st =1.943 cms 

Lattice spacing of graphite (1120) =1.2 

Ly =camera constant = 1.943 XK 1.231 4 302 

* Calculated from the unit cell dimensions of Sb (see reference 1, p. 51), 


a =4.5067A, a =57°6'19"’", when referred to rhombohedral structure, or 
a =6,233A, a =87°24’ when referred to pseudo-cubic structure. 


of these arrangements occurs and whether such ar- 
rangement yields patterns similar to those found ex- 
perimentally, the electron diffraction patterns for zero 
third Laue zone, corresponding to each of these two 
types of arrangement, have been worked out. This is 





Fic. 2(c). Composite pattern of Fig. 2(b) and graphite. 





(a) Antimony pseudo-cubic unit cell 
% (112) 






a,b, ¢ : Pseudo-cubic axes. 
a’, bi. c's: Rhombohedral axes- 
ABC : (111) lattice plane. 
B’C'O : (111) lattice plane. 
cA’ : (11T) lattice row 
which has an atomic 
spacing = 3x —_ A. 
and makes an e 
ad S1°36" with thee (112) 
lattice row OM. OM 
lies in the (117) 
lattice plane. 
Pseudo-cubi 
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Sb (111) Sb (111) 
L,= 4.308 A. KR, (bisecting 2, ) = 3.961 A. 
a= 4.506 A. R,(bisecting 2, ) = 3.789 A. 
e- Sb atom. 


Fic. 3. Antimony pseudo-cubic unit cell and its (111) and (111) 
lattice planes. 


done by considering the Laue zones of reinforcement 
of the electron beam scattered from three nonparallel 
atom rows and the structural factor of each reinforced 


Taste II. Data used for the calculation of the patterns corre- 
sponding to the different types of arrangement of Sb(111) on 
Sb(111) [see Figs. 4(a) and 4(b)]. 








Lattice rows in deposit Lattice rows nearly 1 





surface* to deposit surface* 
: Nearl to Nearl to Always 
— pi tnd —— FP fora (iil) 
direction ment Spacing a Spacing B Spacing v 
A(D 4h, O 2, 0 3ls — 2°24’ 
(1) A(ID 4h, O 2, +1°27' 3; +1°12’ 
A(TID 4he O 2, » —1°27’ 3l; +1°12’ 
A(D) 2, O 4h 0 3l; 0 
(2) A(ID 2, O 4h2 —1°29 33); —2°4’ 
° A(ITT) 2le O 4he +1°29' 3l; +2°4’ 
B(I) 4h, 0 2, 0 3l; +1°9’ 
B(ID) 4hr 0 2 0 3l; +1°9’ 
(1) B(IID) 4h, O 2, —1°27’ 3l; — 2°24’ 
B(IV) 4he O 2, +2°54’ 3l; +1°15’ 
B(V) 4tg O 2, —2°54’ 3); +1°15’ 
B(VI 4h, O 2, =+1°27' 3l; — 2°24’ 
B(D 2lz O 4he —1°25’ 3; +2°3’ 
B(II) 2, O 4h, =+1°27' 3l; 0 
(2) B(III) 2, O 4h, —1°29’ 3; —2°6’ 
B(IV) 2le O 4he +1°29’ 3ls +2°6’ 
B(V) 2, O 4h, —1°27’ 3ls 0 
B(VD 2le O 4he +1°25' 3ls —2°3’ 








*a=angle between the projection of L1 on photographic plate and the 
shadow edge of the specimen. 8 =angle between L: and the beam direction. 
The positive or negative sign means Lz is at_the right or the left of the 
beam.’ » =angle between the projection of [111] on the photographic plate 
and the plane of incidence. The positive or negative sign means the projec- 
tion is at the right or the left of the plane of incidence. A: =3.961A, 
he =3.789A, 1; =4.308A, lr =4.506A, Ip =3.541A. 
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diffraction. The atom rows chosen for this purpose are: 
one nearly at a right angle to the specimen surface, one 
in the surface of the specimen and nearly perpendicular 
to the direction of the electron beam, and one nearly 
parallel to the direction of the electron beam. The data 
used for the calculation are listed in Table II and the 
calculated patterns are shown in Figs. 5(a) and 5(b) 
for Type A arrangement and in Figs. 6(a) and 6(b) for 
Type B arrangement. 

When these calculated patterns are compared with 
the experimentally obtained patterns Figs. 2(a) and 
2(b), it can be seen that both Fig. 5(a) and Fig. 6(a) 
agree completely with Fig. 2(a), after the fact is taken 
into account that in Fig. 5(a) and Fig. 6(a) each pair 
of adjacent spots at the right of the plane of incidence 


(a 


type A: J, of (111) I L,of (111), 
three equivalent azimuthal 
arr. S- @ Sb atoms 
of (111), & Sb atoms of 
(111) and (111) superposed. 











Blectron beam 
direction 
a 


Electron beam 
direction (1) 


Fic. 4. Possible arrange- 
(b) ments of antimony (111) 


Tyre B: £,of (111) 1 fof (217), on antimony (111). 
SiX equivalent azimuthal 
arrangements. @Sb atoms 
of (121), & S> atoms of 

(111) and (111) superposed. 


PP > kein 
‘ 


Electron beam 
direction (1) 


becomes merged into a single arc. However, when Figs. 
2(b), 5(b), and 6(b) are compared, it can be seen that 
Fig. 5(b) but not Fig. 6(b) resembles Fig. 2(b). Al- 
though in Fig. 6(b) it is possible for‘ the two upper 
spots of each cluster of spots to join into a single arc, 
yet the arc formed should extend over the top of the 
lower spot. This is obviously not so in Fig. 2(b). This 
indicates that the deposit crystals choose the Type A 
arrangement in which the (111) planes of the deposit 
crystals are arranged in three azimuthal equivalent 
orientations with respect to the (111) plane of the sub- 
strate and the /; of (111) is parallel to the /; of (111). 
The above analysis therefore not only accounts sucess- 
fully for the abnormal characteristics in the electron 
diffraction patterns obtained experimentally but also 
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helps to differentiate the two possible types of arrange- 
ment of the deposit crystals. 


DISCUSSION 


Previous investigations? on the crystal growth of 
electrodeposited metals have shown that the structures 
of the initial thin deposit are chiefly determined by 
those of the substrate and that the structures of the 
thicker deposit are controlled by the bath conditions. 
It has also been known? that in thick (30 000A) poly- 
crystalline antimony electrodeposited under the bath 
conditions used in this work on the mechanically 
polished surface of brass, which is void of any substrate 
influence, the deposit crystals are preferentially 
oriented with their (111) planes [or (100) planes when 
referred to rhombohedral axes | parallel to the substrate 
surface. This indicates that the (111) orientation is the 
one favored by the prevailing conditions of deposition. 
As shown in this work, the substrate influence which 
favors (111) arrangement of the deposited atoms seems 
to be outweighed by the influence of the bath conditions 
even at the very beginning of the deposition. This may 
be partly because of the weak surface force on the 
cleavage face and partly because of the similarity in 
the atomic arrangements on the (111) and the (111) 
lattice planes [see Fig. 3(b) ]. The deposited atoms, by 
taking the (111) orientation, can satisfy the require- 
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Fic. 5. Calculated patterns of antimony (111) on 
antimony (111), Type A. 
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Fic. 6. Calculated patterns of antimony (111) on 
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ment of the bath conditions and at the same time 
maintain an arrangement closely resembling that 
favored by the substrate surface. Orientation similar 
to that found in this work has also been observed in 
antimony electrodeposited under the above-mentioned 
bath conditions on bismuth (111) cleavage face. On 
bismuth (100) plane (referred to pseudo-cubic axes), 
however, the initial layers of antimony deposit take 
the normal (100) orientation, probably because the 
(100) plane has stronger surface force than the (111) 
cleavage face. 

Another example illustrating the competition be- 
tween the substrate influence and the influence of the 
bath conditions in controlling the orientation of 
electrodeposited metal crystals can be found in the 
electrodeposition of nickel on copper single crystal 
faces. Previous study” by electron diffraction showed 
that when nickel was electrodeposited on copper (100) 
face under bath conditions favoring the development 
(100) orientation, the deposit persisted monocrystalline 
to a thickness of several microns. Recently, Leidheiser 
and Gwathmey’* showed by means of x-rays that under 
such bath conditions nickel deposited on copper (100) 
face was monocrystalline even at a thickness of 0.01 
inch. On copper (111) face, however, these authors 
found that the deposit became polycrystalline almost 


3H. Leidheiser, Jr., and A. T. Gwathmey, J. Electrochem. Soc., 
98, 225 (1951). 
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at the beginning of the deposition and that the poly- 
crystalline deposit rapidly assumed a (100) preferred 
orientation as the thickness increased, which was the 
orientation favored by the prevailing bath conditions. 
This indicates that for the growth of thicker metal 
single crystals by electrodeposition, the chance of 
success is better if considerations have been given to 
the selection of the substrate and the bath conditions 
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so that both of them favor the development of the 
same type of orientation in the deposit. 
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Certain statistical properties of turbulence observed in a boundary layer and in fully developed pipe flow 
are compared. Differences and likenesses are shown, and in particular certain common properties are found 
which appear to be indicative of processes governing the finer structure and controlling the origin, form, and 
life cycle of turbulent motions. An attempt is made to point out some of these processes. Attention is called 


to a region of high turbulent activity near the wall. 


SYMBOLS 


«= distance along wall in direction of mean flow. 
y= distance normal to wall, measured from wall. 
z= coordinate normal to x and y. 

U, V=x and y components of mean velocity. 

U,=velocity of free stream or velocity at center of 
pipe or channel. 

#,v,w= instantaneous turbulent velocities at a point in 
the x, y, and z directions, respectively. 

(10?) m, (0? )y, (*)» = temporal mean-square turbulent ve- 
locities at a point. 

é= thickness of boundary layer; also radius of pipe 
or half-width of channel. 
v= kinematic viscosity. 
p=density. 
7o= Shearing stress at wall. 
U,=(r0/p)'=friction velocity. 
- R=6U,/v= Reynolds number. 
y* = yU ,/v=wall-distance parameter. 
i= time. 
n= frequency, cycles per sec. 
k,;=one-dimensional wave number in x direction (k 
represents three-dimensional wave number). 

F (ki), F, (Ri), Fw(R1) = one-dimensional energy spectral 
functions for the u, v, and w components, re- 
spectively. For example (u?)y= fo*F u(k1)dhi. 

F (k) =three-dimensional energy spectral function. 


* This investigation was sponsored by the National Advisory 
Committee for Aeronautics. Paper presented at the Symposium 
of the Division of Fluid Dynamics, American Physical Society, 
January 24, 1953. 


1. INTRODUCTION 


HE purpose of the present paper is to show how 
measurements of turbulence made in two dis- 
tinctly different flow fields combine to reveal something 
of the behavior and of the life cycle of turbulent mo- 
tions. The data are taken from two investigations!? 
recently conducted at the National Bureau of Stand- 
ards under the sponsorship of the National Advisory 
Committee for Aeronautics. One concerned itself with 
a turbulent boundary layer along a flat plate with uni- 
form pressure, and the other dealt with fully developed 
turbulent flow in a straight round pipe.'* It suffices to 
mention here that hot-wire techniques were employed 
in both cases, and for the benefit of hot-wire instru- 
mentation the flow fields were made as large as prac- 
ticable and speeds were held to moderate values. The 
boundary layer was 3 inches thick; the radius of the 
pipe was 4.86 inches; the speed of the free stream was 
50 ft per sec; and the speeds at the center of the pipe 
were 10 to 100 ft per sec. The measurements made 
were not identical in the two cases, but in general con- 
sisted of mean-square values of the velocity fluctuations 
and their derivatives, double and triple products of 
fluctuation components, and spectra. Particular atten- 
tion was paid to quantities entering into the energy 
balance. Only certain quantities are selected for com- 
parison here. 


1 P. S. Klebanoff, “Characteristics of turbulence in a boundary 
layer with zero pressure gradient,” Natl. Bur. Standards (U. S.) 
Report 2454 (April, 1953) (submitted to the National Advisory 
Committee for Aeronautics for publication). 

2 John Laufer, “The structure of turbulence in fully-developed 
pipe flow,” Natl. Advisory Comm. Aeronaut. Tech. Notes 2954 
(June, 1953). 
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TURBULENT PROCESSES IN BOUNDARY LAYER AND PIPE 


It is often difficult to assess the accuracy of hot-wire 
measurements. In these two cases it is believed that 
many of the errors that so often plague such measure- 
ments were avoided or at least reduced, by a fortunate 
choice of conditions and the care exercised by the ex- 
perimenters. Accurate and sufficient data are essential 
if interpretations are to have a lasting quality. Perhaps 
only future results will tell whether or not these condi- 
tions were satisfied. Deficiencies are apparent, and it is 
hoped that, whereas permanence may be lacking, the 
conclusions will have a thought-provoking value. 


2. GENERAL FORM OF FLOW FIELDS 


It is generally known that the mean velocity dis- 
tribution in a boundary layer is different from that in 
pipes and channels. The difference is most distinct at 
the higher Reynolds numbers where it is not so likely 
to be obscured by Reynolds-number effects. Figure 1 
shows this characteristic difference. It is seen that the 
profiles for the channel’ and the pipe are essentially the 
same in spite of the difference in geometry, but that 
the profile for the boundary layer stands apart by far 
more than experimental scatter. The former obey a 
logarithmic law with a fair degree of approximation, 
whereas the boundary-layer profile shows marked de- 
viations from a log law for y/5>0.2. 

The cause of this singular behavior of the boundary 
layer is now attributed to the very irregular outer 
limit of its boundary, as shown schematically in Fig. 2. 
Recent observations! *~? have established the validity 
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Fic. 1. Mean-velocity profiles for boundary layer, 
pipe, and channel. 


5 John Laufer, “Investigation of turbulent flow in a two-dimen- 
sional channel,” Natl. Advisory Comm. Aeronaut. Tech. Notes 
2123 (July, 1950). 

‘Stanley Corrsin, “Investigation of flow in an axially sym- 
metrical heated jet of air,”” National Advisory Committee for Aero- 
nautics Wartime Report W-93 (1943). 

5A. A. Townsend, Australian J. Sci. Research. Ser. A.2, No. 4, 
451-468 (1949). 


189 


BOUNDARY BETWEEW LAYER 
AND FREE STREAM 














WALL 


Fic. 2. Schematic diagram of boundary layer. 


of such a picture whenever a turbulent flow is bounded 
by a free stream. A hot-wire anemometer placed in the 
neighborhood of the mean position of the edge would 
sense intermittently turbulent and nonturbulent flows 
as the irregular outline moved past with approxi- 
mately the speed of the free stream. The fraction of the 
time that the flow is found to be turbulent defines an 
intermittency factor, commonly denoted by y. This 
factor has been accurately determined, and its distribu- 
tion is found to be closely represented by a Gaussian- 
integral curve centered at 0.786, 6 being specified in the 
usual way as the distance from the wall where the mean 
velocity has reached the free-stream velocity. It is 
found that turbulent flow occasionally goes beyond 6 
and exceeds this limit 6 percent of the time. On the 
average the edge occupies the position 0.786, but from 
instant to instant it is statistically distributed about 
this line with close approach to a Gaussian distribution. 
The nonturbulent fluid rarely penetrates deeper than 
0.46, and the turbulent outcroppings rarely go beyond 
1.26. The region beyond 0.46 is defined as the inter- 
mittent region. 

The sharp division is the instantaneous limit of the 
turbulent motions. The boundary-layer thickness speci- 
fies the region over which a mean shear exists. It is, 
therefore, a measure of the scale of the shear flow even 
though it includes regions of nonturbulent flow, and in 
this sense is a dimension similar to the radius of a pipe 
or the half width of a channel. The difference lies in the 
inclusion of turbulent and nonturbulent portions within 
this shear region in the boundary layer but completely 
turbulent flow only, in the case of the pipe and channel. 

The region beyond the sharp limit of the turbulent 
flow is assumed to be free stream. Oscillograms of 
velocity fluctuations clearly show the turbulent and 
nonturbulent regions with, however, some disturbances 
in the nonturbulent regions. Close inspection of the 
records show a step in the velocity which is taken as 
evidence that the mean velocity is lower in the turbulent 
regions. 

Information regarding these phenomena is by no 
means complete. It is of interest, therefore, to compare 
in Fig. 3 the turbulent energy distribution in the pipe 
with that in the boundary layer. For the boundary 


6 A. A. Townsend, Proc. Cambridge Phil. Soc. 47, Pt. 2, 375- 
395 (1950). ‘ 

7Stanley Corrsin and Alan L. Kistler, “The free stream 
boundaries of turbulent flows,” JHU Report, Natl. Advisory 
Comm. Aeronaut. Contract NAw-6093 (January, 1953). 





190 G. B. 





















oe 
» BOUNDARY LAYER, R=73,000 
o PIPE, R=250,000 
or e + PIPE, R=25,000 
Paw BOUNDARY LAYER 
yew TURBULENT REGIONS 
UL ° ONLY. 
4+ 
3 
2+ a 
va 
Ie 
i lL l f. ‘~ 
re) 2 4 y 6 8 rO 


Fic. 3. Distribution of turbulent energy across 
boundary layer and pipe. 


layer the values represent a mean including both turbu- 
lent and nonturbulent regions. If we now assume that 
no fluctuations exist in the nonturbulent regions and 
ignore a possible effect of a velocity step, division by y 
yields the turbulent energy in the turbulent regions only. 
This is shown by the broken curve in Fig. 3, which is 
seen to coincide closely with the distribution in the 
pipe. A similar behavior is shown for each of the com- 
ponents in Fig. 4. The only deviation from remarkable 
agreement in these two figures occurs in the low 
Reynolds-number pipe values, and this is believed to 
be purely a Reynolds-number effect. 

It would appear that such close agreement could not 
occur unless the average turbulent energy was dis- 
tributed through the turbulent regions of a boundary 
layer just as it is in the fully turbulent section of a pipe. 
The alternative, namely, that the distributions are not 
the same and that fluctuations in the nonturbulent 
regions and velocity steps just happen to bring about 
agreement, would seem to be remote. Here, then, is an 
indication that disturbances in the free stream and 
velocity steps, even though observed on records, do 
not make a measurable contribution to the fluctuation 
energy. What is of deeper significance, perhaps, is the 
close similarity exhibited by the turbulent structure of 
these two flow fields. Evidently the average turbulent 
energy does not depend on position relative to the sharp 
boundary but on position within the shear layer 6. It 
is worthy of note that the turbulent energy does not 
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vanish toward the sharp edge but maintains an average 
value like that in a pipe at the same relative distance 
from the wall. 


3. CONDITIONS NEAR WALL 


The most important outcome of the investigations 
reported in references 1 and 2 is the revelation that a 
region in the neighborhood of the hypothetical laminar 
sublayer is one of high activity for turbulence. It is 
found that not only does a high rate of dissipation occur 
here but a high rate of turbulence production exists as 
well. 

Before discussing the figures, it is pointed out that 
the appropriate scales of velocity and length near the 
wall are taken to be U, and v/U, respectively. All 
quantities when rendered dimensionless by means of 


. these scales are then assumed to be functions of the 


customary wall-distance parameter, denoted by y* and 
defined by 


yt=yU,/v. 


Such dimensionless quantities appear in Figs. 5 to 10. 
Comparisons between pipe and boundary-layer results 
are shown in these figures, with the exception of Fig. 7, 
where slight differences believed to be experimental are 
concealed by an average curve. The plotted points 
represent values derived from observations but are not 
an indication of the number of observations nor of the 
exact position at which a direct observation was made. 
The region in which many important events occur ex- 
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Fic. 4. Distribution of turbulent energy in components, pipe, 
and turbulent regions of boundary layer compared. y is inter- 
mittency factor for boundary layer. 
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tends from the wall to distance y* in the neighborhood 
of 100. This represents a small part of the shear layer, 
amounting to about 1 percent of 6 at R=250 000 and 
10 percent at R=25 000. 

Chief interest here centers around energy relations. 
Figure 5 shows the direct dissipation of mean-flow 
energy compared to the turbulence production. Here 
are plotted the rates per unit mass given in the dimen- 
sionless forms: 


a wv /dU\? 
Direct sipation = —(—) . 
U\ dy 


T 


y dU 
Turbulence production= ~ (uo) ww: 


¢ dy 


The process of dissipation of energy to more de- 
generate forms is usually pictured as a transfer of the 
energy from mean flow to turbulence and finally to 
heat. Here, however, we see that 40 percent of the 
mean-flow is dissipated directly as heat without going 
through the stage of turbulence. Only 60 percent of the 
energy lost by the mean flow produces turbulence. Of 
this amount, one-half is produced in the region of direct 
dissipation, which extends up to y*~60. The remaining 
one-half is distributed at a low, and gradually de- 
creasing, rate throughout the remainder of the layer. 
It is worth noting that the maximum rate of production 
takes place at what is normally considered the edge 
of the laminar sublayer, and at this point the direct 
dissipation and turbulence production go on at the 
same rate. 
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Fic. 5. Rate of loss of mean-flow energy, boundary 
layer, and pipe compared. 
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Fic. 6, Turbulent shearing stress and rate of turbulence 
production compared. 


Figure 6 shows another illuminating phenomenon. 
As we leave the wall, production of turbulent energy 
reaches its maximum where the Reynolds stress is still 
very low, and the stress continues to increase while 
production is falling. This is a reflection.of the tendency 
for the dissipation region to be crowded toward the 
wall by the less impeded turbulent mixing farther out. 
Where turbulent mixing can take place freely, the 
layers tend to be bound together, and the tendency is to 
approach a nonslipping, nondissipating mean flow. Not 
until the wall is closely approached is the mixing suffi- 
ciently impeded by the wall to allow the grip between 
laminae to be relaxed and a high rate of shear to set in. 
Here we find the so-called laminar sublayer with its 
high rate of shear and dissipation. We see now that 
part of this dissipative process is a high rate of turbu- 
lence production. 

This brings us to the important question, how are 
turbulent motions produced to maintain the turbulent 
state and in what form do they first appear. The energy 
equations written separately for the three components 
u, v, and w tell us that the « component gets energy 
directly from the mean flow through the term 


aU 
(uv) y—. 
dy 
The equations for »v and w components lack this term. 
The three equations contain, respectively, the terms 
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Fic. 7. Relative turbulent energies in three components 
near wall. 


which express the rate of exchange of energy from one 
component to another. It is evident then that the lateral 
components v and w get energy only by exchange. The 
flow of energy is, therefore, from mean flow to u 
motions and from « motions to lateral motions. 

In the interest of understanding the process it is 
helpful to have a physical picture. Experiment helps us 
indirectly with a picture by giving us statistical be- 
haviors to which a picture must conform. For the de- 
tails we can proceed on intuition and the knowledge 
that turbulent motions must be in the form of con- 
tinuous, connected, intermingling currents that con- 
stantly interfere with one another and with solid walls 
and so change speed and direction in response to local, 
instantaneous pressure fields. The currents have every 
conceivable shape, some wandering far with little 
turning, others wrapping about themselves as a small 
eddy. Such a squirming assembly of currents large and 
small, interfering with themselves and with solid 
boundaries is about the only realistic picture of turbu- 
lence that can be drawn. Now let us ask what happens 
when this assembly is given a mean rate of shear. At 
once we see that currents traveling in the direction of 
the gradient (y direction) will find themselves taking 
on new relative motions with respect to surroundings, 
these being in the form of added components of motion 
parallel to the mean flow. In short, all movements in 
the y direction involve the setting up of new motions in 
the x direction. Turbulent motions are, therefore, born 
in the form of « motions. 

The newly born turbulence is in reality only bits of 
mean flow out of the positions that formerly constituted 
a smooth gradient. Some pre-existing » motions were 
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the displacing agents. The « motions agitate the sur- 
rounding fluid to produce new lateral motions. In other 
words they create local pressure fields, setting up the 
pressure gradients that constitute the transfer terms 
which transmit part of their energy to v and w motions. 
The v motions again displace the mean-gradient flow, 
and the process continues. 

We have already seen in Fig. 4 that most of the energy 
remains in the « component. This is shown even more 
strikingly for the region under examination in Fig. 7. 
This figure also shows that in the neighborhood of 
y*=12, where production is a maximum, the energy 
in the »v component is small, Evidently production rests 
more on a large supply of energy made available by a 
mean-velocity gradient than upon agitation. 

Another aspect of the life cycle of turbulence is 
shown in Fig. 8. Here we see that the region of maxi- 
mum production is also the region of maximum dissipa- 
tion. In fact, throughout the very narrow region in 
which 50 percent of the turbulence is produced, the 
dissipation very nearly balances the production. Ap- 
parently much of the turbulence dies in infancy. The 
conclusions that can be drawn in regard to the life 
span of turbulence and its movement from point of 
origin depend greatly on what we know about the 
various energy terms entering into the energy balance. 


4. MEASUREMENT OF DISSIPATION AND 
ENERGY BALANCE 


The equation of energy for three-dimensional turbu- 
lent motions in two-dimensional, incompressible mean 
flow is 


au 
(uv) — v((uV?2) yt (0972) wt (wV7w) ay) 
, II 
1a 1 O( Pv) wy 
+ ns ieee ((v10?) w+ (v®) w+ (vw?) w+ rs 
2 dy p oy 
Ill I 
1 0 
+ | U—((u?) wt (0) wt (w*) wy) 
2L Ox 
. Vv 
+ o (267) wt (2?) wt (en) =0, (1) 
¥y 





where V?=0?/02°+-0"/dy’+0?/d2*. The equivalent form 
of the equation for axial symmetry is given in reference 
2. Each term represents the rate of change of turbulent 
energy per unit mass at a given point. They are: 
I. Production. II. Dissipation. III. Kinetic energy dif- 
fusion. IV. Pressure energy diffusion. V. Convection. 
Aside from the pressure energy diffusion, which can- 
not yet be measured, all of the above quantities have 
been determined by hot-wire techniques with various 
degrees of accuracy. Production is the easiest to deter- 
mine and is subject to least error especially in pipe flow. 
Dissipation is the most difficult to determine but 
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reasonably successful attempts to measure it will be 
discussed in some detail. 

Actually term II in Eq. (1) contains quantities that 
cannot be measured. It is instructive to note that the 
form of this term conceals the mechanism by which 
heat is evolved by internal friction. While it is cus- 
tomarily called the dissipation term in relation to the 
other terms of Eq. (1), it is in reality an expression of 
the work done by viscous forces on the boundaries of 
a volume of unit mass to change its kinetic energy as a 
whole. By transforming into an equivalent form the 
heat producing mechanism is brought into view, and 
terms appear that can be measured. The equivalent 
form is written 


oe 
5Y ((u?) w+ (2) wt (w*) tv) 
dy" 


ADMD AG). 
(SAG) AG). 
KAVA) EF & 


Omitted in this expression are two insignificant terms 
of the form of the first involving second derivatives 
with respect to x and z. 

The first term of expression (2), when summed across 
the shear region, is zero. It therefore represents a migra- 
tion of energy from one region to another. The second 
term is the form taken by the expression for the dis- 
sipation of turbulent energy when the turbulence is 
homogeneous. Actually the effect of inhomogeneity is so 
small that our second term is practically an expression 
of the rate of consumption of turbulent energy at each 
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Fic. 8. Production and dissipation of turbulent 
energy compared 


point by viscous action. This, however, is incidental 
since our task is to evaluate term II in Eq. (1). The 
important fact is that expression (2) involves terms 
that can be measured. 

In isotropic and homogeneous turbulence the task of 
obtaining the dissipation is greatly simplified. Here ex- 
pression (2) is reduced to 


isn“) ) . (3) 


_ In line with general thinking it was at first assumed 
that dissipation would be restricted to the smaller- 
scale motions among which isotropy and homogeneity 
possibly exist, and expression (3) was used. The 
turbulent dissipation found in this way when summed 
over the cross section of the pipe was less than the sum 
of the production by a factor 2.5. A slightly smaller 
error was found for the boundary layers when due 
account was taken of the convection term. In both cases 
indications were that the results were grossly in error 
near the wall. Accordingly, an effort was made to 
measure aS many terms in expression (2) as possible. 
The terms 


(2 (do GD), 


presented no unusual difficulties, for they involved the 
established practice of measuring time derivatives and 
using the conversion 


du/dt= Udu/dx. 


The other mean-square derivatives involved the meas- 
urement of space correlations, and only w-sensitive 
probes could reach the highly important region near 
the wall. Consequently of the remainder only 


(5). = GD). 


could be measured. For want of a better procedure it 
was assumed that mean-square derivatives with re- 


spect to a given coordinate separately satisfied the iso- 
tropic relations 


(SD DAG)). 
((=)),-«(=)).-«E a 


This is a questionable assumption, but using it on the 
measurements made in the pipe at R=25 000, the dis- 
sipation summed over the cross section agreed with the 
total production in the section to within 10 percent. 
At R=250 000 the dissipation was still low compared 
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to the production ; but the difficulties near the wall were 
aggravated by the higher Reynolds number, and the 
higher speed pushed some of the dissipation into fre- 
quencies beyond the range of the differentiating circuit. 
In the boundary layer the dissipation summed over the 
thickness was too low by 17 percent. Nevertheless, the 
low Reynolds-number pipe results would appear to 
justify assumption (4) on the average. 

There is more uncertainty in the point to point values 
of the dissipation than in the total, especially below 
y*=10. Here the first term in expression (2) becomes 
significant. Because of the necessity of finding the second 
derivative, the uncertainty in this term is great. Some 
idea of its magnitude is given by the dotted curve in 
Fig. 8. For want of a better name it is called ‘‘dissipative 
transfer.” 

The large values of mean-square derivatives in the 
y and z directions in the region y*<100 accounts for 
the improvement afforded by the more complete ex- 
pression (2). For example, at y*~10, ((du/dy)*),, was 
about 20 times ((du/dx)*) instead of twice as given 
by isotropy. This indicates small spatial scales of mo- 
tions in the y and z directions and conveys the picture 
of « currents running fiber-like in the x direction. For 
v*>100 the various mean-square derivatives were of 
the same order, and the assumption of isotropy im- 
proved with increasing distance. It is believed that the 
point to point values of the dissipation as measured in 
the pipe at R=25 000 are fairly reliable. Those meas- 
ured in the boundary layer are equally reliable for 
y*>30. Since phenomena should be universal for the 
small values of y*, say, in the neighborhood of the sub- 
layer, the dissipation curves for the two cases are not 
greatly in doubt. 

The question of energy balance and energy move- 
ments from place to place rests on the point-to-point 
values of the terms in Eq. (1). The results for the pipe 
at R=25 000 where the information on dissipation is 
most reliable are given in Fig. 9. The convection term 
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Fic. 10. Turbulent energy balance for boundary-layer flow. 
Diffusion is combination of kinetic and pressure energy. 


is, of course, absent. The production and dissipation are 
closely in balance throughout the region covered by the 
figure and on to 0.36. Nearer the center the dissipation 
exceeds the production and at the center is about 1 
percent of the maximum value. The regions gaining and 
losing kinetic energy by diffusion show that there is a 
movement of kinetic energy away from the region of 
high production toward the center of the pipe and 
possibly a small movement from the maximum toward 
the wall. The pressure diffusion is merely a residual of 
the determinations and may be greatly in error. It 
indicates a movement of energy toward the region con- 
taining the maxima, i.e., converging on this region 
from the wall and from the outside. Compared to the 
rates of production and dissipation, the diffusion of 
energy is very small. 

The situation in the boundary layer appears to be 
different. As shown in Fig. 8, the dissipation becomes 
less than the production for y*>40. Figure 10 shows 
how this deficiency persists out to y/5~0.65. A differ- 
ence curve representing the sum of the kinetic and 
pressure diffusion is shown. Since the convection term 
is small, the difference curve is mainly the difference 
between production and dissipation. Since the kinetic 
energy diffusion was not measured in this experiment, 
the two types of diffusion could not be separated. The 
combination represents a loss by transfer throughout 
the region from 0.01<y/5<0.65 and a slight gain from 
0.65 to 1. The gain does not balance the loss and there- 
fore fails to yield an energy balance. Townsend’s 
measurements® of the kinetic energy diffusion in a 
boundary layer from 0.033<y/5<1 show a gain 
throughout. Adopting his values we must conclude the 
existence of loss by pressure diffusion from all points 
except those very close to the wall. It is not clear where 
the lost energy has gone. Townsend found a similar 
state of affairs and concluded that the energy moved 
toward, the wall and was dissipated in the laminar sub- 
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layer. However, the results obtained in the pipe in the 
vicinity of the sublayer, which should be equally valid 
in the boundary layer, deny such high rates of dissipa- 
tion as would be required. If we conclude that the 
energy moves outward, we are again unable to find 
where it is dissipated. In this connection it would be 
helpful to know more about phenomena in the inter- 
mittent region. 

In spite of some uncertainty about the movement of 
turbulent energy, it is clear that the high production 
near the wall does not play the role of supplier of 
turbulence to the rest of the shear layer. Our best in- 
formation to date shows also that the region near the 
wall does not play the role of energy sink for the turbu- 
lence in the rest of the layer. 


5. THE SPECTRUM 


If a hot-wire signal is passed through an analyzer 
and the mean-square output is measured, the con- 
tribution in the frequency interval m and n+dn is 
obtained. This amounts to analyzing a time varying 
signal into its Fourier components. To transform from 
time to space, it is assumed that variations with time 
are caused by a nonchanging configuration being swept 
past a hot wire with the mean local velocity. Wave- 
lengths in this direction are then given by U/n, and a 
wave number is defined by 


The spectral function may be expressed as a function 
of k;. For example, F,(k:)dk, is the contribution to 
(u?),, from wave numbers k;, ki+-dk;, and 


(0) w= ff Peoae. 


This is known as the one-dimensional spectrum, so 
named because it represents a cut in one direction 
through a three-dimensional pattern. In isotropic tur- 
bulence, where the pattern is symmetrical in all direc- 
tions, the function F,, bears the following relation to the 
spectral function of the transverse components F, 


and F,,: 
1 dF, 
Pex Fe=-(Fe-hs ). (5) 
2 dk, 





In an isotropic turbulence the three-dimensional 
function specifies the energy in scales of motion repre- 
sented reciprocally by the wave number. On the basis 
of certain plausible assumptions,®-* the transfer of energy 
from larger scales to smaller scales may be expressed. 
From these come the well-known k~* law, applicable 
to an equilibrium range in which & is not so large that 
viscous dissipation enters, and the less known k law 


8 W. Heisenberg, Z. Physik 124, 628-657 (1948). 
°C. M. Tchen, Natl. Bur. Standards J. Research, 50, No. 1, 
Report 2388 (1953). 


proposed by Tchen’ for transfer in a range influenced by 
mean velocity gradient. These laws are based upon the 
three-dimensional spectrum. Since hot wires measure 
only the one-dimensional spectral function, comparison 
between theories and available experiments require the 
transformation between the three-dimensional and one- 
dimensional functions. When the turbulence is isotropic, 
this transformation is known, and comparison is 
possible. 

In shear flow, difficulties of interpretation arise from 
the lack of isotropy. The relation between the three- 
dimensional and one-dimensional spectra becomes ob- 
scured when properties depend on direction. Neverthe- 
less, spectral measurements in a shear flow serve a useful 
purpose. The measurements reported in references 1 
and 2 yield spectra that show equilibrium ranges where 
the process of energy transfer from smaller to larger 
wave numbers is taking place. This is generally true 
for y*> 100. Nearer the wall there is evidence of marked 
superposition of production and dissipation. 

The spectra show one very distinctive feature that is 
apparently connected with lack of isotropy. This is 
illustrated in Fig. 11, plotted from observations in the 
pipe at y/5=0.69. Here the lateral spectral functions 
F, and F, are compared to the longitudinal function 
F,,. The solid curve is F, and the broken curve repre- 
sents F, and F,, derived from F, by formula (5). The 
two curves illustrate the difference between lateral and 
longitudinal functions that would exist if the turbulence 
were isotropic. Attention is called to the fact that the 
observed F, and F, represented by the points are 
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Fic. 11. One-dimensional energy spectra observed in pipe at 
y/6=0.69. Speed at center 100 ft per sec, R= 250 000, 
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strikingly lower than F, at the lower wave numbers. 
For example, at k;=0.02 the ratio is approximately }. 
Similar phenomena were observed at all positions, 
differing only in degree and relative value of F, and 
F,. At the center of the pipe the ratio of F, and F,, 
to F, was } at k;=0.02. Near the surface (y/6=0.074, 
y*=640) F, was lower than F,, by a factor of } at 
k,=0.02 and lower than F, by a factor of 1/18. In the 
boundary layer, where only F,, and F, were measured, 
a similar state of affairs existed but without the ob- 
served F, anywhere exceeding the isotropically derived 
F,. The comparative standing of (u*)w, (0?)», and 
(w*)», Shown in Figs. 4 and 7, is largely a reflection of 
the relative amounts of energy found at the lower 
wave numbers. 

Such unusual features as this should be carefully 
considered for what they may possibly reveal about 
the character of the motions. This one may arise in 
part from the circumstance that longitudinal motions 
are greater than lateral motions. We recall that our 
one-dimensional spectrum is a cut through the space 
pattern along the direction of the component uw. The 
pattern can be represented by waves, if we stipulate 
that the waves must be transverse, i.e., particle velocity 
parallel to the wave front. The fluctuation velocity 
vector then determines the direction of the wave front. 
When « is larger than v and w the fronts are more 
slanted along the uw direction than when all three com- 
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ponents are statistically equal. The projection of any 
arbitrary wavelength (which is always normal to the 
front) on the w direction is therefore greater, and the 
wave number is smaller. Hence, the excess of « energy 
over that of the lateral components automatically 
places itself toward the lower end of the one-dimen- 
sional spectrum. Near the wall where (u*), is very 
much larger than either (v*), or (w*)y, the excess of 
energy in “ motions may extend into the region of very 
small scales and still appear among the small wave 
numbers due to the fact that the wave fronts tend 
toward parallelism with the mean flow. 

There is no obvious explanation for the apparent 
excess of F, and F,, at the higher wave numbers shown 
in Fig. 11. The situation is somewhat confused here 
because boundary layer results did not show this 
effect, but rather a very definite approach toward 
isotropy in this range. Our assumed cause does not 
explain why the effect shown in Fig. 11 was still in 
evidence at the center of the pipe. It may be remarked 
that similar effects, to a smaller degree, have been found 
in turbulence behind a grid. There may then be a more 
subtle meaning to Fig. 11. The possibility exists that 
some effect associated with the transfer of energy from 
the « component to the lateral components is here in 
evidence. This rather speculative discussion illustrates 
some of the difficulties of interpretation that surround 
spectra in shear flow. 
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Through the phenomenon of cataphoresis in gas discharges, impurities are carried toward the cathode 
and concentrated there. This can be used for the purification of rare gases, in particular, for the removal of 
traces of one rare gas from another rare gas. The technique is simple and completely automatic. The same 
technique can be used for the analysis of rare gases. The high concentration of the impurities near the 
cathode increases the sensitivity by a large factor. One part of neon in 200-million parts of helium has been 


detected without difficulties. 


1. INTRODUCTION 


T is well known that even minute amounts of 

impurities can change the properties of electrical 
discharges in rare gases. When such discharges are to 
be investigated, it is essential to have very pure gases 
and to have the assurance that the gas will remain 
pure while the discharge is being maintained. In order 
to achieve this, very careful preliminary outgassing of 
the system is necessary. Even then impurities often 
cannot be avoided because the purest commercially 


* This work was carried out with support of the U. S. Office of 
Ordnance Research. 


available gas samples may have traces of impurities 
present in sufficient concentration to influence the 
discharge characteristics, and because under the ion 
bombardment in a discharge, gases may. be given off 
from the most carefully outgassed surfaces. 

In order to cope with this situation, it is essential to 
have at one’s disposal reliable methods for removing 
traces of impurites and, in order to know the composi- 
tion of the gas, to have available methods of analysis 
that can detect reliably even small traces of impurities. 

It is well known that for some gases the solution of 
the difficulties is by no means simple. It is fortunate, 
however, that when dealing with rare gases it is possible 
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to solve the problem of analysis and purification in a 
very simple and satisfactory way. Enough experience 
has been accumulated in this laboratory on this method 
that we are confident that it can have a wide appli- 
cability. 

We have reported previously! on the use of activated 
uranium as a very efficient and convenient getter for 
removing any impurity from a rare-gas discharge 
except another rare gas. As this method is very effective, 
we need to consider in this paper only the removal of 
traces of other rare gases. While this is the chief purpose 
of the method described below, this method will work 
also for the removal of other impurities although our 
experience is more limited along those lines. 

The procedure is based on a phenomenon occurring 
in glow discharges known as cataphoresis, discovered 
as early as 1893? and studied experimentally by Skaupy' 
and theoretically by Druyvesteyn.t The treatment of 
Druyvesteyn was chiefly phenomenological and the 
experimental results of Skaupy and others fragmentary, 
so that the phenomenon of cataphoresis in gas discharge 
seems to be little known as to facts and interpretation. 

While attempting to work in this laboratory with a 
dc glow discharge in very pure helium it was observed 
that the impurities were concentrated chiefly in the 
vicinity of the cathode, and it was recognized that this 
was due to the phenomenon of cataphoresis mentioned 
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Fic. 1. Experimental arrangement for the purification of rare gases. 


above. An extensive investigation, still in progress, has 
been undertaken with the aim of clearing up the 
mechanism of cataphoresis. This has resulted in a 
theory which accounts for the main features. It is, 
however, not the purpose of the present paper to deal 
with the theoretical aspects of the problem but to 
show how with the help of cataphoresis the practical 
problem of the purification of rare gases and the 
analysis for traces can be solved. 


2. CATAPHORESIS IN A HELIUM DISCHARGE 


Let us assume that we have a binary mixture of rare 
gases with one constituent occurring in very small 
concentrations. We shall take as an example helium 
with a trace of neon and turn later to other mixtures 
on which experiments have been made. Commercial 
“spectroscopically pure” helium is such a mixture. A 














oe Ha. 











MONOCHROMATOR | 





BEAM SPLITTER 


Fic. 2. Optical arrangement for ratio recording. 
1G. H. Dieke and H. M. Crosswhite, J. Opt. Soc. Am. 42, 433 (1952). 


? E. C. Baly, Phil. Mag. 35, 200 (1893). 
*F. Skaupy, Z. tech. Phys. 6, 284 (1925). 
*M. J. Druyvesteyn, Physica 2, 255 (1935). 
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Fic. 3. Spectrum line intensity vs time. Commercial helium sample, 10 mm of Hg pressure, 25-ma de current. 
Measurements in positive column 6 cm from cathode. 


long cylindrical discharge tube is filled with this mixture 
to a pressure of at least 10 mm of Hg. The discharge 
tube (Fig. 1) has attached to it a storage bulb B and an 
activated uranium tube, as well as pressure gauges, 
gas supply bottles, etc. The purpose of the uranium is 
to eliminate all impurities that are not rare gases. 

A dc discharge is maintained in the gas at currents 
from 10 to 30 ma. The light at any point along the 
axis can be fed into a spectrograph with an optical 
system described previously.’ This device permits 
scanning along the axis of the tube. The spectrograph 
or monochromator is provided with a photomultiplier 
tube with which the intensity of any spectrum line may 
be recorded. Occasionally it is advantageous to record 
directly the ratio of two spectrum lines belonging either 
to thesameor different elements. This is achieved with an 
arrangement illustrated in Fig. 2. For work with rare 
gases no very high demands are made on the resolving 
power of the spectrograph. Most work was done with a 
plane grating recording monochromator of 50-cm focal 
length designed by Crosswhite and built in this labora- 
tory. The second monochromator was improvised by 
replacing the eye piece of a Hilger wavelength spectrom- 
eter with a photomultiplier tube assembly. 


5 T. Donahue and G. H. Dieke, Phys. Rev. 81, 248 (1951). 


When the discharge is first turned on with “spectro- 
scopically pure” helium, the neon lines show up very 
weakly, and are uniformly distributed in intensity 
throughout the tube. Gradually, however, the intensity 
of the neon lines builds up in the vicinity of the cathode. 
This is illustrated in Fig. 3 which shows that the 
process comes to equilibrium in about two hours. 
During this time the intensity of the helium lines stays 
essentially constant. The gradual decline in the neon 
intensities for longer times is very probably a result of 
clean up of neon into the cathode. The time at which 
equilibrium is reached depends on the volume of the 
ballast bulb B. The larger its volume, the longer it takes 
before equilibrium is reached. If it is omitted equilibrium 
is reached within a minute, but the neon concentration 
near the cathode is much less. 

What happens is as follows: Before the discharge was 
turned on there was a uniform distribution of neon 
throughout the whole system. When the discharge is 
initiated the minor constituent in the discharge tube, 
neon in this case, is driven toward the cathode and 
accumulates in the vicinity of this electrode. Neon from 
the storage bulb B then diffuses into the anode region 
of the discharge and is in turn pumped by cataphoresis 
toward the cathode. This action continues until some 
equilibrium distribution of neon is reached. 
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Figure 4 shows the distribution of neon in the tube for 
various pressures. At 20-mm total pressure the con- 
centration gradient is such that the neon concentration 
decreases by a factor 100 along 20cm of the tube. 
The decrease in concentration appears to be exponential 
unless the initial concentration is too high, so that for a 
tube length of 40 cm the concentration near the anode 
will be only about 10~ times that at the cathode. 

Although it is necessary to detect small changes in 
neon concentrations with quantitative measurements 
of line intensities, there is no difficulty in observing the 
qualitative effect without any instruments whatsoever. 
Even with “spectroscopically pure” helium when 
equilibrium is reached, the cathode side of the discharge 
is definitely red, whereas the rest of the discharge has 
the typically yellowish color of a helium glow discharge. 
The color contrast becomes quite startling if the dis- 
charge is viewed through dydymium (glassblower’s) 
glasses which absorb the yellow helium lines. The 
helium discharge is then deep blue which contrasts 
sharply with the red neon discharge. 

When the discharge is turned off, diffusion redis- 
tributes the neon uniformly throughout the entire gas 
volume. When the discharge is turned on again, it will 
appear homogeneous, and the concentration of neon at 
the cathode begins exactly as in a fresh gas sample. 
Intermediate stages may be observed when the time 
between turning off the discharge and turning it on 
again is less than necessary for complete redistribution 
of the neon. 


3. PURIFICATION OF RARE GASES 


These results suggest a very simple method for the 
purification of helium or any other rare gas. 

The helium sample to be purified is placed in the 
storage bulb (B in Fig. 1) to which a discharge tube is 
connected as shown in Fig. 1. After the discharge is 
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Fic. 4. Commercial helium sample. Cataphoresis as a function of 
gas pressure at constant_current. 
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Fic. 5. Commercial helium sample. Cataphoresis as a function of 
current at constant pressure. 


turned on it is only necessary to wait an appropriate 
time until the neon and any other impurity gases 
that might be present are pumped to their equilibrium 
distribution in the discharge tube. The time necessary 
for this depends on the amount of impurity present 
originally and the total volume of the gas. With a 
volume of 2 liters at 20 mm and such impurities as are 
present in commercial helium, the time is about 2 hours 
for a 20-ma discharge. 

The discharge runs perfectly steadily without any 
supervision for months if necessary. After equilibrium 
is reached, the stopcock S is closed, and a highly purified 
sample remains in the bulb B. Should there have been 
too much impurity in the gas originally, one run might 
not be sufficient for obtaining very pure gas. The 
discharge tube with the impurities may then be pumped 
out and the process repeated. In our experience this is 
hardly ever necessary. The efficiency of the process is 
also increased by providing a larger volume around 
the cathode. 

The values of such discharge parameters as current, 
pressure, and gas mixture control the magnitude of the 
cataphoretic action. Figures 4 and 5 illustrate how 
pressure and current affect the cataphoresis in the case 
of helium contaminated with neon. In general the slope 
of the neon distribution curve increases rapidly as the 
total gas pressure or the current is raised, indicating 
that the processes of gas purification and detection are 
greatly augmented by increases in these parameters. 
Experimental difficulties have limited us to pressures 
less than 30 mm of Hg and to currents less than 30 ma, 
but we believe that increases in pressure and current 
above these values will further enhance the effect. 
The previously mentioned theory accounts satisfactorily 
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Fic. 6. Neon-argon mixture. Cataphoresis as a 
function of current and pressure. 


for these effects on the basis of voltage gradients in the 
discharge and on the state of ionization of the minority 
gas. 

We have determined that the nature of cataphoresis 
is such that, in the cases investigated so far, the minor 
constituent is removed whatever its nature. Therefore, 
in a mixture of krypton with traces of argon, the argon 
will be pumped toward the cathode whereas in a mixture 
of argon with traces of krypton the krypton will be 
removed. Moreover, the pumping action of the dis- 
charge is not restricted to other rare gases but molecular 
impurities such as H, and N2 are removed a8 well. We 
have so far made no experiments where the major 
constituent was a molecular gas. 

Binary mixtures of other rare gases have also been 
studied with results similar to those of He—Ne mix- 
tures. Figures 6, 7, and 8 show the results of Ne—A, 
A—Kr, and Kr—Xe mixtures respectively, with the 
heavier gas in the minority in each case. It can be seen 
that the magnitude of the cataphoresis decreases as the 
mass of the atoms increases, indicating that the 
purification and detection processes become less efficient 
for these cases. Here several stages of purification by 
cataphoresis might be necessary before a satisfactory 
sample is obtained. We have accounted qualitatively 
for this lower efficiency of cataphoresis on the basis of 
mass ratios and ionization potentials. 

We believe the simplicity of the purification of rare 
gases by cataphoresis and its effectiveness to be such 
that it can be used in preference to all other methods 
when gases of very high purity are required. This 


applies particularly when the gases are to be used for 
electrical gas discharges. We have used the method 
extensively in our laboratory and it has given excellent 
results. With a rather crude vacuum technique and 
without extensive precautions, such as careful baking, 
a discharge can be obtained free from impurities and 
kept clean, although even with extremely careful work 
the discharge may liberate impurities which cannot be 
removed easily in any other way. 

The following example is perhaps typical and shows 
how cataphoresis can simplify the experimental 
procedure. In a problem on which F. T. Byrne worked 
in this laboratory, it was necessary to have a discharge 
in very pure helium. The vacuum system was quite 
complicated and showed a slow leak which defied 
discovery. This leak, which admitted only a fraction of 
a millimeter of air per day, made any kind of measure- 
ment impossible. An additional discharge tube of the 
kind shown in Fig. 1 was attached to the system so that 
the original discharge tube, and the rest of the system, 
took the place of the storage bulb B in Fig. 1. The 
discharge in the auxiliary tube was kept going contin- 
uously, and it appeared to pump all impurities out of 
the system. The nitrogen and oxygen of the air as well 
as other minor constituents were then eliminated by the 
activated uranium. The argon of the air accumulated 
near the cathode of the auxiliary tube, where soon a 
bluish glow developed which gradually spread over the 
rest of the tube. After about two months of continuous 
operation, there was danger that the accumulated 
argon might spread into the rest of the system and 
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contaminate the helium discharge. This necessitated 
pumping out the system and admitting fresh helium. 
It was thus possible to operate the helium discharge for 
two months without any noticeable impurities showing. 
Without the cataphoresis tube it would not have been 
possible to operate the ‘tube satisfactorily for even a 
single hour. 


4. SPECTROSCOPIC ANALYSIS OF RARE GASES 


The same procedure that can be used for the purifica- 
tion of rare gases was also utilized to increase many 
times the sensitivity of a spectroscopic analysis of a 
rare gas. Let us again take the case of helium contam- 
inated by traces of neon. The intensity of a neon line is 
a measure of the neon concentration. If this intensity 
falls below the noise level of the phototube (or below the 
continuous background if a photographic method is 
used) the limit of sensitivity is reached. We have seen 
that near the cathode the neon concentration can be 
increased many times by the cataphoretic action of the 
discharge, so that the neon which originally was 
spread over the whole volume is now concentrated 
in a small region. This obviously enhances greatly the 
sensitivity of the method. 

In order to obtain quantitative results, it is necessary 
to calibrate the procedure. This can be done if pure 
gases are available which then can be mixed in known 
proportions. The pure gases were obtained with the 
method described in the previous section. It was found 
that within a wide range the impurity concentration 
was proportional to the intensity of the impurity line 


as compared to a line of the parent gas. A direct — 


recording of the ratios with the arrangement of Fig. 2 
greatly simplifies the procedure and eliminates errors 
due to fluctuations in the light intensity of the discharge. 
The following results on neon in helium may be of 
interest. Commercially available helium even when 
labelled: “‘spectroscopically pure” had enough neon to 
make it unfit for work with pure helium discharges. 
On our request for information about the impurities, 
we received from one manufacturer the statement that 
mass spectrographic analysis had shown‘ that there 
could be no impurity present in amounts more than 50 
parts per million. Samples from other manufacturers 
showed no significant differences. Our analysis showed 
that neon was present in concentrations of 45 parts per 
million. With ordinary precautions we could detect 
about one part of neon in 200-million parts of helium. 
Greater sensitivity than this can undoubtedly be 
obtained by using a larger volume out of which to 
pump the impurities, by a more careful selection of the 
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most sensitive spectral lines, and by using improved 
optical equipment. 

From all that has been said it is evident that reliable 
results can only be obtained if the calibration is made 
under absolutely identical conditions as the measure- 
ments in the unknown sample. The pressure, the 
current, the geometry of the discharge tube, and the 
optical system must be kept strictly constant. As all 
these factors can be readily controlled, it is not very 
difficult to fulfill these conditions. It is furthermore 
important to make sure that impurities are not intro- 
duced into the discharge from the gas occluded in the 
electrodes through clean up during a previous use of 
the discharge tube. If small concentrations are involved, 
it is necessary to degas the electrodes carefully by induc- 
tion heating or some other technique. 

So far we have fewer quantitative data on the 
sensitivity with which other rare gas impurities can be 
discovered in this way. In general it is much easier to 
detect small amounts of a heavier constituent in a lighter 
gas than the reverse. This is due to the lower excitation 
and ionization potentials of the heavier gases. Fortu- 
nately traces of lighter rare gases rarely affect the dis- 
charge properties. 
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Recently developed ultra-high vacuum techniques, with which it is possible to achieve working pressures of 
10-” mm Hg or less, have made feasible the investigation of a number of physical processes occurring at very 
low pressures. The Bayard-Alpert ionization gauge has been calibrated over its useful range and some of the 
important limitations on the production and measurement of ultra-high vacuum have been determined. It 
has been shown that an ultimate limitation on the achievement of very low pressures in glass systems is 
caused by the diffusion of atmospheric helium through the walls of the system. A simplified omegatron has 
been developed for the measurement of the partial pressures of residual gases in a highly evacuated system. 





I. INTRODUCTION 


N recent years, numerous advances have been made 
in ultra-high vacuum technology.'* It is now 
possible to produce and measure working pressures of 
10-” mm Hg or less in manipulative systems without 
the use of refrigerants, special traps, or chemical 
getters. In some experiments, it has been possible?:® to 
achieve conditions in which the partial pressure of the 
adsorbable gases has been inferred to be less than 10-" 
or 10-“ mm Hg. Although the technology which has 
made it possible to achieve such low pressures is ex- 
tremely useful in many fields of research, it has proved 
to be uniquely suited to the study of phenomena 
occurring at very low pressures. 

In the course of an investigation in these laboratories 
of the]limitation of ion gauge readings due to x-ray 
effects, an actual limitation in the attainment of very 
low pressures was observed. In a number of experi- 
ments, it was found that no matter how carefully the 
system had been constructed or prepared, it was not 
possible to achieve total pressure indications below ap- 
proximately 4X10-" mm Hg.® This was true even 
though flash filament observations’ gave no indication 
of the presence of adsorbable gas even after weeks of 
operation. The present series of studies was under- 
taken to determine the possible limiting factors on the 
achievement of ultra-high vacuum. 


II. RESIDUAL GAS PRESSURE IN ULTRA-HIGH 
VACUUM SYSTEMS 


It has been shown® that a conventional ion gauge is 
limited in its ability to read very low pressures by the 


' For a discussion of the work of Nottingham, Anderson, and 

. Apker prior to 1949, see S. Dushman, Scientific Foundations o 
Vacuum Technique (John Wiley and Sons, Inc., New York, 1949 

‘Production of Extremely Low Pressures in,Sealed-off Devices,” 


p. 730. 

2D. Alpert, J. Appl. Phys., 24, 860-876 (1953), hereafter re- 
ferred to as (I). 

*R. T. Bayard and D. Alpert, Rev. Sci. Instr. 21, 571 (1950). 

4G. H. Metson, Brit. J. Appl. Phys. 2, 46 (1951). 

5 J. A. Becker and W. B. Nottingham have independently re- 
sen on their ultra-high vacuum studies at the Massachusetts 
nstitute of Technology Conference on Physical Electronics. 

* All pressure values as reported in this paper are equivalent 
nitrogen pressures unless otherwise noted. 

7L. Apker, Ind. Eng. Chem. 40, 846 (1948). 


existence of a residual current to the ion collector. This 
current, which is independent of the gas density, re- 
sults from x-rays formed when electrons from the 
filament strike the accelerating grid. The x-rays 
incident on the ion collector release photoelectrons 
which then travel to the grid, thus producing a current 
of the same sign as ions arriving at the collector. One 
can determine the portion which the x-ray effect 
contributes to the ion collector current by plotting a 
curve of this current (i,) as a function of the voltage, 
V,, applied to the grid. When the x-ray effect pre- 
dominates, the log i, vs log V, curve is empirically 
found to be a straight line of slope approximately 1.8. 
At higher pressures, when the ion current is large com- 
pared to the residual current the log 7, vs log V, curve 
is very similar to gas ionization probability curves, 
with a maximum between 100 v and 200 v. The 
Bayard-Alpert gauge significantly lowers the residual 
current by reducing the size of the ion collector so that 
the solid angle presented to x-rays is approximately 
1000 times lower than for conventional gauges. 

In a number of experiments designed to achieve the 
lowest possible pressure in a sealed-off system, the 
minimum ion collector current measured on the 
Bayard-Alpert gauges corresponded to an indicated 
pressure of about 1X10- mm Hg. Measurements of 
i, as a function of V, resulted in curves similar to that 
shown in Fig. 1. The solid curve passing through the 
experimental points represents the total current to the 
ion collector as a function of voltage, this current 
being the sum of the current due to x-rays and that 
due to gas ionization. The linear portion of the curve 
above 400 volts is ascribed to the dominance of the 
current due to x-rays, while the deviation from line- 
arity below this voltage is considered to be due to the 
gas ions. On the basis of previous analyses of such 
curves the observed curve is considered to be the 
superposition of the two dashed curves below; the 
straight line results from the x-ray effect, while the 
curve below represents the gas ionization. The methods 
used to achieve the very low pressures are described 
in (I). No matter how carefully the system had been 
prepared or checked for leaks, the lowest pressure 
reading which could be achieved by these means ex- 
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ceeded the x-ray limit by at least 3 to 4X 10-" mm Hg. 
Since the partial pressure of the adsorbable gases was 
felt to be orders of magnitude less than this, the 
the source of this residual pressure was to be sought 
elsewhere. 


Ill. LINEARITY OF THE IONIZATION GAUGE 


To eliminate the possibility that the magnitude of 
the residual pressure reading was in doubt because of 
calibration errors, it was important first of all to perform 
an experiment to verify the linearity of the gauge over 
its range of usefulness. While there has been no par- 
ticular question concerning the accuracy of ion gauge 
calibrations at very low pressures, they have never 
previously been checked for pressures below 10-* 
mm Hg. 

The vacuum system used in the experiment is shown 
in Fig. 2 and is typical of those described in (I). If at 
a time ‘=0, we expose one side of a constriction of 
conductance, S;, to a pressure, pa, of a given gas, the 
rate of rise of pressure in the volume, V,, is given by 
Knudsen’s laws of gas flow: 


dp,/dt=S\/Vipa if prX<pa (1) 
3 T T ' 





lon Collector Current (Amperes) 











=l2 n } i 
50 100 200 500 


Vg (Volts) 

Fic. 1. Ion collector current versus grid voltage. Solid curve 
passes through experimental points. Dashed line represents x-ray 
effect. Dashed curve represents gas ionization current. 
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Fic. 2. Line drawing and block diagram of ultra-high vacuum 
system for ionization gauge linearity experiment. 


so that 
pi=al+ pro, (2) 


where a=(S,/V1)pa and p:o=the residual pressure in V. 
A linear increase of the ion gauge reading with time 
constitutes a check on the linearity of the gauge. This 
method has, in fact, been used by Dushman and 
Found? to indicate the linearity of a gauge above 10~* 
mm Hg. If one were to try to extend this method down 
to 10- mm Hg, it would be necessary to adjust the 
conductance, S;, so that the rate of rise in V; would be 
sufficiently small (~5X 10-” mm Hg per minute) to give 
enough time to take meaningful readings between 10-” 
and 10-° mm Hg. With such a small rate of rise, how- 
ever, it would take about three years to cover the 
entire range of the gauge. Hence, a second valve® with 
conductance, S:2, and an ionization gauge were added 
as shown. The rate of rise of p2, the pressure in volume 
V2, is now given by 


a Pn (3) 
—=— pi=—(a . 
er htt tiie 


For t>1 second p:0at. The solution of (3) is then 
of the form 


p2= prot bf (4) 


where 20 is the residual pressure in volume V2 and 6 is 
a constant of proportionality. Thus the pressure in V2 
is expected to rise quadratically in time, and it is 
possible to take readings at very low pressures with a 


8S. Dushman and C. G. Found, Phys. Rev. 15, 7 (1921). 
®*The constrictions used were standard all-metal vacuum 
valves. D. Alpert, Rev. Sci. Instr. 22, 536 (1951). 
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Fic. 3. p2— pro versus f for argon. 


low rate of rise and still cover the entire range in a 
reasonable time. A plot of p2—p2 vs f should thus 
give a straight line if the gauge is linear. 

The experimental data are plotted on log-log scale 
in Fig. 3. The results are given for a calibrating run 
with argon, but similar curves have been obtained for 
helium. The electron current from filament to grid was 
10 ma. The break in the curve above 10-* mm Hg was 
found to coincide with the initiation of a visible glow 
discharge between the elements of the tube. Readings 
were taken by intermittently applying the operating 
voltages to the*gauge (a reading was taken in two to 
three seconds) Yand were automatically recorded on a 
Leeds and Northrup Speedomax instrument. The 
data obey the law of Eq. (4) for almost seven 
decades of pressure, indicating that the gauge is linear 
over this range. 


IV. VAPOR PRESSURE OF TUNGSTEN 


Having ascertained the linearity of the gauge, we 
proceeded to investigate various possible sources of 
the residual pressure. Among the questions asked 
were: What is the ion gauge reading due to the finite 
vapor pressure of tungsten at the filament operating 
temperature? On the basis of available data,” a 
computation shows that at this temperature (2300°K) 
approximately 5X10" atoms per second leave the 
filament in all directions. From this rate of evaporation" 
one can calculate the approximate number of tungsten 
‘atoms within the grid volume at a given instant. If 
information were then available on ionization prob- 
abilities for tungsten (this to our knowledge has never 
been measured) it would be possible to estimate the 
equivalent nitrogen pressure due to the tungsten atoms 
leaving the filament and flying through the grid volume 
on their way to the glass envelope. A calculation was 


A. L. Reimann, Phil. Mag. 27, 834 (1938). 
" This rate is so small that it takes several days to form a 
monolayer of tungsten on the surface of the glass envelope. 
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made on the assumption that the ionization probability 
for tungsten is comparable to that of mercury. The re- 
sulting estimated value for the residual ion gauge 
reading due to the finite vapor pressure of the tungsten 
filament was 10~-" mm Hg. 

The Bayard-Alpert gauge made possible a simple ex- 
periment to check this estimate. The “spare” filament 
in the gauge was set at a positive potential to prevent 
the emission of electrons, while its temperature was 
varied over a wide range. The regular filament was 
used in normal fashion to read the equivalent nitrogen 
pressure of tungsten atoms in the gauge as a function 
of this temperature. The entire ion gauge was immersed 
in liquid nitrogen during the run to eliminate effects 
due to heating of the glass envelope. 

The experimental points were taken for filament 
temperatures between 2600°K and 3300°K. Figure 4 
shows the data plotted in the manner usual for reaction 
rates, the logarithm of the pressure versus the re- 
ciprocal of the absolute temperature. As shown, the 
data fall on a straight line over three decades of pres- 
sure, so that it is quite reasonable to extrapolate down 
to the normal operating temperature of the filament. 
The extrapolated value at 2300°K is very close to the 
estimated value of 10-” mm Hg. To verify that the 
effect is due to the vaporization of tungsten rather than 
to extraneous heating effects, we note that the slope of 
the curve should be characteristic of the metal and is 
approximately equal to the heat of vaporization of 
tungsten. The value thus obtained for the slope is 
41 600° which agrees within 0.7 percent with the 
corresponding value obtained by Riemann.” 


=—T °K 

















3200 2800 2400 2000 
107? + 4 
-8 
yo ee 7 
> 4 
2 8 
= iO? LOG PsA-% 2 
WwW 
Cc ° 
= B=41,600 
oY -10 
o 10 “F a 
\ | 
a \ 
A io EL \ | =-READING DUE = 
nal \ | TO X-RAYS 
a unt \ 
ut ig 2h S| 
< NORMAL OPERATING |\, 
S TEMPERATURE 
oe i a 
S 10 13) * | 
\ 
| \ 
io 4 ) 1 1 ki i l 1 
28 3.2 36 40 aa 48 
10% 
T 


Fic. 4. Equivalent pressure due to tungsten vapor versus re- 
ciprocal temperature (curve through experimental points). Also 
plotted is the current due to x-rays which is proportional to the 
total electron current from the filament. 
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From the above discussion, an eventual low pressure 
limit of 10-" mm Hg is set by the operation of the 
filament at 2300°K. With the present gauge design 
this is small compared to the residual reading due to 
x-rays, as shown in Fig. 4. Since it is possible to reduce 
the x-ray effect by changes in gauge geometry, it may 
be desirable in future gauge designs to operate the 
filament at a lower temperature to reduce the reading 
due to tungsten ions. In this case the ultimate limitation 
on the low pressure reading may be determined by the 
value of the lowest ion collector current which it is 
possible to measure. 

Thus the ultra-high vacuum techniques have pro- 
vided a novel experimental approach to studies of 
vaporization or sublimation of metals of low vapor 
pressures. However, the discussion indicates that the 
finite vapor pressure of the ion gauge filament is not 
the source of the residual pressure reading in our 
vacuum systems. 


V. DIFFUSION OF HELIUM THROUGH GLASS 


Information concerning the possible source of the 
residual gas was first obtained from measurements of 
the rates of pressure rise in sealed-off vacuum systems. 
It was observed that there remains a residual rate of 
rise of pressure in a vacuum system isolated from all 
pumping action, no matter how carefully it has been 
prepared or checked for leaks. For a typical pressure- 
time curve as shown in Fig. 5, the value of dp/dt is 
2.88X 10-" mm Hg. The slope varies among different 
systems depending on their volume-to-surface ratio. 
The rate of rise has been measured and shown to be 
constant for over 75 days. Even when an appreciable 
pressure of gas had built up, no flash filament effect 
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Fic. 5. Rate of rise of pressure in a typical vacuum system. 
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Fic. 6. Pressure versus time. Sealed-off ionization gauge in sur- 
rounding vacuum. External system evacuated at time /=0. 


was observed. From these observations, it was in- 
ferred that an inert gas, probably a noble gas, comes 
from outside the enclosure, possibly diffusing through 
the glass itself. From available data on permeation 
rates the value of the measured rate of rise was shown 
to be consistent with the hypothesis that helium, 
present in the atmosphere to only a few parts in a 
million, was diffusing through the glass walls of the 
enclosure. 

To check this hypothesis, a simple experiment was 
proposed to check whether the gas came from outside 
the glass envelope and to determine, if possible, the 
mechanism involved. The experiment consisted of 
placing a carefully sealed-off ionization gauge (vol. 
230 cc, surface area 200 cm*) within a vessel which 
could itself be evacuated. The rate of rise in the gauge 
was initially measured in a normal atmosphere; then 
at a given time the surrounding vessel was evacuated. 
For an external gas source, the experiment should 
indicate a disappearance of the rate of rise. Figure 6 
shows the pressure in the sealed-off ionization gauge 
plotted as a function of time after the external vessel 
was initially evacuated. It is seen that the rate of rise 
did, indeed, disappear but that it took over 60 days to 
reach this state of equilibrium. The external origin of 
the gas was thus demonstrated. Furthermore, the rate 
at which equilibrium was established strongly indicated 
a diffusion process. Detailed consideration of the ex- 
periment showed that one could get not only the 
equilibrium permeation rate from the initial rate of 
rise in Fig. 6, but also from the remaining portion of 
the curve, values for the diffusion coefficient and 
solubility of the gas in glass. Analysis of the data re- 
sulted in values for these constants which we should 
have liked to compare with known values for helium 
in glass. The literature” indicated, however, that the 

2 F. J. Norton, J. Am. Ceram. Soc. 36, 90 (1953) ; T. F. Newkirk 


and F. V. Tooley, J. Am. Ceram. Soc. 32, 272 (1949); W. D. 
Urrey, J. Am. Chem. Soc. 54, 3887 (1932). 
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Fic. 7. Block diagram of helium diffusion experiment. 
Membrane area A, thickness d. 


diffusion coefficient, D, had never been directly meas- 
ured and that the solubility, S, had been measured 
only for one temperature (515°C). Most previous 
workers”:* have measured only the permeation rate, 
which corresponds to the product of D and S. 

A new experimental program was therefore proposed. 
It was felt that the new ultra-high vacuum techniques 
provided an effective means for studying the permeation 
rate, k, as well as the diffusion coefficient, D, and the 
solubility, S, for helium in glass. The ability to measure 
extremely small rates of pressure change made it 
feasible to measure gas flows at lower temperatures 
than were previously possible and to eliminate many 
of the sources of error. 

The detailed results of the experiments carried out 
will be published shortly"; however, for the purpose of 
completeness, certain of the results will be quoted 
here. 

The experiment was quite simple in principle. As 
shown in the block diagram of Fig. 7, the apparatus 
consisted of two independent vacuum systems sepa- 
rated by a Pyrex glass wall. The manifolds contained 
valves for isolating the systems from the pumps, as 
weil as a helium gas source and ionization gauges for 
measuring pressures. The entire apparatus was initially 
baked at high temperatures and evacuated to very low 
pressures (~10-* mm Hg). At time /=0, helium at 
pressure ~; was introduced into the volume on one 
side of the membrane; thereafter the pressure pr in 
the receiving volume Vz was periodically measured. 
A typical run at room temperature is shown in Fig. 8. 
As one would expect in a diffusion process, the curve 
‘starts upward from zero slope, the rate of rise of pres- 
sure gradually increasing until a steady state is 
achieved. It is seen that at room temperature equilib- 
rium has not quite been achieved even after 10* minutes. 
To evaluate the diffusion constants, it is necessary to 


3G. A. Williams and J. B. Ferguson, J. Am. Chem. Soc. 46, 635 
(1924). 

“4 Rogers, Buritz, and Alpert, ‘‘Diffusion coefficient, solubility, 
and permeability of helium in glass,” J. Appl. Phys. (to be 
published). 
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fit the experimental data to a suitable mathematical 
solution of the diffusion equation. 

. The current density J(d,t) of gas atoms passing 
through the membrane is given for the case of a plane 
membrane of uniform thickness d by the diffusion law, 


dn(x, t) 
I¢s)=—-D——_|_, (5) 


Ox rm=d 


where n(x,t) is obtained from the time-dependent 
solution of the diffusion equation 


dn/dt= Dd?n/dx (6) 


with the appropriate boundary conditions. 

An exact solution of the above equations is possible 
involving the summation of an infinite series of ex- 
ponential terms. It is given here without proof to 
illustrate the dependence of pressure on the various 
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Fic. 8. Receiver pressure versus time. First week. 


diffusion parameters. The pressure pz in the receiving 
volume is given as a function of time by the expression”® 





Adp, (6Dt 12 «(-—1)"" mr Dt 
pr= peewee $3 ex (- me — } 
6Ve, | rm =m? x & 


where A and d are the membrane area and thickness, 
respectively ; S is the solubility of helium in the glass; 
and D is the diffusion coefficient of helium in glass. 

In principle it is possible to obtain both D and S by 
a direct comparison of the experimentally observed 
curve with the above solution; in practice it is necessary 
to use more tractable mathematical solutions. For ex- 
ample, if one waits long enough (i.e., for ¢ sufficiently 
large) the exponential terms become negligible and one 
has the remaining linear expression describing the 
asymptotic equilibrium rate of pressure rise. This 
constitutes one way of carrying out the experiment. 


16 T, Holstein, “Solution of a Diffusion Problem,” Westinghouse 
Research Report R-94411-D. 
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However, Fig. 8 demonstrates that it would require 
several weeks to accumulate sufficient data for a single 
run at room temperature. As indicated in the detailed 
discussion," it was necessary to utilize other forms of 
the solution to make possible the evaluation of the 
diffusion constants over a large temperature range. 

From these experiments, values were obtained for 
the diffusion coefficient and solubility of helium in 
glass. The values at room temperature are listed in 
Table I. 

For the purpose of comparison, we also list the 
corresponding values for the “unknown” gas in the 
glass walls of the ion gauge, as similarly deduced from 
the data of Fig. 6. The solubility is calculated using 
the known partial pressure of helium in the atmos- 
phere. 

The agreement in the measured values of both the 
diffusion coefficient and the solubility gives strong 
confirmation of the hypothesis that the residual rate 
of rise is due to the diffusion of atmospheric helium 
into the vacuum systems in question. 


VI. MEASUREMENT OF PARTIAL RESIDUAL 
PRESSURES 


As a result of the helium-diffusion studies, it became 
clear that for certain researches requiring ultra-high 
vacuum, a new approach to the measurement of pres- 
sures was desirable. The ionization gauge gives a meas- 
ure of the total residual pressure in a system. In many 
experiments, it is more important to know the partial 
pressures of some of the residual gases rather than the 
total pressure due to all of them. For example, in 
many experiments involving clean surfaces, a small 
partial pressure of helium would not be expected to 
affect the results adversely. This is also true for some 
investigations in gaseous electronics. Hence a need was 
established for an ionization gauge, or rather, a mass 
spectrometer for the measurement of the partial pres- 
sures of the individual gas constituents. 

The instrument we have developed to serve this 
purpose is a simplified version of the “omegatron.’”* 
It is simple in structure and operation and is capable 
of high sensitivity and reasonable resolution. It can 
withstand bake-out at high temperatures and thus 
permits the attainment of very low pressures. 

The principle of operation of the omegatron, as 
shown schematically in Fig. 9, is similar to that of the 
cyclotron. A narrow cylindrical beam of ionizing 
electrons is formed parallel to the direction of a mag- 


TABLE I. Measured values of D and S. 








“Unknown gas” in walls 


Helium in Pyrex of sealed-off ion gauge 





"Cc y ig 27° 
D (cm?/sec) 7.74X10% 1xX10-8 
S(ccat STP/ccXatm) 1 X107 2x10 











© Sommer, Thomas, and Hipple, Phys. Rev. 82, 697 (1951). 
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Fic. 9. Schematic diagram of simplified omegatron. 


netic field. Ions formed along the beam are accelerated 
by the alternating potential between two flat rf plates 
which correspond to the dees of a cyclotron. When 
the value of the impressed r f frequency is equal to the 
cyclotron frequency w=eH/M, the ions of mass M 
and charge e are accelerated in orbits of increasing 
size and eventually strike an ion collector. The ion 
collector current is a measure of the abundance of the 
gas of this charge to mass ratio. For a magnetic field 
of 2100 gauss, as used in some of these experiments, 
the calculated cyclotron frequency is 3.2 megacycles 
for mass 1 and 32 kilocycles for mass 100. 

A drawing of the simplified omegatron is shown in 
Fig. 10. The rf plates and the surrounding shield box 
are fabricated in the form of a cube from 0.015-inch 
Advance (copper-nickel alloy) sheet. The electrons 
are accelerated through holes 7-inch in diameter in 
opposite walls. The ion collector, also fabricated from 
0.015 Advance material, projects through a slit ;- 
inch wide a distance of approximately 7,-inch into the 
accelerating volume. The conducting lead from the 
ion collector is brought out through an Inconel co- 
axial shielding cylinder. As shown, an external shield- 
ing cylinder completes the connection to the electrom- 
eter which measures the ion current. 

In practice, omegatrons have been made in two 
sizes, one with a shielding box in the shape of a 2-cm 
cube, the other a 1-cm cube. The data presented here 
were taken with the larger instrument. The impressed 
rf voltage (of the order of one volt in amplitude) was 
supplied by a Hewlett-Packard Model 650A test 
oscillator, whereas the ion current was measured with a 
vibrating-reed electrometer. Depending somewhat on 
the operating conditions, it was sometimes desirable 
to apply a small negative “trapping voltage’"® of a 
volt or less between the rf plates and shielding box. 

The operational characteristics of the omegatron 
were investigated by attaching one of the instruments 
to an ultra-high vacuum system. Since it was desired 
to observe a number of peaks, the system was de- 
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Fic. 10. View of simplified omegatron. 


liberately not too well evacuated, but the manifold 
was isolated from the diffusion pumps to make it 
possible to measure rates of rise of the various gases. 
A typical curve of ion collector current as a function 
of impressed rf frequency is shown in Fig. 11. In this 
experiment, the total pressure in the system as read on 
an ionization gauge was 10-7 mm Hg. The ionizing 
electron current through the omegatron was 4 micro- 
amps, while the accelerating voltage was 90 volts and 
the applied rf voltage approximately 2 volts. The 
magnetic field, supplied by a permanent Alnico magnet, 
was 2100 gauss. It is seen that in a general way the 
predicted frequencies for the various e/M ratios were 
experimentally verified. Since the ion accelerating 
region within the omegatron does not provide simple 
field configurations, it is not surprising that there is 
some discrepancy between the observed and the calcu- 
lated frequency for a given mass. There is a systematic 
deviation from a linear relation between mass number 
and frequency which cannot be attributed to the lack 
of accuracy in the knowledge of the magnetic field. 
On the other hand, the instrument is quite capable of 
adequate resolution for mass numbers up to at least 
mass 40. By alternately introducing helium and 
nitrogen into the system, the resonant frequencies 


BURITZ 


corresponding to masses 4, 14, and 28 were identified 
positively. 

It is interesting to observe that the sensitivity of 
the omegatron is comparable to that of a conventional 
ionization gauge. In Fig. 11 the helium peak alone is 
approximately 2.5X10-" ampere for an electron 
current of 4 microamperes at an ion gauge pressure of 
10-7 mm Hg. A simple calculation gives a value for the 
sensitivity of approximately 10(mm Hg) as usually 
defined? for ion gauges. This is almost the same as the 
value for the sensitivity of the Bayard-Alpert gauge. 
Since the average distance traversed by an electron is 
comparable in the two instruments, it follows that a 
large fraction of the ions formed in the omegatron 
must arrive at the ion collector. 

The omegatron provides a unique tool for investi- 
gating the source of the residual rate of rise in sealed- 
off vacuum systems by measuring the variation in 
height of the observable peaks in a completely isolated 
system. Figure 12 shows data for peak height as a 
function of time for such a system. The linear increase 
of the mass 4 peak with time is conclusive evidence 
that the residual rise in pressure is largely due to 
helium. The other mass peaks, principally mass 28, 
show no observable variation of peak height with time. 

If the mass 4 peak height is measured as a function 
of the total pressure as read on an ionization gauge, 
one has a further check on the linearity of the omega- 
tron. Figure 13 shows a plot of such measurements 
taken over a pressure range from 10~* to 10-7 mm Hg. 


‘ The corresponding values of the ion current from the 


omegatron fell between 2X10-" amp and 2X10™™ 
amp for an electron current of 20 microamperes. It 
will be noted that the intercept of this curve on the 
pressure axis should give the partial pressure con- 
tributed by non-helium gases in the system. While it 
is somewhat difficult to establish the intercept ac- 
curately, it was demonstrated to be small compared to 
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Fic. 11. Ion collector current versus impressed rf frequency. 
The mass scale above has been adjusted to coincide at the fre- 
quency of the mass 4 peak. 
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the total residual pressure in the system which in this 
case was approximately 10-° mm Hg. Thus we havea 
final confirmation of the nature of the gas diffusing 
into a sealed vacuum system. 


VII. QUANTITATIVE MEASUREMENT OF LOWEST 
ACHIEVABLE PRESSURE 


It has been indicated that the lowest attainable 
equivalent nitrogen pressure was approximately 
4X10-" mm Hg. This was achieved by the methods 
described in (I) with the vacuum system sealed from 
the pumps and maintained at the above pressure by 
the continuous pumping action of the ionization gauge. 
It has also been shown that the residual gas is most 
probably helium, which diffuses into the system at a 
known rate. The question which remains is: Is the 
quantitative value of the minimum pressure con- 
sistent with the values for the rate of influx of gas 
together with the pumping speed of the gauge? 

In (I) it was shown that the pumping action of an 
ion gauge for noble gases resulted from ion removal. 
For this mechanism, the rate of change of pressure, p, 
in a sealed-off system of volume V is given by 


dp/di= —(S/V)(p— pu), (7) 


where S is the pumping speed for this mechanism, and 
pu. is the helium pressure at which the gauge ceases 
pumping. If we assume for the moment that this 
ultimate pressure is small compared to the pressures 
which have been achieved, we may set p.=0. 

If there is a constant rate of influx of gas diffusing 
into the system, the above expression becomes 


dp/dt=—(S/V)p+C (8) 


where C is equal to the rate of pressure rise in the 
system in the absence of any pumping action. The 
solution of (8) is 


p=Crt+(po—Crje"!* (9) 


where r= V/S. 
Equation (9) describes the pressure as a function of 
time under the combined action of ion pumping and 
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Fic. 12. Peak heights versus time, sealed-off system. 
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Fic. 13. Mass-4 peak height versus equivalent nitrogen 
pressure (mm Hg) as read on ionization gauge. 


a constant influx of gas. The equilibrium value for 
large ¢ is given by pe=Cr. 

It was shown in (I) that the value of 7 is expected to 
be of the order of one minute. Experimental measure- 
ments lie between 1 and 3 minutes. From Fig. 5, C is 
approximately equal to 3X10-" mm Hg per minute, 
so that the product Cr is approximately 3 to 9X10—" mm 
Hg. The measured equilibrium pressure of about 4X10-" 
mm Hg is thus generally consistent with the values for 
the permeation of helium through glass and the pump- 
ing speed of an ionization gauge for helium. 


VIII. CONCLUSIONS 


To summarize the investigations which have been 
described, it has been possible to establish the linearity 
of an ionization gauge over most of its useful range 
(SX10-" to 10-* mm Hg). The effect of the finite 
vapor pressure of the tungsten filament has been 
measured by an experimental method which may be 
generally useful for the measurement of the vapor 
pressure and heat of vaporization of such materials. 
A new approach has been proposed for the experimental 
investigation of the diffusion of gases through solids. 
As a result, the permeation rate, diffusion coefficient, 
and solubility of helium in Pyrex glass have been 
measured. The predominant source of residual gas in a 
highly evacuated system has been shown to be atmos- 
pheric helium. A new instrument has been developed for 
measuring the partial pressures of the residual gases in 
a vacuum system. 


ACKNOWLEDGMENT 


We wish to thank our many colleagues for their 
help and advice in these investigations. In particular, 
we wish to acknowledge the help of C. G. Matland, 
W. A. Rogers, and P. R. Malmberg in the studies of 
diffusion through glass and D. J. Grove and J. H. 
Carmichael for their important contributions in the 
design and operation of the omegatron. 








JOURNAL OF APPLIED PHYSICS 


VOLUME 25, NUMBER 2 


FEBRUARY, 1954 


Fast Time Analysis of Intermittent Point-to-Plane Corona in Air 
I. The Positive Point Burst Pulse Corona* 


M. R. AMIN 
Department of Physics, University of California, Berkeley, California 
(Received July 8, 1953) 


Techniques for fast oscilloscopic analysis of intermittent point-to-plane coronas in air are described. Such 
analysis shows the positive point burst pulse corona to consist of an initial pulse followed by secondary 
pulses at varying time intervals. The duration of both pulses is less than 10~? second, the initial pulses having 
from 1 to 2X10" ions and the secondaries from 1 to 5X 10* ions depending on the voltage. Time intervals be- 
tween pulses range from the clearing time of ions across the gap (milliseconds) to random intervals as short 
as 2 microseconds for secondary pulses well above threshold. Thus, in analogy to Geiger counter terminology 
dead times run from 2 microseconds up, and clearing times are in the order of milliseconds corresponding to 
local clearing of space charge near the point for secondaries, and removal of massive space charge from the 
low field region of the gap. A complete sequence of events from threshold to steady corona is analyzed, and 
indicates the predominance of self-counting through negative ion formation in air. 





INTRODUCTION 


HE intermittent discharges in point-to-plane 
geometry have been the subject of study in this 
laboratory for the past fifteen years under the direction 
of L. B. Loeb. The pioneering work was done by 
Trichel':? and Kip.*:* Since then much more under- 
standing of these processes has been made. In recent 
years, the work of English®: * and the systematic studies 
of Bandel’ have produced adequate data for the current- 
voltage characteristics and various onset values. How- 
ever, the data on dynamic behavior of these discharges, 
due to inadequate instruments of the past, have been 
quite meager. In fact, except for the one micro-oscillo- 
gram of English® for the positive pre-onset streamer and 
the negative Trichel pulse, no other data suitable for a 
time scale analysis were available. 

In this work a time study of these processes was made 
by using a photomultiplier and correlating the result- 
ant signals with the electrically induced pulses, ob- 
tained from a resistor in series with the plane. Three 
general investigations were carried out: 


1. A study of the details of the pre-onset positive 
point burst pulse corona. 

2. A study of pre-onset positive point corona 
streamers. 

3. A study of Trichel pulses from negative points. 
Each of these will be discussed separately in Parts I, 
II, and III of this article. 


APPARATUS AND TECHNIQUES 


The power supply used in this work was built in this 
laboratory on the basis of a stabilized circuit proposed 


* This work was supported for one year on funds from the U. S. 
Office of Naval Research and for a second year under a fellowship 
from the Research Corporation of America. 

1G. W. Trichel, Phys. Rev. 54, 1078 (1938). 

2G. W. Trichel, Phys. Rev. 55, 382 (1938). 

% A. F. Kip, Phys. Rev. 54, 139, (1938). 
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*W. N. English, Phys. Rev. 74, 170 (1948). 
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by Yarmotz and Pepinsky.® The dc output voltage of 
this instrument varied smoothly from zero up to 16 kv. 
The voltage could be measured to within +20 volts. 
The maximum current output of the power supply was 
10 ma. Positive and negative potentials were available 
from the power supply. 

Two types of photomultiplier tubes were available: 
RCA types 1P21 and 1P28. The former was generally 
used because of its low dark current and noise level. The 
power supply for the photomultiplier was a series tube 
regulated type. Its voltage could be smoothly varied 
from —500 volts to — 1500 volts. 

The photomultiplier was placed in a housing unit and 
was mounted on a support which could be moved both 
vertically and horizontally. A lens system focused the 
region of gap under study on a rectangular slit placed 
in front and very close to the photomultiplier. Thus, by 
varying the width or the height of the slit, it was possible 
to study any portion of the gap desired. The slit could 
be made so small that a 0.5-mmX0.5-mm section of the 
gap was easily focused on the photocell. 

The signal from the photomultiplier was sent through 
a terminated 200-ohm coaxial cable either directly or 
through a preamplifier to a synchroscope. Care was 
taken to match all the cables so that the study of very 
short pulses (of the order of 10~* second) was possible. 

A bell jar which could be sealed to a glass plate served 
as the chamber. The inside of the jar was screened with 
fine mesh wire to avoid charging of the glass. A protec- 
tive screen was used outside the glass. Both screens were 
grounded. 

The plane electrode was made of brass.and had a 
radius of 7 cm. This limited the work to the relatively 
short gaps where the ratio of the radius to the gap 
distance was more than unity. Various sizes of hemi- 
spherical platinum points were used with the exception 
of a 2.5-mm diameter point which was brass. 

A screen electrode with auxiliary field was used to 
screen the plane from inductive pulses, and in a manner 


*R. Pepinsky and P. Yarmotz, Rev. Sci. Instr. 19, 247 (1948). 
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similar to that of Kip,‘ this was used for measuring the 
number of ions produced as well as the time of ion 
crossing. The dc voltage for the screen was provided by 
a bank of batteries and a potential divider which gave 
smooth variation. 

The plane electrode was connected to ground through 
a series resistor which could be varied by factors of ten 
in steps from 100 ohms to 10® ohms. A coaxial cable 
carried the signal either through the preamplifier or 
directly to the synchroscope. The cable was terminated 
by its characteristic impedance for the study of fast 
pulses. 

The electrically induced and the photomultiplier 
signals could be studied either separately or with one 
triggering the sweep of the synchroscope, while the 
other appeared on the screen. It was also possible to 
superimpose the two signals and study their time 
relation. 

By means of a switch, a micro-ammeter could be set 
in series with the plane for measuring the current. 
Figure 1 shows a block diagram of the system. 

In the early part of the work, i.e., for the study of 
burst pulses, the type 511D Tektronix sychroscope and 
type 121 Tektronix preamplifiers (rise time 0.06 micro- 
second) were used. However, for the study of faster 
pulses, a type 513D Tektronix (rise time 0.02 micro- 
second) became available. By direct application of 
pulses to the deflection plates of the cathode-ray tube, 
it was possible to resolve pulses with time intervals of 


. the order of 10-8 second. 


I. POSITIVE PRE-ONSET BURST PULSES 


In the early days of corona studies, the burst pulses 
were first observed and named by Trichel? and in 
subsequent years were investigated by other workers in 
the field. As observed through a resistor, in series with 
the plane electrode (with increasing voltage), these 
pulses were the first type of disruptive discharge to 
appear before the onset of steady corona was reached 
in the positive point to plane geometry. They had a 
duration of a few milliseconds, and with the increasing 
voltage, they increased both in amplitude and duration. 
As observed on the oscilloscopes of the time, these pulses 
were not smooth, and the trace appeared with a number 
of ripples on top of it. Thus, due to the absence of fast 
synchroscopes and amplifiers, the detailed structure 
and, therefore, the mechanism of these pulses were not 
exactly known. However, it should be mentioned that 
the long duration of these pulses as compared with the 
short duration of streamers (10~* second), together with 
the visual observation, helped to interpret these pulses 
as spreading laterally over the point in contrast to the 
streamers which propagate in the direction of axis 
toward the plane. It was furthermore indicated by 
L. B. Loeb, in interpreting Trichel’s observations, that 
these pulses were analogous to the Geiger counter 
pulses observed in coaxial geometry at the lower 
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Fic. 1. Block diagram of the apparatus. 


pressures. It was then believed by Loeb that they 
propagated over the point by photo-ionization in the gas 
and that they choked themselves off by space charge 
production as was later assumed also for fast Geiger 
counters. 

The results presented here confirm the above belief 
and explain the long time duration of burst as well as 
their change with voltage and other variables. All the 
studies were made in room air at atmospheric pressure. 
Various sized points and gap distances were used; 
however, only a few representative oscillograms will be 
given here, and the results will be summarized in two 
tables. 


1. The Electrically Induced Pulses 


In order to compare these results with those of the 
other investigators, ® R (the series resistor) was set 
equal to 10° ohms. Then for a 1-mm point 4-cm gap in 
the presence of a source of ionizing y radiation from 
thorionite ore, the following observations were made. 

With the increase of voltage no discharges were ob- 
served until 7.3 kv was reached. At this point a single 
pulse of short duration (RC was made small for this 
observation), i.e., of the order of 10~* second, appeared. 
At this threshold the first pulse was followed by pulses 
of the same nature, spaced at random a few milliseconds 
apart. As the voltage was increased to 7.32 kv, the initial 
pulse was followed by a secondary pulse of shorter dura- 
tion and smaller height some 10 microseconds later. 
With further increase of the voltage the number of these 
secondary pulses increased, and the time interval be- 
tween them became shorter. In all cases the sequence 
began with a large pulse followed by a number of 
secondary pulses. The amplitudes of both the initial 
pulse and the secondary pulses were also increased with 
increasing voltage. The time interval between the 


a 








212 M. R. 


Rel. 


gain volts 


2.0 = PERIOD 


2.0 


7380 


1.0 7420 





Fic. 2. The electrically induced signals of burst pulses. 2.0-mm 
diameter point. 4-cm gap. R=10® ohms. RC=10~ sec. Sweep 
rate 100 usec/scale division. 


secondary pulses was random; however, a tendency for 
the intervals between secondary pulses to become short- 
er with increasing voltage was observed. Just before the 
onset of streamers (7.7 kv) the secondary pulses 
followed each other as closely as two microseconds 
apart, and on the average they were spaced 4 to 5 
microseconds apart. The number of secondary pulses in 
a burst, therefore, varied from one up to a hundred or 
more, depending on the voltage. When a long RC time 
constant was used the initial pulse, plus the secondary 
pulses, gave the impression of a long single pulse with 
ripples on the top as observed by previous investi- 
gators.*: ® 7 This is illustrated in Figs. 2 and 3 and holds 
true for all the various cases studied. These pulses could 
be clearly resolved by decreasing RC. The primary and 
secondary pulses could be observed visually. However, 
their random nature prevented photographs being made. 
Thus the drawings shown in Fig. 4A, B, C, and D 
represent the visual sequence of the pulses above thresh- 
old. The interval between secondary pulses may be 
identified with Stever’s'® Geiger counter dead time. It 
should be added that since pulse duration was 10~7 sec 
the dead time > 2uysec is nearly the same as the shortest 
time between pulses. 

The effect of the radioactive source was prominent 
throughout the burst pulse region and especially at the 
threshold. In its absence the threshold was not at a 
definite value of voltage, and thus depended upon some 
accidental triggering. In the presence of the source the 
onset was definite within +20 volts in 7300 volts and 
always consisted of primary pulses some milliseconds or 
more apart. 

At 7.7 kv where the streamers appeared, the burst 
pulses were by no means absent. As observed by Kip* 
and others, a streamer was generally followed by a burst 
pulse. However, in this case the initial large pulse was 


 H. G. Stever, Phys. Rev. 61, 38 (1942). 
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absent in the burst pulse sequence, and the burst pulse 
consisted of many small pulses following the streamer. 
With increasing voltage the streamers appeared more 
frequently, the duration of burst pulses increased, and 
finally, at 7.9 kv, the steady corona was achieved, 
shortly after pulse length became longer than the inter- 
val between pulses. 

In order to measure the number of positive ions in the 
pulses, the time of crossing of positive ions from the 
pulses, and the clearing time (defined as the shortest 
time between two consecutive burst pulses), a screen 
with variable voltage source was set up similar to the 
one Kip used for the same purpose in the case of stream- 
ers. By partially uncovering the plane electrode, an 
inductive kick at the beginning of the trace was regis- 
tered. This was followed by the collection of positive 
ions some time later, depending upon the crossing time 
of the ions to the plane. Knowing the sensitivity of the 
instruments and correcting for the number of ions 
removed by the screen, the total number of ions in the 
burst pulse was calculated. The screen was generally 
placed very close to the plane (2 to 4 mm). The auxili- 
ary field was high so that to a good approximation, the 
time corresponding to the peak of ion current repre- 
sented the time of crossing. Then the screen was com- 
pletely removed, and these pulses were observed on a 
rather long time sweep. The first inductive kick was 
followed by the smoothly decreasing current pulse, 
which dropped rather sharply to zero after some few 
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Fic. 3. The electrically induced signals of burst pulses. 2.0-mm 
diameter point. 4-cm gap. R= 10° ohms. RC = 10~ sec. Sweep rate 
500 ysec/scale division. 
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milliseconds. Comparing the pulse without screen with 
that where the screen was present, it was found that the 
prolonged current was absent in the latter. This in- 
dicated that the long tail of the inductive pulse was due 
to the motion of positive ions across the gap in the low 
field region. Figures 3 and 5 illustrate this phenomenon 
rather nicely. The break in the long tail and the peak 
of ion current when the screen was present coincide 
(Fig. 5). The broadening of the break in the long tail 
was a diffusive effect due to a rather long time of forma- 
tion of the burst pulse and nonuniformity of the field in 
the region of formation. The lowest trace on Fig. 5 was 
taken on a still longer time scale. Here the hump at the 
base of the sharp peak is the ion movement. The pulses 
at the extreme right indicate that the clearing time was 
somewhat shorter than the crossing time. In other 
words, the new burst pulse started when the space 
charge had crossed, say, only 80 percent of the gap. The 
number of ions measured by using the screen was the 
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Fic. 4. Schematic representation of burst pulses as resolved 
and observed on the fast sweep rate of the oscilloscope. A at 
threshold; B, C, and D at various stages of the counting region. 


total number of ions in the whole burst pulse (i.e., 
initial pulse and secondaries) and therefore subject to a 
large variation, depending on which part of the range 
of the burst pulse was under study. 

A crude but useful way of checking the result would 
have been to estimate the number of ions in the indivi- 
dual initial and secondary pulses and then add these up 
to get the total number of ions. Since these pulses were 
very short (as will be shown later) and highly irregular, 
no direct way of measuring the number of ions was 
available. The pulse amplitudes were compared with 
those of streamer pulses which were of equally short 
duration, and the number of ions in which could be 
directly measured by the screen method. This compari- 
son showed that the number of ions in the initial pulse 
varied from 0.01 to 0.02 of the streamer pulse, and that 
the secondary pulses had from 0.001 to 0.005 the number 
of ions in the streamers created under the same geo- 
metry. Thus, for the 1-mm point and 4-cm gap, the 





Fic. 5. The electrically induced signals of burst pulses. 2.5-mm 
diameter point. 4-cm gap. R= 10® ohms. Upper: Using screen at a 
distance of 4 mm from the plane and at 200 volts. Sweep rate 
1000 usec/scale division. Middle: No screen. Sweep rate 1000 usec/ 
=, division. Lower: No screen. Sweep rate 5000 yusec/scale 

ivision. 


number of ions in the initial pulse varied from 10’ to 
2X 10’ ions and in the secondary pulses varied from 10° 
up to 5X10® ions. When there were, say, one hundred 
secondary pulses in the burst pulse with average time 
intervals of five microseconds, a burst pulse of 500 micro- 
seconds duration gave some 5X 108 ions. On the other 
hand, if there were only 10 secondary pulses the number 
of ions was 2X 10’. 

This crude way of calculating the number of ions is in 
agreement with the method of direct measurement by 
means of the screen. Since the pulses were highly 
irregular no exact or suitable data of the number of 
ions versus voltage or point size were obtained, and the 
above figures merely indicate an estimate. 

If we reduce R to 100 ohms (RC~10- second) it is 
possible to study the initial pulse on the 0.1 micro- 
second/scale division sweep rate. This is shown to- 
gether with the photon pulse observed by the photo- 
multiplier in Fig. 6. The two will be compared and 
discussed later. 


2. Pulses Observed by the Photomultiplier 


Figure 6 shows the initial pulse of the burst pulse as 
observed by the photomultiplier. This is of some 
1.2X10-7 second duration, which is the limit of the 
Tektronix type 511D and the pre-amplifier type 121. 
This indicates that the luminous phenomena associated 
with the initial pulse of the burst lasts less than 10-7 
second. If we assume that excitation and emission of 
light parallel ionization, this duration indicates that 
ionization reaches its maximum and is choked off by 
local space charge in less than 10~7 second. Figure 6 
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Fic. 6. The initial pulse of the burst pulse. 2.5 mm diameter 
point. 4-cm gap. R= 100 ohms. RC= 10~* sec. Sweep rate 0.1 usec/ 
scale division. Upper: Photon pulse. Lower: Electrically induced 
pulse. 


consists of superposition of many traces, thus indicating 
the reproducibility of the initial pulse. 

Next, it was desirable to observe the secondary pulses 
and the whole burst pulse in order to confirm the picture 
obtained by electrical means and presented earlier. 
Since observation and photography of such short pulses 
on the long sweep time of the synchroscope was very 
difficult, the signal resistor of the photomultiplier was 
raised to 10° ohms. This increased the RC time constant 
of the circuit from 10~* second to 10~ second. Therefore, 
the pulses reached their maximum very rapidly but 
decayed according to the time constant of the circuit. 
The results obtained in this manner are illustrated in 
Fig. 7. It is seen that in principle photon and electrical 
observations Fig. 7 and 2 do not differ seriously. 

At 7300 volts in Fig. 7 only a single primary pulse is 
seen. The other disturbances are “noise.”’ At 7350 volts 
one single burst pulse is seen. The primary pulse cannot 
be distinguished but secondary pulses of variable 
intensity are clearly seen. At 7450 volts light from the 
primary and secondaries in the first burst pulse can be 
seen followed by a second burst pulse with primary 
pulse observed. It is to be noted that the electrical 
signals have a longer decay time than the photon 
signals, although the RC time constants for both cases 
were the same. This difference is due to the fact that 
the resistor in series with the plane electrode recorded 
the motion of positive ions in addition to the separation 
of charges, whereas the photomultiplier could not detect 
the motion of ions and merely recorded the time of 
active discharge. 

- After making the above comparison, it was desirable 
to observe the extent of the region of luminosity. This 
was done by applying a slit system to the photo- 
multiplier. In this way observations could be confined to 
regions as close to the point surface as 1 mm. In fact, 
the point luminosity and the radius of curvature of 0.5 
mm for the point prevented any closer study. It was 
observed that the luminosity was confined to within 1 
mm of the surface. Visual observation confirmed this 
fact, since no extension of luminosity into the gap was 
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noticed. In theory the fields for intensive ionization 
lie within 0.2 mm from the point. It is unfortunate that 
the photomultiplier observations were limited to 1 mm 
so that theory could not be confirmed. 


3. Summary of Results 


In Table I the voltage at the onset of burst pulses and 
streamers are tabulated for standard geometry, where 
the ratio of gap length to point diameter was kept equal 
to 80. For reference and comparison the values of 
Bandel’ are quoted. It is seen that with this sensitive 
method of detection the threshold appears lower than 
previously observed. Room air at atmospheric pressure 
was used. , 

The data in Table II were taken for various sized 
points with 4-cm gap in room air at atmospheric pres- 
sure. The following notations are used in this table: 


Range of burst pulses—this indicates the voltage 
range from the onset of burst pulses up to the 
onset of streamers. 

Counter region—This indicates the voltage range from 
the onset of burst pulse up to the onset of steady 
corona. 

Burst pulse duration—this is the total time taken for 
the spread and burning of the initial and secondary 
pulses in a burst pulse before extinction by space 
charge. 

Time of crossing—this is the time taken for the posi- 
tive ions to cross the gap. 

Clearing time—this is the time taken for the space 
charge to move to a distance so that another burst 
pulse can start. 


The times indicated above correspond to the notation 
introduced by Stever" for the geiger counters, using 
coaxial cylindrical geometry and lower pressures. He 
was able to measure the rise time, the combined time of 


volts 


7300 


7550 





Fic. 7. The photon pulses of burst pulses. 1.0-mm diameter 
point. 4-cm gap. RC=10~ sec. Sweep rate 1000 usec/scale division 
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spread and burning, and the dead and clearing times of 
individual pulses. For a small point, it was not possible 
to resolve the rise time, the time of spread, and the 
burning time with the present equipment. However, the 
dead time, defined as the time between two successive 
individual pulses of a burst pulse, as well as the clearing 
time, could be measured. The dead time was a variable 
quantity and very irregular; however, near the onset of 
streamers it could become as short as 2 microseconds. 
It should be mentioned that the times given here are 
the most probable ones, and due to the random occur- 
rence of these pulses, shorter and longer burst pulse 
durations have been observed at a given voltage. 


4. Interpretation of the Data 


From the above results and the illustrative oscillo- 
grams, the mechanism of burst pulses is clarified in the 
following manner. As soon as the field conditions are 
proper, an electron appearing in the gap, forms an 
avalanche according to the exp(fadx) law. Associated 
with the avalanche formation there is excitation as well 
as ionization. The mixed gas called air, being a good 
photoabsorbent of its own photons, and being ionized 
by its own photons, helps the initial pulse to spread 
over the point by photoionization in the gas in less than 
10~* second. To confirm this picture, reference is made 
to Fig. 6. The photon pulse indicates only the short time 
of ionization and spread, whereas the electrical pulse 
shows the short time of ionization and spread followed 
by the motion of positive ions in the high field region 
after the ionization had ceased. Once the initial pulse 
has spread over the point, it is choked off by its own 
space charge. Owing to the nonuniformity of the field 
over the point, a region of the point is partially cleared 
before the whole point is cleared, and a second pulse, 
triggered by the shower of photons, is permitted to 
form and spread. Because of the presence of the space 
charge of the initial pulse, the second pulse is not per- 
mitted to spread very far and, being quickly quenched, 
has a smaller amplitude. This process is repeated until 
enough space charge is accumulated in the relatively 
lower field regions of the gap to choke the whole burst. 
No other pulse can take place until this space charge is 
cleared. When the space charge has moved far enough 
across the gap to the cathode, another burst consisting of 
a primary with its group of secondaries is permitted 
to take place. Thus, depending upon the field conditions, 
there may be one, two, or hundreds of pulses in a burst. 
This phenomenon is similar, but with differences, in its 
action to that of the self-quenching Geiger counters, 
since it involves dead and clearing times. 








TABLE I. 
Point diameter in mm 0.25 05 1.0 
Bandel’s values of onset of burst pulsein KV 3.49 5.06 7.67 
Amin’s values of onset of burst pulsein KV 3.45 5.00 7.50 
Bandel’s value of onset of streamers in KV -++ 5.26 7.98 
Amin’s value of onset of streamers in KV 3.55 5.26 7.90 








TABLE II. 








Point in diam 0.50 1.00 2.00 2.50 
in mm 

Range of burst 5.00-5.26 7.30-7.70 11.15-11.73 12.85-13.60 
pulse in KV 

Range as per- 5.20 5.48 §.21 5.84 
centage of 
onset of burst 
pulse voltage 

Geiger counter 
region in KV 

Burst _ pulse 
duration at 
the end of 
the range in 
msec 

Time of cross- 9.5 4.5 2.2 1.5 
ing at the end 
of the range 
in msec 

Minimum clear- 6.0 y 15 1.0 
ing time in 
msec 


5.00-5.28 7.30-7.90 11.15-11.87 
0.4-0.5 0.5-0.7 0.8-1.0 


12.85-13.90 
1,0-1.2 








At this point it is essential to point out that choking 
action by space charge in strongly asymmetrical gaps 
involves two mechanisms: (1) a quick, short-lived 
quenching with rapid clearing caused by accumulation 
near the point; and (2) a slow quenching with long 
clearing time caused by mass accumulation of space 
charge in the lower field regions of the gap. 

In the study of Geiger counters and the analysis of 
counting plateau, the study has been generally made in 
connection with a recording circuit, responding to a 
certain pulse amplitude. Thus, a study of what happens 
as potential on a self-quenching corona counter is 
raised, has never been delineated in terms of physical 
phenomena occurring. While the geometry of point-to- 
plane gap is not adapted to accurate counting, the time 
scale analysis with increasing potential made here 
provides a clear physical picture of the mechanism of 
corona counters. 

With a positive point and negative plane electrons 
created by 7 rays from the thorionite ore are driven to 
the point. When the potential reaches the value setting 
the threshold for the burst pulse propagation, as given 
by Loeb," single pulses of the order of 10’ ions occur at 
time intervals of several milliseconds. These pulses are 
such that the space charge created near the point by the 
10’ ions (produced in less than 10~’ second) is able to 
quench the discharge, and the discharge threshold is so 
sensitive to space charge that no new count can occur 
until the clearing time of milliseconds or so has elapsed. 
It must also be noted that the secondary pulses with a 
weak y-ray source are triggered not by the external 
counting source but by photoelectrons produced from 
the first pulse in the body of the gas. In other words, as 
potential reduces the effectiveness of the space charge 
and a so-called counting plateau is approached, second- 
ary pulses in an increasing number appear following the 
initial pulse. The secondary pulses are inherently the be- 


1 [,, B. Loeb, J. Appl. Phys. 19, 882 (1948). 
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ginning of the phenomenon known to Geiger counter 
workers as self-counting. 

It must be noted at this juncture that the peculiar 
point-to-plane geometry and the use of air at 760 mm 
leads to local triggering of counts after the dead time 
which does not occur in well made organically quenched 
coaxial cylindrical counters at lower pressures and 
potentials. 

Thus, such phenomena are not as clearly observed in 
Geiger counters where the time of spread, etc., down the 
wire gives longer dead times and larger secondary 
pulses, and where the gases used are such as to limit 
photoelectric ionization much closer to the wire than is 
the case for air. 

Eventually, as potential is further raised, the number 
of burst pulses, the number of secondary pulses per 
burst, and thus the duration of each burst pulse is in- 
creased, and the clearing time is decreased. With photo- 
electrons being produced further and further out in the 
gap with increasing duration of bursts, and creation of 
O;- ions from these the gap is filled with self-created 
triggering electrons. Accordingly many more individual 
burst pulses are observed than can be accounted for by 
triggering electrons from the external radioactive 
source. Thus, self-counting sets in with a very small 
plateau in this geometry. 

Apparently also when the field about the point at a 
potential V, achieves ionizing values over distances 
that are great enough (large points, small gaps) with 
water vapor present the intensity of photoionization in 
the burst pulse near the tip leads to the building outward 


AMIN 


of a positive space charge boss. The field distortion 
created by this with the help of photoionization initiates 
a streamer. Then, as noted before, a mixture of burst 
pulses and streamers triggering burst pulses follow. The 
discussion of the appearance of streamers must, how- 
ever, be postponed to a later section of the report. 

With increasing potentials streamer propagation is 
favored, and streamers become more frequent for some 
range of values of V above Vr. However, observation 
never shows a streamer occurring during a burst pulse. 
It is observed that a streamer initiates during the 
growth of the primary pulse of a burst, i.e., within 
2X 10-8 sec. It does not occur once the burst pulse space 
charge is about the point. A burst pulse of secondaries 
may follow a streamer acting as a primary pulse. Thus, 
while burst pulses burn and until they clear, streamers 
cannot form. 

Since burst pulses can generally develop more readily 
than the streamers (i.e., burst pulses are usually several 
times more probable than streamers) above the streamer 
threshold with increasing potential, the lengthening 
burst pulse with shorter clearing time leaves little 
chance for streamer formation. Therefore, when the 
applied potential reaches this point the burst pulses are 
almost continuous with little interrruption. Streamers 
disappear, and the burst pulses shortly merge into a 
self-sustaining continuous but slightly fluctuating 
corona. 

The writer wishes to express his thanks to Professor 
L. B. Loeb at whose suggestion this study was under- 
taken, for his kind advice and encouragement. 
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A complete analysis of parallel-connected magnetic amplifiers, based on a single-valued B-H relationship, 
is given. Three different types of loads: resistive, inductive, and capacitive are considered. Transient re- 
sponse is studied. Analysis of feedback amplifiers clearly indicates the presence of the “jump” phenomenon. 


TABLE OF SYMBOLS 


Area of magnetic flux path 
Magnetic flux density 
Average flux density 
Transient input flux density 
Magnetic flux density (instantaneous value) 
db/dt 
Capacitance 
Voltage (amplitude) 
Input voltage 
Voltage (instantaneous value) 
- Magnetomotive force 
Magnetic field intensity 
Magnetic field intensity (instantaneous value) 


by by tee 


Fat aeaoe 


ha Magnetic field intensity in core A 

hp Magnetic field intensity in core B 

I Electric current 

i Electric current (instantaneous value) 

i, Load current 

ip Current through carrier winding 

k Coefficient in B-H relationship H=2>k,B" 
L. Inductance of carrier winding 

L, Load inductance : 

L_ Laplace operator L[_f(¢) ]=f(p) 

L- Inverse Laplace operator L—[f(p) ]= f (0) 
1 Length of magnetic flux path 

N Number of turns 
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Ny; Number of turns of feedback winding 
R_ Resistance 

R; Input resistance 

R, Load resistance 

uw = Permeability 


INTRODUCTION 


HE ideal B-H characteristic curve for a parallel- 

connected magnetic amplifier is shown in Fig. 
1(a). In order to make a mathematical analysis pos- 
sible the B-H relationship will be represented by 


H=k,B+k;B', (1) 


shown in Fig. 1(b). The treatment of steady state re- 
sponse follows the method used by Pipes,! but leads to 
entirely different results. The reason for this has been 
pointed out by Kirschbaum.? Transient response is 
studied by the same method, considering the input to be 
a step function. In treating feedback amplifiers, in 
which current at even harmonic frequencies is a sig- 
nificant factor, the second harmonic component as 
well as the dc and fundamental components are con- 
sidered. In this paper carrier and input windings are 
considered to have the same number of turns. Ordinary 
transformer theory applies when they are different. 


AMPLIFIERS WITH RESISTIVE LOAD 
A. Steady State 


The circuit is shown in Fig. 2(a). When the load re- 
sistance R; is low (R:~0), the voltage across the carrier 
coils is the same as the applied carrier voltage. The 
input current J;=E,;/R; produces the flux density Bo 
which may be readily found from the B-H curve. The 
carrier voltage E sinwt produces the swing in flux den- 
sity B= E/N Aw. 

The instantaneous flux densities in core A and core 
B are 


bs=Bo—B coswt, (2a) 
be= Bot B coswt, (2b) 
and the corresponding magnetic field intensities are 
ha=kibstksba', (3a) 
hp=kybpt kbs’. (3b) 
8 B 





=x 
c 











(a) (b) 


Fic. 1. B-H characteristics. 


'L. A. Pipes, J. Appl. Phys. 23, 625 (1952). 
?H. S. Kirschbaum, J. Appl. Phys. 23, 1278 (1952). 





INPUT CARRIER 























(a) (b) 


Fic. 2(a). Parallel-connected amplifier. (b) Parallel-connected 
amplifier: voltage output. 


The load current is therefore 


t= (1/N) (ha—hep) 


2kyl 2ksl 
= — a coswi+ B® cos*wt). (4) 


The load current contains fundamental and third 
harmonic components. For other B-H characteristics 
the load current contains different odd harmonic com- 
ponents. The currents in the carrier windings contain 
circulating dc and second-harmonic components in 
addition to the odd harmonic components of the load 
current. The useful component of the load current, i.e., 
the component that changes with input, is the term 
[— (6k31Be?B)/N | coswt in Eq. (4). Figure 3 shows the 
relation between i; and Bo and the corresponding rela- 
tion between i; and /;. 

When the load resistance is not negligible, the voltage 
across the carrier windings is less than the applied 
voltage. The flux density is no longer sinusoidal. Equa- 
tions (2) and (4) become 


bs= Bot b(}), (Sa) 
bp= Bo—b(2), (Sb) 
and 
i,= (1/N) (ha—hep) 
2kil 2ksl 
=—b+— (3B°b+ }*), (6) 
N N 


where b(t) is a periodic function to be determined. 
Apply Kirchoff’s law to the carrier circuit, 








E sinwt= NAb+Riii, (7) 
or 
. Ri Esinwt 2k3l 
b-+-——(2k,+ 6k3Byo?)b= —= . (8) 
N?A N°A 
Put 
[ (Ri)/ (N?A J (2ki+ 6k3By) =m 
and 
(2k;Ril)/N?A) =a. 
Equation (8) then becomes 
; E sinwt 
b+ mb= — ab’, (9) 
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" 
Bo 
Fic. 3. Input-output 
characteristics. 
‘t 








If the term ab* is neglected, Eq. (9) represents a 
linear LR circuit, L being the inductance of the two 
carrier windings connected in parallel and biased at Bo 
and R being the load resistance. This can be seen from 
the following relations: 


H=k,B+k;B*, 
1/u= (dH /dB) =k, + 3k;3B?. 


1 uN°A 
m=Ri/ (- 
» 8 


Equation (9) can be solved in the following manner. 
Take the Laplace transform of Eq. (9), and denote 
L[b(t)] by 6(p), where L is the Laplace operator. It is 
found that 


Therefore, 





) =2R,/L.. 


Ex L[o*(2)] 
=—=@ 
NA(p+m)(p’+o*) ptm 


Equation (10) corresponds to the case in which a 
switch in series with the carrier source is closed at ‘=0. 
The resulting transient response is entirely different 
from the transient response produced by an input step 
function. The latter is the transient response of interest. 


. | 
/ YAAM 


i J hws — & iy ip 2Rw 
R; NSNEN R; 


Fic. 4. Equivalent circuit for parallel-connected amplifier : 
transient response. 


6(p)= 





(10) 
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In the present case the Laplace transform is used only 
as a convenient means for obtaining the steady state 
response of Eq. (9). Its use will lead to correct results 
since the steady state response of this particular non- 
linear equation does not depend on initial conditions. 
No physical significance will be attached to the transient 
portion of the solution. 
Take the inverse transform of Eq. (10). Then 





Ewf «™ — sin(wt—é@) 
s=—| + 
NAL m+?  w(m?+’)! 
t 
-af eno aan, (11) 
0 
where 


6= tan (w/m). 


This integral equation can be solved by the method 
of successive approximations, with the first approxima- 
tion taken as 

E sin(wt—é@) 


NA (m?+«?)! 


with transient neglected. 
The second approximation is 





bY = (12) 


9 ()=3@)—0 f emt) (4) Bdu, (13) 
0 


etc. The load current can be found from Eq. (6) and 
contains only odd harmonic components. 

When a high-voltage output is desired, a constant 
amplitude ac current J may be sent through the re- 
actors and a high load resistance R; connected in parallel 
with the carrier windings, as shown in Fig. 2(b). The 
circuit equation for this case 


| Ri Ri sinwt 2Rilk; 
b-+——(2k, + 6k3B,")b= - B® (14) 
N°A NA N?A 


is necessarily the same as Eq. (8), with E changed to 
Ri. The load current is 


iy= (NAb)/Ri. (15) 





B. Transient Response 


In parallel-connected amplifiers, the response time is 
slow because any change in input current is short- 
circuited by the two carrier windings connected in 
parallel. The equivalent circuit may be simplified to 
that shown in Fig. 4 because R>>R, where R, is the 
winding resistance. 

When a control voltage EZ; in the form of a step 
function is applied to the input with no carrier voltage 
applied to the carrier winding, the equations for transi- 
ent response are (refer to Fig. (4) for branch current 
notations) 

E;=Ra;+2NAB,, (16) 


0=2Rvizt+ 2NAB,, (17) 
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where B;, is the transient input flux density. On com- 
bining Eqs. (1), (16), and (17), 








, l RiRw E; Rw 
Bet+-—— (2, B+ eB?) ——=—_ —,,_ (18) 
N?A R+2R, NA R;+2R. 
or : 
B.+aB,+8Bi=y. (19) 
The Laplace transform of Eq. (19) gives 
‘ y  BLBF) 
(p)= a (20) 
p(pta) pta 


The inverse transform gives 
Y t 
=e) —6 f ee) BS(u) |du. (21) 
a 0 


Using the method of successive approximations, 
with the first approximation taken as 





BY = (y/a)(1—e*), (22) 
b 
(c) Sin 
yd) 
ri 
a ) 
4 
A 
t 





Fic. 5. Transient flux densities in linear and nonlinear LR circuits: 
(a) = L=2L.,p20), (b)=nonlinear L, and (c)= L=2L.-.a~B,). 


the second approximation is 


t 
B= BB f e~2(t-w) By (4) Pdu, (23) 
0 


etc. 

The rise of input flux in a nonlinear LR circuit is not 
different in nature from that in a linear LR circuit. 
In the present circuit, when the input flux is first 
rising, the permeability of the two cores is [1/(dH/ 
dB) \p~o= 1/k;. When it reaches Bo the permeability is 
1/(ki+3k;Bo?). If the transient flux densities for linear 
circuits with L=2L,;z~0) and L=2L,,g~8,) are plotted, 
the transient flux density for the nonlinear circuit 
(Eq. 18) lies between the two curves (Fig. 5). 

The above result represents the case when the carrier 
power is not turned on. The rise of flux density and the 
corresponding differential permeability 1/(4:+3%3B*) 
are shown in Fig. 6(a). With carrier power on, the total 
flux densities and the corresponding differential perme- 
abilities of core A and core B are shown in Figs. 6(b) 
and 6(c). Since in transient studies the two windings 
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Fic. 6(a) Input flux density and corresponding permeability. 
(b) Total flux densities in core A and core B. (c) Corresponding 
permeabilities of core A and core B. 


are effectively in series, the inductance of the two coils 
in series is very close to the value when ac flux is 
neglected. 


AMPLIFIERS WITH INDUCTIVE LOAD 


The circuit is shown in Fig. 7. Apply Kirchoff’s 
law to the carrier circuit, 


, di, 
E sinwt= NAb+ eS (24) 
it 


where L, is the load inductance. The load current i; is 
again given by Eq. (6). Substitute Eq. (6) into Eq. 
(24) and integrate the resultant equation, 


NE coswt 





2Li:+L.\ N°A 
v+( ) b =0, (25) 


“+ 
Lele 2k3l 2Lwks 


where L, is the carrier winding inductance at the bias 
B= Bo. 
Equation (25) is of the form 


b-+-gb-+r=0. (26) 





Fic. 7. Parallel-connected am- 
plifier with inductive load. 
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Since q is positive, the equation has only one real root 


b= (2/v3)q sinh (¢/3), (27) 


sinh¢= (3/q)!(r/2). 
The load current is then given by Eq. (6). 


TT 


c 
Fic. 8. Parallel-connected am- 
all | plifier with capacitive load. 


SER ee, OS 


il 4 








where 


AMPLIFIERS WITH CAPACITIVE LOAD 


The circuit is shown in Fig. 8. The circuit equation is 


- Ae 
E sinwt = NA b+ f (iap— ipp)dt, 


or 
‘ l wE coswt 2k; 
b+———(2k, + 6k3B,?)b= B®. (28) 
N°AC NA N?AC 





Put [//(N?AC) ](2k:+6k;Bo?) = m?. The Laplace trans- 
form of Eq. (28) reads 


wE p  2kol 
NA p'-+w? N?2AC 








(p?-+m*)b(p)— pxo— x= L[o*], (29) 


where x» and x, represent initial conditions. 
Take the inverse transform of Eq. (29). It is found 
that 











wk 
b(t)= [ coswt—cosmt |+ x9 cosmt 
NA m?—.?* 
x1 2k3! LL] 
+— sinmt— | | (30) 
m N?*AC_ Lp?-+m? 





























Fic. 9. Feedback 
amplifier. 




















In Eq. (30) m represents the angular velocity of self- 
oscillation. In this circuit no resistance has been in- 
cluded. A small resistance will damp out the self- 
oscillation. Therefore, 


wE coswt 2ksl LLa*] 
b(t) =— | | (31) 
pm? 


NA m*—« N*AC 
Proceeding as before, the first approximation to b may 
be taken as 











wE coswt 
b® (7) =— ’ (32) 
NA m?—«? 
Since ; 
1 1 / 1 1 ) 
p+ m? 2jm\ p— jm p+jm 
hoathos 
— 
EWA 








h y) 1 
Ls Fic. 10. Current wave- 
B forms in feedback am- 
t 7 \ t plifiers. 
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the second approximation is 


2ksl é 
f sinm(t— 1) 
2ACm 0 
X[b™(u) Pdu, (33) 








b® (t) =) (t)-— 


etc. 

Series tuning in a nonlinear circuit increases the load 
current in the same manner as in a linear circuit, and 
therefore may be used to increase the gain over a 
limited range of input current. It should be mentioned, 
however, that Eq. (28) permits sustained subharmonic 
oscillations when &; is high. In such a case, the method 
of analysis used above will not give correct results. 
Also a “jump” phenomenon exists within a certain fre- 
quency range. If this is the case, detuning becomes 
necessary for successful amplifier operation. 


FEEDBACK AMPLIFIERS 


Feedback is commonly used to increase the sensi- 
tivity of a magnetic amplifier. It is accomplished by 
passing the rectified output current through addi- 
tional feedback windings. A commonly used feedback 
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amplifier is shown in Fig. 9. In the following analysis, 
the diodes are considered to be perfect. 

It has been shown that in parallel-connected ampli- 
fiers there are no even harmonic components in the 
load current. When the load resistance is low, the 
voltage across the carrier is purely sinusoidal and the 
flux densities in the two cores are given by Eq. (2), 
where By is now the resultant average flux density, 
including both input and feedback components. 

The magnetomotive forces in core A and core B are 


Fs=N(t+iap)+N lin), (34a) 
Fa=N(I-+isp)+N lial, (34b) 


where i4p and igp are carrier winding currents. 
Denote Ni/l by h. The magnetic field intensities are 


ha=H-+hart+(Nj/N)|hil, (35a) 
hp=H-+heept (N;/N)|hil, (35b) 





Fic. 11. Input cur- aj, ___b 
rent vs resultant de flux df) » 
density in feedback am- H, © 
plifiers. 





in which Aap and hAgp contain both even and odd har- 
monics. To separate them, express hap by 


hap=}(hapthpp)+}(hap—hep) 
=} (hapthsp)+ 3h. (36) 


The waveforms of (hap+hep), hi, and |h;| are 
shown in Fig. 10 when only dc, fundamental, and second 
harmonic currents are considered. They have the form 


a 
ha p+ hgpp= Pen, (37a) 
n= —B coset, (37b) 
2.2 
| hi| -0(-+— costa), (37c) 
x 3K 


and hy, has the form 
2N,\ 8B 


a 
haa (24 — —— coswt 
4 Nr 


2 
N,2 
4 ( _ =+*) cos2ut. (38) 
N 3n 4 


/ 


Fic. 12. Input-output char- 
acteristics in feedback am- 
plifiers. 








From the B-H relationship [Eq. (1) ] 
ha=k;(Bo—B coswt)+k3(Bo—B coswt)®. (39) 


Equate the dc, fundamental, and second harmonic 
components in Eqs. (38) and (39), 











a 2N;8 3 BoB 
Ayt-+ = Bot (Batt ), (40a) 
4 T 
B/2=k, B+ k3(3Be?B+4B*), (40b) 
a 
—+——= ks (3 BoB?) (40c) 
4 7 
On eliminating a and 8, 
Bo 3 8 Bo 3 ky Bo 
C)-C8E) 
B Tv B kB? B 
H; 2N; 8&8 ki Ny 
-(=4+-+— = —)=0. an 
kB’ 2x N 3rk3B? N 


Equation (41) governs the stability of the amplifier. 
For an amplifier with fixed applied voltage (or B) and 
feedback ratio V;/N, Bo/B is triple-valued in a certain 
range of H;, as shown in Fig. 11. This curve shows that 
when //; is increased from a low value to a value slightly 
beyond H,, the average flux density jumps from point 
a to point 6. And when G; is decreased from a high 
value to a value slightly below H2, the average flux 
density jumps from point ¢ to point d. Since the useful 
load current is proportional to By? for the B-H rela- 
tionship [Eq. (1)], the output current-input current 
curve is that shown in Fig. 12. 

When the load resistance is not low, any change in 
load current will be opposed by the resistive drop 
across the resistance. Therefore the effect of feedback 
is partly suppressed. 
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Current Noise in Thermistor Bolometer Flakes* 


James J. Bropuy 
Armour Research Foundation of Illinois Institute of Technology, Chicago, Illinois 


(Received June 29, 1953) 


The characteristics of the additional electrical noise generated by iron oxide thermistor bolometer flakes 
due to direct current passing through the units is investigated. It is found that the noise is similar to the 
current noise observed in other semiconductors. The current noise power density is observed to depend 
inversely upon frequency, to be approximately proportional to the direct current, and to be independent of 
temperature. It is indicated that the major source of the noise is at the electrodes which make electrical 
contact to the semiconductor. Electrodes produced by evaporated gold applied through a potential difference 


are found to yield relatively low noise flakes. 





I, INTRODUCTION 


HE large negative temperature coefficient of resist- 

ance characteristic of the class of semiconducting 

materials known as thermistors makes it possible to 

employ these materials as sensitive detectors of infrared 

radiation. A recent paper’ indicates the usefulness of 
thermistor bolometer flakes in this application. 

The ultimate sensitivity of thermistor bolometers is 
limited by the generation of Johnson or thermal noise in 
the units. It is found, however, that in practice the sensi- 
tivity may be considerably less than ideal because of the 
generation of additional electrical noise which appears 
when a direct current is passed through the flakes. The 
current is required in order to determine the change in 
resistance of the bolometers when subjected to radiation. 

The appearance of additional electrical noise with the 
passage of a direct current through semiconductors is 
well established.?~ It is known that it may be associated 
with poor electrical contacts between semiconductors,’ 
or between a semiconductor and a metallic conductor.’ 
It has recently been shown that current noise exists in 
semiconductors even in the case of “noiseless” electrodes.‘ 
The phenomenon of current noise has yet to receive a 
completely satisfactory, comprehensive, theoretical treat- 
ment. 

The current noise problem in bolometer flakes of 
standard thermistor materials (mixtures of oxides of 
manganese, nickel, and cobalt) appears to be well in 
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Fic. 1. Circuit diagram of the current noise measuring equip- 
ment showing the input circuit and the block diagram of the 
amplifying system. 


*Work supported by Bureau of Ordnance, U. S. Navy. 

1E. M. Wormser, J. Opt. Soc. Am. 43, 15 (1953). 

?C.-J. Christensen and G. L. Pearson, Bell System Tech. J. 15, 
197 (1936). 

*P. H. Miller, Proc. Inst. Radio Engrs. 35, 252 (1947). 

4H. C. Montgomery, Bell System Tech. J. 31, 950 (1952). 


hand." It is found for these materials that a major portion 
of the noise can be attributed to the method of applying 
electrodes to the flake. It does not appear that a detailed 
investigation of the current noise generated by these 
units has been reported, however, 

In this paper the results are given of a study of the 
current noise produced by thermistor bolometers con- 
structed from an iron oxide thermistor mixture.5 The 
purpose of the investigation was to examine the addi- 
tional noise arising from the passage of direct current 
through the bolometer and to attempt to distinguish 
between internal noise sources and those due to electrode 
properties. 


Il. APPARATUS 


To investigate the current noise generated by the 
bolometer flakes a low-noise, high-gain, variable band- 
width amplifying chain was set up which, except for the 
output measuring unit and the input circuit, consists of 
standard commercial equipment. The system is capable 
of a useful voltage gain of 10’ over a frequency range of 
one cylce per second to 20 kilocycles, has variable band- 
width and variable center frequency, and yields a true 
rms measure of the input voltage, independent of wave 
form. 

A block diagram of the circuit is shown in Fig. 1 
together with the detailed diagram of the input circuit. 
This circuit was constructed separately in a well-shielded 
metal box and connected to the preamplifier by means of 
shielded cable. The 400 000-ohm wire wound resistor and 
4-mfd oil capacitor constitute a resistance-capacity filter 
to eliminate battery noise from the input of the amplifier. 
The variable ballast resistor is a number of non-inductive 
wire wound units selected by a tap switch to match the 
sample resistance. In the figure, C; represents the stray 
wiring shunt capacitance as well as the input capacitance 
of the’ preamplifier. 

The preamplifiers used are Tektronix Type 122; the 
band pass filter is a Krohn-hite Model 330-A and the 
oscilloscope is a du Mont 304-A. It was found convenient 
to use the vertical amplifier of the oscilloscope as part of 
the amplifying chain to achieve the aquired amplification. 
The rms vacuum tube voltmeter, which was connected to 


5 Supplied by Horizons, Inc. of Clevelend, Ohio. 
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CURRENT NOISE 


the output terminals of the scope, consisted of a simple 
6J6-cathode follower feeding a standard, one milli- 
ampere thermocouple. 

The linearity and the frequency response of the system 
was checked by feeding to the sample terminals sine wave 
signals obtained from a signal generator and a General 
Radio Microvolter. The shape of all pass bands used in 
the study was plotted and the mid-band gain and 
equivalent bandwidth® determined by graphical inte- 
gration. The stray capacitance C; was measured. 

The open-circuit, mean-square current-noise voltage 
per unit band width was calculated from the expression 


02/B=([4+R’w’C?/G°B.q |(V?—Ve), (1) 
where R is the dynamic sample resistance, w is the center 


frequency of the pass band, C; is the stray shunt capa- 
citance, G is the mid-band gain, B,, is the equivalent 
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CURRENT NOISE POWER DENSITY— WATTS/CYCLE 














10,000 
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Fic. 2. The current noise power density spectrum of three 
thermistor bolometer flakes for a direct current of 60 micro- 
amperes. The Johnson noise level is calculated from Nyquist’s 
equation, P;=kT watts/cycle, where k is Boltzman’s constant 
and T is the absolute temperature. 


bandwidth, V is the rms output observed with current 
passing through the sample, and Vo is the rms output for 
no current. This expression is for the case of the ballast 
resistance equal to the dynamic flake resistance and 
assumes the statistical independence of current and 
thermal noise. The output Vo is due to thermal plus 
amplifier noise. Equation (1) is obtained by straight- 
forward circuit analysis of Fig. 1. 

To check the operation of the system the Johnson 
noise levels of several resistances were measured. It was 
found that the results agreed both in magnitude and 
frequency dependence with Nyquist’s equation.”-* Finally 
the current noise of a wirewound resistor and a carbon 

°F. E. Terman and J. M. Pettit, Electrical Measurements 
(McGraw-Hill Book Company, Inc., New York, 1952), p. 359. 


7J. B. Johnson, Phys. Rev. 32, 97 (1928). 
*H. Nyquist, Phys. Rev. 32, 110 (1928). 
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Fic. 3. Variation of the current noise with direct current for 
three thermistor flakes. The upper two curves were taken at 200 
cps and the lower at 20 cps. 


resistor was examined. The wirewound unit exhibited no 
current noise, the noise level being thermal noise only for 
all values of direct current up to 100 microamperes. The 
carbon resistor displayed additional noise which was a 
function of current and had the typical inverse frequency 
characteristic. It was felt that these studies indicated the 
system was capable of yielding significant, quantitative 
information about the current noise of thermistor 
bolometers. 


Ill. RESULTS 


The thermistor flakes studied were five millimeters 
long, one-half millimeter wide by 20 microns thick and 
were mounted on glass with apiezon cement. The dc 
resistance at room temperature was of the order of two 
megohms. Contact to the two ends was made by various 
techniques which are discussed below. 

The variation of the available current noise power 
density p defined by 


p=-——- (2) 


as a function of frequency and bias current was first 
examined. It was found that the current noise generated 
by all the samples was very nearly the same, differing 
only in magnitude. Typical results for several units are 
shown in Figs. 2. and 3. It is seen that the noise decreases 
approximately inversely with frequency and directly with 
direct current. Within the accuracy of the measurements 
it is found that the current noise may be represented by 
the expression 


p=Cl™f*, (3) 


where J is the dc bias current, f is the frequency, and C 
is a constant. The average of eight samples gives for the 
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Fic. 4, The change in resistance and current noise voltage as a 
function of reciprocal temperature for two thermistor bolometer 
flakes. For clarity, separate resistance scales are used for the two 
units and Rp is arbitrarily taken to be the resistance at room 
temperature. 


constants a and 6 
a=—1.10 


b=0.588. 


The frequency dependence agrees well with that found 
for other semiconductors,’ while the variation with 
current is closer to linear than the more usual square law. 
In view of the wide variation reported in this effect, this 
is perhaps not too surprising. 

The influence of temperature upon current noise 
voltage was examined. The noise was measured at con- 
stant bias current and for a fixed frequency as the temper- 
ature was varied over the limited range that the ther- 
mistors will stand without breaking due to differential 
expansion of the mounting cement. The dc resistance of 
the flakes was simultaneously measured. The results are 
shown in Fig. 4 for two flakes. It is seen that the varia- 
tion of both the resistance and the open-circuit mean- 
square current-noise voltage is exponential with tempera- 
ture. Although the accuracy of the results is somewhat 
poorer than desired, it is indicated that the noise has the 
same activation energy as the resistance. Thus, the 
power density calculated from Eq. (2) is found to be 
independent of temperature. 

A number of techniques for attaching electrodes to the 
flakes were investigated to discover which consistently 
produced the lowest noise units. A criterion of the noise 
level was taken to be the magnitude of C in Eq. (3) 
where, for simplicity, the exponents are assumed to be 
a=—1, and b=}. Typical values of C for several of the 
electrodes are given in Table I. 


BROPHY 


Contacts produced by using platinum bright and 
platinum mush,’ which have proven satisfactory when 
used on the standard thermistor flakes, were found to 
yield noisy thermistor units in this case. Evaporated 
platinum electrodes applied under high vacuum are seen 
to be about the same but evaporated gold contacts are 
considerably better. 

A major reduction in the current noise level was 
achieved when the evaporated electrodes were applied 
through a potential difference. In this technique the flake 
is made 500 volts negative with respect to the evaporating 
filament during vaporization of the metal. Evaporated 
platinum applied in this fashion produces units as good as 
the evaporated gold alone, and the evaporated gold 
contacts using the potential difference are found to have a 
noise level smaller by a factor of ten than any other 
electrodes. The lowest curve of Fig. 2 represents the 
current noise observed from a unit produced in this 
fashion. 

The evaporated gold potential difference method 
consistently produces flakes having the low noise levels 


TABLE I. Current noise levels of thermistor flakes 
having different electrodes. 








Electrode technique C (watts/microampere) 








Platinum bright 3.3X10-" 
Evaporated platinum 3.1X10-" 
Evaporated gold 1.3X10-” 
Evaporated platinum at 500 v 1.9X10-" 
Evaporated gold at 500 v 2.7X10- 








given above. All attempts to date to improve upon this 
technique have failed. Raising the potential to 5000 volts 
does not lower the noise level. Also, an attempt to clean 
the surface of the flakes by means of a glow discharge 
before applying the metal was not successful. 


IV. SUMMARY 


The additional electrical noise which appears in iron 
oxide thermistor bolometer flakes when a direct current 
is passed through them is shown to be similar in fre- 
quency response and current dependence to the current 
noise observed in other semiconductors. The mean-square 
current-noise voltage varies exponentially with tempera- 
ture in a manner to make the noise power density inde- 
pendent of temperature. Evaporated gold electrodes 
applied through a potential difference have produced 
flakes having the lowest noise levels of those examined. 


*Supplied by Hanovia Chemical and Mfg. Company, East 
Newark, New Jersey. 
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Diffusion of Pulsed Currents in Conductors 
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(Received August 6, 1953) 


The density distribution and the equivalent depth of penetration of pulsed currents produced by a plane 
wave incident normally upon a plane conductor are investigated. In particular the cases i(t)=Jop(t), 
[To/(t)*] p(t), Toe~** p(t), where p(t) =U (t) —U(t—T>), are considered. 





1. INTRODUCTION 


(i of the problems connected with the pulse 
technique in radio communications concerns the 
investigation of the diffusion of transient currents into 
conductors and in particular the evaluation of the 
corresponding equivalent depth of penetration. In 
general such investigation is involved, but simplifies 
considerably in the case of a plane TEM wave, normally 
incident upon a plane surface which is a boundary be- 
tween a perfect dielectric and a good conductor, both 
extending to infinity in all other directions. In consider- 
ing this case we shall assume that the current associated 
with the wave is of type i(#)=Jof(t)-LU()—U(t—To) ] 
with f(¢) bounded, and in particular f(#)=1, f()=1/ (0)! 
(with ¢>0), f(t)=e-**. As special cases also i(#)=6(t) 
and i(t) =6"(t) will be considered. 


2. DISCUSSION 


From Maxwell’s equations, neglecting the displace- 
ment current, the diffusion of the wave into a conductor 
is described by the partial differential equations 


1 0H 
VA=——, 
h? at a) 
1 aJ 
VJ =——, 
h at 


where J is the current density, h=1/(cu)* (¢ con- 
ductivity, » permeability of the material; for copper 
h?=0.0142 m/sec). In accordance with our assumptions, 
we can refer Eqs. (1) to rectangular coordinate axes, for 
which the boundary surface has equation z=0 and 2 is 
taken positive inside the conductor. In particular, if the 
magnetic field H is parallel to the surface of incidence, 
for example, H=H,j, there follows J=J.(z,t)-7 and 
Eqs. (1) reduce to the scalar equations 














eH, 1 dH, 
02? Po hk? at ’ 
(2) 
J. 1 
ae ot ot. 


The current flows in a direction perpendicular to H and 
is distributed inside the conductor if this has finite 


conductivity. The total current for a strip of unit width 
in the direction of the y axis is 


=f J (z,t)-dz= H,(0,t). 


By application of the Laplace transform method the 
second of Eqs. (2) provides 


Heshornt =(s)} 3 
s)=—10) exp] —-6) | (3) 


where J(s) is the Laplace transform of i(é). From 
mathematical tables it is known that 





—1f ¢(n—1)/2 _ y= 
ow expL a(s)*]} 27/2 (qr) bgt) /2 


a a 
xexp( -=) Hel | (4) 


where He,(x) is the Hermite polynomial of order n. 


n n 
He,(x)=x"— ( )ert41-3( )- 
2 4 


n 
=1.3-5( yer rae. 
6 
In particular 


Heo(x)=1, He(x)=x, Hee(x)=2?—1, ---. 


In order to utilize the result (4) one can write Eq. (3) as 
follows: 








HI 
J (z,s) = g(n—1)/2 en| -] Seon (5) 
Letting 
r—z(s)§ 
v= gs exp| — |}: 
; 6 
1(s) _ (6) 
o(t)= re a ; 
h J 
there follows in general 
J (z,t)= t—r dr. 7 
s= J tov) (7) 
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Fic. 1. Plots of the normalized Eqs. (9), (10), and (11). 


The difficult evaluation of the integral expression (7) is 
avoided when 


1 
—I(s)s@-™/2 = R2, 
h 


i.e., when 
I(s)= hs", (8) 


where &? is a constant, because in this case J (z,t) is given 
directly by Eq. (4). Since n in (4) is a positive integer, 
Eq. (8) corresponds to the following cases of practical 
interest : 


n=0, I(s)=Kkh/s,  i(t)=RhU(t), 
n=1, I(s)=kh/(s)), i(t)=h/(wt)-U(2), 
n=2, I(s)=Rh, i(t) = kh-5(t). 


For n> 3, i(t) is an impulse of half-integral or integral 
order.' Correspondingly the density distribution is 





— k? z(s)} 
n=V, (2)=— exe| -——] 
(9) 
k? 2 
sat’ x»(- -—). U(t), 
2(s)! 
n=1, J(58)=# exp| -—— 
(10) 
Peieeue (- ~).00 
+) = ex P ’ 
Ua NT ane 
z(s)! 
n=2, J(z,s)= HH) exp| -— | 
(11) 


2net 
Siti ne »(-— —).u0 
4h? (mt) ¥#2 4h 


At constant depth z the density reaches a peak at the 


1G. Doetsch, Theorie und Anwendung der Laplace Transforma- 
tion (Dover Publications, New York, 1943), p. 298. 
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time /’ satisfying the equation 0J (z,/)/dt=0, i.e., 


m+1 2 nz 
(- +— Nite. He,_:=0. 
2 4h’t 2h(2t)* 


There follows 








for n=0, (’=22/2/?, 
for n=1, t'=27/6P’, (12) 
for n=2, t’=2°/6(1+ (3)']#. 


These results are illustrated in Fig. 1 where the nor- 
malized graphs of Eqs. (9), (10), and (11) are plotted, 
assuming u=2/2h and (= ru*.? These are, respectively, 





er 
for n=0, 1’=2.0, —_—_——, 
0.429(r)}! 
er 
for n=1, 1’=§, ——-—, 
0.412(r)} 
2—T 
for n=2, 7’=3U1+ 1, Lecur, 
1.315(7)! 


If we now limit our consideration to the cases n=0 
and m=1 and assume that the current i(¢) is a pulse, 
respectively, of type i(t)= Jol U (t)— U(t—To) ] and i(2) 
= Io(t)-*-[U(t)— U(t—To) ], the corresponding density 
distribution is given by Eqs. (9) and (10) for #< To. In 
particular, for ‘= 7» a peak value of J(z,T») is reached at 
2’=h(2T»)' for n=0 and at z’=h(67>)! for n=1. For 
‘>To, however, the peak values of J(z,t) beyond the 
depth z’ decrease very rapidly. Therefore, in first ap- 
proximation, the values of 2’ may be assumed as 
corresponding equivalent depths of penetration. In each 
case the depth is proportional to (J )!; for copper 
conductor these values are, respectively, 


2'=0.167(Ts)!, 2’=0.294(T>)!. 


The corresponding “transient” resistance per unit 
surface of the conductor is obtained as equivalent dc 
resistance letting R,= 1/02’. There follows 


» \) 
for n=0, R= ( ) " 
20T o 


Be 
for n=1, R= ( 
60T» 








In the more general case when Eq. (8) does not apply 
the computation of the density distribution must be 
obtained either directly or by application of (7). How- 
ever, if one is interested only in the values of the 

2 The case n=0 has been investigated with a somewhat different 
approach in the following papers: K. W. Miller, Trans. Am. Inst. 


Elec. Engrs. 66, 1446-1507 (1947); A. C. Sim, Research report of 
the British Thomson-Houston Company, Rugby, England (1947). 
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DIFFUSION OF PULSED CURRENTS IN CONDUCTORS 


equivalent depth of penetration, it will be sufficient to 
find the least root of the equation 


dJ (2,4) 





= 9(0)-¥(t)+ f- ee uinir= 0. (13) 


Solution of Eq. (13) will provide a relation ‘=¢(z) from 
which an approximate value of the equivalent depth of 
penetration z’ is obtained. For many applications it will 
be sufficient to solve Eq. (13) by approximation. If in 
(6) one chooses n= 2, then 


1 
g(t)=-i(), 
h 
(14) 
¥(t)= 








2 2 
( -1) en(-—). 
2t (at)! \ 2Kt 4h't 
It has been shown in Fig. 1 that the function ~(é) of 
(14) presents a narrow pulse shape with peak at 
= 2°/{6[1+ (3)! ]}. This suggests that Eq. (13) might 
be approximated as follows: 





dg(t-!) 
¢(0)-y()+——-¥(#’) =0, 
Le., letting (>?’, ‘= ru’, 
1 d¢g(r—7’) G-cyr" 
=— ; (15) 
u2—p(0) Or 2.63(r)! 


For example consider the case i(#)=Joe~*'-U(t). 
Equation (15) is written 





a exp(—au?(r—7’)) = exp(—1/r). (16) 


2.63(r)! 


To solve for the least root r= 7(u) with r>7’ one might 
replace the two members of (16) with their linear ap- 


proximation, obtaining the system of linear equations 
eur +y=a(i+anu’)7’, 
(17) 
T+my= To, 


where m and 7» depend upon the range of interest. For 
example in Fig. 2 a@ has been chosen 0.5, m=1, 
to= 1.3. From (17) there follows 


—am(1+a?u?)7r’ 





1—a’u?m 


in particular, for a=0, r= ro= 2. 

The case of an exponentially decayed current 
Te~**- U(t) can also be analyzed directly, since the cur- 
rent density distribution in complex notation is 


P Ty (s)} | —] 
eat oo exp a 
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Fic. 2. Graphical representation of Eq. (16) for u=1, a=0.5. 


In the real domain one has 


2 
_— pn 
a 
+ Tm exp(—at+ jkz 7 Xe 


where k= (a)!/h. 

The first term of the second member of Eq. (18) 
represents the distribution of a constant step current, 
while the second depends upon a and goes to zero when 
a—0. Unfortunately the complementary error function, 
which appears in (18) with a complex argument, is not 
tabulated for all phase angles of the argument. How- 
ever, an approximate interpretation of the distribution 
can be obtained by making recourse to the series 
expansion 





I (z, t)= To (mat)* 





~ + ita}, (18) 


nw (+= + = 
erfcé= i? i ee 





hess ), (19) 


which is uniformly and absolutely convergent every- 
where. For small values of & one can limit the second 
member of (19) to the first two terms, i.e., 


ke 2 ke . 
ot tile od “ht ie | 
k?2? 
xexp(-——+al~ jt). 
dad 


Correspondingly the second term of (17) can be written 
approximately 


2(at)! keg? 
Tol = sinks———— ex p(-— | 
(x)! dat 








and the total distribution is 





I 
J (z,j)= 2/4h't 
(z,t) bad! 2*/4h°t) 





(20) 
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The examination of (20) shows that for small values of z 
and ¢ the distribution is sum of one similar to that 
corresponding to the constant step current, but of 
smaller magnitude, and of another one consisting of a 
damped sinusoidal wave which possesses zeros and 
inversions of sign at depths 2;=mz/k. For copper con- 
ductor the first zero takes place at 2,;=0.182/(a)! 
meters. 

Let us now compute the equivalent depth of penetra- 
tion for an exponentially decayed pulse of duration 7 


i(t) = Ige~**LU (t)— U(t—T o) }. 
Neglecting the last term in (20) one has 


Io 


h(mt)* 





J (z,)= (1—2at) exp(—2*/4/*t). 


Equating to zero 0/(z,t)/dt one has, with u=2/2h, 
t—2u?= — 2af’—4au't. (21) 
Letting = 7> and solving for ? there follows 
To 1+2aT» 
"2 tele 
wherefrom the equivalent depth of penetration is 
f=nery( =") 
A1—2aTo 


and for small values of a 


2’ =h(2T)*(1+2aT»). 
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The Effect of Organic Vapor on the Secondary Emission of Phosphors 


P. H. Dow inc AnD J. R. SEWELL* 
Philips Laboratories, Inc., Irvington on Hudson, New York 


(Received July 3, 1953) 


Experiments are described to show that, when a phosphor surface contaminated with organic vapor is 
bombarded with electrons, the secondary emission ratio is rapidly reduced. If the bombarding voltage is 
sufficiently high, this will result in a progressive decrease in potential of the phosphor surface and a corre- 
sponding decrease in apparent fluroescent efficiency. The relation between this effect and true “phosphor 
burn” is discussed as well as its possible connection with the phenomenon of “‘cross burn” encountered in 


the cathode-ray tube industry. 


N our early work on cathodoluminescence, we 

attempted to make measurements using an oil 
diffusion pump (Octoil S) without a cold trap, but with 
water-cooled baffles, and a demountable cathode-ray 
tube which could not be baked out. We were discon- 
certed at the extreme rapidity with which the light 
output fell off with time as the phosphor samples were 
bombarded with electrons at a constant voltage. We 
soon became convinced the trouble was due to organic 
vapor in the tube and were able to reduce it consider- 
ably, even though the tube had joints sealed with 
Apiezon W wax, by using a mercury pump with a 
liquid nitrogen cold trap. Later we return to the oil 
pump, this time using a liquid nitrogen trap, but 
again results were less satisfactory than with the 
mercury pump. Throughout a series of experiments, 
the demountable tube presumably accumulated organic 
vapor during the initial evacuation stages before 
the cold trap was applied. In a similar way, oil might be 
accumulated in the demountable tube from the mechani- 
cal fore pump. In order to minimize this possibility, 
most of our experiments have been made with a trap 


*Present address, Sylvania Electric Products Inc., Seneca 
Falls, New York. 


containing solid CO, between the fore pump and the 
diffusion pump. A phosphor which has been in such an 
atmosphere of organic vapor, and which has been 
bombarded for a sufficiently long time, will develop on 
the surface a darkening which is visible in natural light. 
Considerable decrease in apparent phosphor efficiency 
occurs, even before the darkening is noticeable. Circum- 
stantial evidence leads us to identify the darkening as 
carbon formed decomposition of the organic vapor 
by the electron beam. Other workers have apparently 
had similar experiences.' 

Quite recently we became aware that the major 
effect involved was a reduction, to values less than 1, 
of the secondary emission ratio 6 presumably because 
of the known low secondary emission of carbon. 
Hence, the light output measured at a sufficiently high 
voltage, falls off with time, not primarily because of 
the absorption of a film of carbon for light or electrons, 
nor because of an intrinsic loss in efficiency of the 
phosphor, but because the screen charges negatively, 
its potential becoming increasingly lower than the 
second anode voltage. The effect is, therefore, much 


1H. W. Leverenz, Luminescence of Solids (John Wiley and Sons, 
Inc., New York, 1950), p. 388. 
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EFFECT OF ORGANIC VAPOR ON PHOSPHORS 229 


more noticeable when the phosphor samples are applied 
to well-insulated glass disks than when they are applied 
to metal disks connected to the second anode. In the 
latter case, the conductivity of the sample is usually 
enough to prevent charging of the screen. 

In our experiments, we did not measure 6 directly but 
determined instead the presence of screen charging 
as evidenced by the departure from linearity of the 
brightness-voltage curve at higher voltages. For this 
reason, we usually worked with well-insulated samples. 
Figure 1 shows results on a phosphor powder settled on 
a glass disk supported on a glass rod several inches long. 
An all-glass tube was used which could be baked out 
except for a small “still” connected to the gun end of 
the tube, containing about a gram of Apiezon W wax 
and arranged to be kept cool during the bakeout. 
After baking out for 16 hours at 400°C and outgassing 
the gun, the pressure in the tube was 5-10~7 mm. At 
this point, the data of Fig. 1A were taken, showing little 
charging of the screen even after nearly 2 hours’ 
bombardment. The wax in the still was now heated to 
80°C, while the screen was being bombarded. During 
this time the pressure ranged from 5-10~* to 10-* mm. 
Figure 1B shows that, after 85 minutes of bombardment, 
there was little effect on screen charging although the 
efficiency had apparently fallen somewhat, perhaps 
because of ionic bombardment resulting in a true ion 
burn. The wax was now held at 50°C for 18 hours with 
the phosphor unexcited. At this point the pressure was 
7-10-7 mm and then, while maintaining the tempera- 
ture of the wax, the phosphor was bombarded for 90 
minutes. Figure 1C shows the relatively enormous 
effect of this treatment. We interpret the fact that 
Fig. 1B shows no more evidence of screen charging than 
Fig. 1A as meaning that the organic vapor was de- 
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Fic. 1. Effect of organic vapor in causing screen charging after 
bombardment with a steady beam of electrons 1.04 amp/cm? 
at 5.0 kv. All-glass tube mercury pump, CaMg(SiO;)2Ti phosphor. 
A. Initial curve and the coincident curve obtained after 105 
minutes bombardment. Wax unheated. B. Wax heated at 80°C 
while sample was bombarded for 85 minutes. C. Wax heated at 
50°C for 18 hours. Then sample bombarded for 90 minutes. 
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Fic. 2. Effect of phosphor bombardment with a steady electron 
beam of 1.04 amp/cm? at 12.0 kv. An all-sulfide P-4 phosphor, 
sample No. 1. Demountable tube, mercury pump. @ Initial 
curve. © After one hour bombardment. X after two hours’ bom- 
bardment. 


composed by the electron beam before reaching the 
phosphor; i.e., for maximum effect, the organic vapor 
should actually be adsorbed on the phosphor surface. 
This conclusion is substantiated by experiments with a 
demountable tube having wax joints, in which the 
phosphor could be baked out although most of the tube 
could not. Here, bombarding a fresh insulated sample 
immediately after the bake produced little evidence of 
screen charging. If, however, the same sample were 
allowed to stand in the evacuated tube for several 
hours after the bake, then the development of screen 
charging during bombardment became very evident. 
We have some evidence, not entirely conclusive, that 
some phosphors are more susceptible to the charging 
effect than others. This may be, for example, because of 
a difference in the specific adsorption for organic vapor. 
In a similar way, one might expect the binder used in 
the screen to have an influence. For the most part, our 
samples were settled from Kasil solutions in standard 
fashion, using barium acetate as the accelerator and 
were thoroughly baked in air at 400°C before instal- 
lation in the tube. Screens settled from water, however, 
behaved similarly to those settled from Kasil solutions. 
The curves of Figs. 2 and 3 compare the rate of 
development of charging effects in the demountable 
tube when the sample is energized by a steady beam to 
that when it is scanned by a standard television raster 
of the same average current density. The rate under 
scanning conditions is much slower, indicating that the 
decomposition of the organic vapor is not a linear 
function of the actual current density in the electron 
beam. Once charging effects have been established by 
steady beam excitation, scanning excitation does not 
decrease them, as might occur if the high momentary 
actual current density in the scanning beam had a 
tendency to remove carbon from the phosphor surface. 
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Fic. 3. Effect of phosphor bombardment with a scanning 
electron beam of 15.0% amp within 15 cm? at 12.0 kv. Same 
sulfide phosphor as in Fig. 2, sample No. 2. Data taken im- 
mediately after that of Fig. 2 in same tube. @ Initial curve. 
O After one hour scanning. X After two hours scanning. 


Throughout these experiments, measurement of light 
output was always made with a steady electron beam. 

The phosphor surface contaminated with organic 
vapor may be subjected to a number of treatments 
without materially alternating screen charging induced 
by electron bombardment. These include baking in 
vacuo at 400°C and exposure to air at room tempera- 
ture, either dry or at ordinary room humidities. Baking 
in air at 400°C, however, returns screen charging to 
its original amount. In this case, if the sample had 
developed visible darkening during the bombardment, 
the bake also removes the darkening. These reactions 
are consistent with the idea that the charging effects 
discussed above are due to deposition of a thin layer 
of carbon. 

It may be emphasized that, although under some 
circumstances the two effects may be confused because 
of a common tendency to lower phosphor efficiency, 
these charging effects are quite distinct from true 
phosphor burn caused by the impact of charged particles 
having considerable energy and resulting in a decrease 
in the intrinsic efficiency of the phosphor. Aside from 
the differences obvious from the above paragraphs, 
the two effects may produce losses in phosphor efficiency 
which react differently to changes in the voltage of the 

“electron beam used for efficiency measurement. A true 
phosphor burn which has the nature of a surface dead 
layer? will be most apparent, percentagewise, at low 
voltage. On the other hand, unless it is very thick, 


?P. H. Dowling and J. R. Sewell, J. Electrochem. Soc. 100, 
22-33, (1953). 


H. DOWLING AND J. R. 


SEWELL 


the effect of the carbon layer is most apparent at high 
voltages. 
There is no reason, of course, why the two effects 


"cannot exist simultaneously. For example, a phosphor 


screen contaminated with organic vapor and bombarded 
by electrons, whose accelerating voltage is sufficiently 
high, will reach a condition where the screen potential 
is below this accelerating potential. When this occurs, 
the screen will be bombarded by any positive ions in 
the vicinity and will thus suffer a true ion burn in 
addition to the charging effect caused by the organic 
vapor. This mechanism will operate, of course, in the 
absence of organic vapor whenever the screen potential 
is below the voltage of the electron beam. It has been 
suggested by others* as the fundamental mechanism 
responsible for the phenomenon of the “cross burn” 
which develops in some television tube screens. If this 
explanation is correct, the presence of organic vapor 
should accelerate the development of cross burn. 

We were readily able to show, in a demountable tube 
with wax joints, the distinction between charging 
effects and a true phosphor burn which had resulted in 
a surface dead layer. When the electrostatically focused 
electron beam was deflected with a magnet, marked 
charging effects always developed in an area coincident 
with the area of the electron beam. The associated loss 
in phosphor efficiency was very pronounced at high 
voltage as in Fig. 1C. Bombardment was continued 
until the darkening of the area was visible in natural 
light. The sample was now removed from the tube and 
baked in air at 400°C. This treatment removed all 
visible trace of the bombardment, but when the sample 
was replaced in the tube and examined under the elec- 
tron beam without further treatment, the originally 
bombarded area was found to have a lower fluorescent 
efficiency than the surrounding area. Now, however, 
the lower efficiency was most pronounced at quite low 
voltages; at high voltages, even up to 20 kv, the 
originally bombarded area was completely indistinguish- 
able, to the eye, from its surrounding regions. 

Although it was slower to develop, an area of low 
fluorescent efficiency and about equal in extent to that 
of the electron beam appeared, during the experiment 
described in the preceding paragraph, nearly on the 
axis of the electron gun. Qualitatively, it behaved in 
all respects like the area under the electron beam. 
Although the details of its origin are not entirely clear, 
this area must be associated with a beam of nearly 
undeflected negative ions accelerated to the second 
anode potential. The fact that it also showed marked 
charging effects may mean that negative ions are also 
effective in decomposing adsorbed organic vapor. 


3For example: private communication from H. A. Klasens, 
Philips, Eindhoven. 
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Design and Calibration of Stagnation Temperature Probes for Use at High 
Supersonic Speeds and Elevated Temperatures 


Eva M. WINKLER 
U. S. Naval Ordnance Laboratory, White Oak, Silver Spring, Maryland 


(Received July 13, 1953) 


A stagnation temperature probe with a single platinum-coated silica shield was built for use at high 
supersonic speeds and elevated temperatures. For large Reynolds numbers the temperature recovery factor 
of the probe reaches 0.998. It decreases with decreasing Reynolds number and increasing temperature. At 
temperatures up to 700° K the major thermometric losses of the probe are conduction losses. One 
single calibration curve is obtained for any one probe by relating the calibration data to the flow conditions 


inside the probe. 





INTRODUCTION 


OR temperature surveys in the NOL Hypersonic 
Wind Tunnel No. 4! a stagnation temperature 
probe has been designed which is specially suited for 
use at elevated temperatures. Usually, temperature 
probes for use at supersonic speeds have two or more 
vented shields around the sensing thermocouple.’ 
These shields serve to direct the flow and minimize the 
heat loss from the air sample the temperature of which 
is to be measured. For boundary-layer studies in the 
hypersonic wind tunnel a small probe, of the order of 
1-mm outside diameter, is desirable in order to obtain 
a sufficient number of data through the boundary 
layer. Such a small probe is easier to assemble, if it 
can be built with a single shield around the thermo- 
couple. 

Since material and finish of the shields, length and 
diameter of the thermocouple wires, as well as vent 
area and size of the probe, are parameters affecting the 
temperature recovery of the probe, it was felt that a 
single-shielded probe may be made to perform in a 
manner comparable to multiple-shielded probes by 
proper selection of these parameters, in particular by 
not using metal as the shield material as is commonly 
done for probes used at elevated temperatures. 

The probe described in the following is still rather 
large, 6-mm outside diameter. This size was selected to 
have a probe large enough for easy handling during the 
preliminary investigations. The probe is, however, 
small enough to obtain a number of data points in the 
nozzle wall boundary layer of the hypersonic wind 
tunnel.’ 


DESCRIPTION OF THE PROBE 


The design of the probe is shown in Fig. 1. The 
shield is made of silica with both surfaces platinum 
coated to reduce conduction losses through the shield 
and radiation losses from the shield surface to cooler 
surroundings. The shield is cemented to the stainless 

' Peter P. Wegener, J. Aeronaut. Sci. 18, 665 (1951). 

2D. L. Goldstein and R. Scherrer, “Design and calibration of a 
total-temperature probe for use at supersonic speeds,” National 
Advisory Com. Aeronaut. Tech. Note 1885 (1949). 


us hh aaaai Winkler, and Sibulkin, J. Aeronaut. Sci. 20, 221 
953). 


steel holder with Technical B Copper Cement.* Two 
vent holes provide a continuous replacing of the air in- 
side the probe. The thermocouple is of 30 gauge (Brown 
and Sharpe Gauge) iron-constantan wire. It is fiberglas 
insulated, and sealed into the silica support with Tech- 
nical B Copper Cement. The exposed surface of the 
support is also platinum coated. The size of the vent 
holes and the length of the thermocouple projection 
have been varied within limited ranges. Best perform- 


ance was obtained for a vent-area to entrance-area ratio 
of 1:5. 


PERFORMANCE 


To evaluate data from boundary-layer surveys, the 
performance of the probe has been tested over a wide 
range of flow conditions, i.e., Mach numbers, tempera- 
tures, and Reynolds numbers. The calibration data for 
one specific probe are plotted, Fig. 2, as temperature 
recovery factor vs Reynolds number. The Reynolds 
numbers refer to free stream conditions and are based 
on the entrance outside diameter of the probe. The 
temperature recovery factor is defined as (7;—T)/ 
(To—T), where T; is the temperature indicated by the 
probe, 7» the stagnation temperature, and T the free 
stream temperature. The stagnation temperature is set 
equal to the area-weighted average value of the supply 
air temperature as obtained from a survey in the 


THERMOCOUPLE SUPPORT ; 
SILICA, SPHERICAL SURFACE PLATINUM COATED, 
TECHNICAL "B" COPPER CEMENT SEAL 
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STAINLESS STEEL HOLDER SILICA SHIELD, 
BOTH SURFACES PLATINUM 
COATED; 2 VENT HOLES 


THERMOCOUPLE : IRON -GONSTANTAN, 0.025 CM DIA. 
FIBERGLASS INSULATED 


Fic. 1. Stagnation temperature probe. 








* Technical B Copper Cement (W. V-B Ames Company, 
Fremont, Ohio) is a dental cement useful up to 1000° Kelvin. 
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Fic. 2. Variation of probe temperature recovery factor with 
Reynolds number at various free stream Mach numbers. 
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nozzle entrance duct.‘ The free stream temperature 
has been calculated from compressible flow tables.‘ 
The range of Reynolds number covered for each Mach 
number is determined by the operational range of the 
hypersonic wind tunnel. For each Mach number, the 
supply temperature has been selected high enough to 
avoid air condensation in the wind-tunnel test section; 
the supply pressure was then varied in a range so that 
the set temperature could be maintained with the 
heater power available. Some data were obtained for 
Mach numbers below 4.9; they correspond to Reynolds 
numbers above 40 000, and under these conditions the 
recovery factor was constant and equal to 0.998. The 
overall shape of the curves of Fig. 2 seems to be alike 
for each Mach number; the recovery factor decreases 
with decreasing Reynolds number because of the 
relative increase of conduction and radiation errors as 
compared to the convection heat transfer. For this 
specific probe and at the temperatures involved, the 
major losses are conduction losses. For the most un- 
favorable case, i.e., data in the lower portion of the 
Mach number 7.6 curve, estimation of the conduction 
and radiation losses’ indicate that approximately 
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Fic. 3. Variation of probe temperature recovery factor with 
Reynolds number at three different stagnation temperatures 
for a free stream Mach number of 4.9. 


‘Eva M. Winkler, ““NOL hypersonic tunnel No. 4 results IV: 
High supply temperature measurement and control,” U.S. Naval 
Bureau of Ordnance Report 2574 (1952). 

5 Marie A. Burcher, ‘Compressible flow tables for air,” Natl. 
Advisory Com. Aeronaut. Tech. Note 1592 (1948). 

*M. D. Scadron and I. Warshawsky, “Experimental deter- 
mination of time constants and Nusselt numbers for bare-wire 


95 percent of the total losses are due to conduction. 

The variation of the recovery factor with tempera- 
ture alone has been investigated for Mach number 4.9. 
Three series of tests were made for the same range of 
Reynolds numbers but at three different temperatures 
(Fig. 3). With decreasing Reynolds number, the 
temperature recovery of the probe drops more rapidly 
as the temperature is increased. 

The curves of Figs. 2 and 3 can be combined into a 
single calibration curve if the measured data are re- 
lated to the conditions inside the probe instead of to 
free stream conditions. Plotting the temperature re- 
covery factor as function of the Nusselt number of the 
flow inside the probe (based on wire diameter) multi- 
plied by the ratio of thermal conductivities of gas and 
thermocouple wire, the lower curve of Fig. 4 is ob- 
tained for the data shown in Figs. 2 and 3. For probes 
where only the length of the thermocouple projection 
is changed, this calibration curve shifts as expected 
when conduction losses are the major losses. The 
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Fic. 4. Summary of calibration data for two probes. 


upper curve in Fig. 4 is obtained with an increased 
thermocouple projection. 

Development of this probe is being continued. To 
reduce conduction losses, the length over diameter 
ratio of the thermocouple wires will be increased. To 
reduce radiation losses further, the platinum coating 
will be replaced by a gold coating and a radiation in- 
sulation provided on the exposed thermocouple wires 
to minimize radiation losses in the probe interior. 
Finally the dimensions of the probe will be reduced to 
the desired 1-mm diameter size. 
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The Analysis of Quantitative Pole-Figure Data 


C. G. Dunn 
General Electric Company, Pittsfield, Massachusetts 


(Received July 13, 1953) 


An analysis of isolated concentrations of poles in a pole-figure plot has been made in terms of a nermal 
bivariate frequency distribution. A definition of pole density is given, and absolute units for measuring pole 
density are introduced. Simple procedures for determining the standard deviation of the pole-density 
distribution and for calculating the fraction of crystals in one preferred orientation in a texture consisting of 
several preferred orientations are given. A method of constructing a quantitative pole figure from a number of 
single Laue patterns and crystal sizes in coarse-grained material also is given. 





INTRODUCTION 


HE determination of quantitative pole figures by 
the Geiger-counter spectrometer method has been 
described in recent papers.'~* The pole figure, which is 
usually shown in stereographic projection, consists of 
pole-density contour lines, each a simple multiple of the 
random orientation value. Pole density may be visu- 
alized as a height above an XY plane that lies in the 
surface of the stereographic-projection reference sphere 
and the distribution of pole density may be considered 
as a surface above the XY plane. In statistics this is a 
bivariate frequency surface. 

If the pole figure consists of a sharp single-orientation 
texture, the bivariate surface for an isolated concentra- 
tion of poles may take the form of a normal distribution, 
particularly for the central region of high pole density. 
This is the type of distribution assumed by DeBarr® 
recently in his consideration of the problem of the re- 
quired number of crystals to be scanned by the inte- 
grating camera method when determining the standard 
deviation to a given degree of accuracy. It is the purpose 
of this paper to consider the problem of analysis of 
quantitative pole-figure data consisting of normal 
bivariate surfaces and to discuss some recent pole-figure 
data which agree well with the normal distribution. 


THEORY OF NORMALLY DISTRIBUTED 
POLE DENSITY 


Let us consider a single orientation texture with the 
pole density falling to zero between peak concentration 
points according to a normal distribution law. Figure 1, 
showing one quadrant only, may be taken as illustrative 
of the form of such a pole-density distribution for an 
isolated concentration of poles. It is a normal bivariate 
frequency surface with normal distribution curves for 
any plane perpendicular to the XY plane. Since a curve 
of constant pole density is an ellipse, we take for 
simplicity X and Y axes parallel with the major and 


1 Decker, Asp, and Harker, J. Appl. Phys. 19, 388 (1948). 

2 Am. Soc. Testing Materials Committee E-4 on Metallography. 
Am. Soc. Testing Materials, Standards, E81-49T (2), 1094 (1949). 

*J. T. Norton, J. Appl. Phys. 19, 1176 (1949). 

*L. G. Schulz, J. Appl. Phys. 20, 1033 (1949). 

5A. H. Geisler, Modern Research Techniques in Physical 
Metallurgy (American Society of Metals, Cleveland, 1953), p. 131. 

6A. E. DeBarr, Sheet Metal Inds. 28, 603 (1951). 


minor axes of this ellipse. We also take a, and a, as the 
standard deviations of the principle normal curves. 
With these parameters the pole density z is given by 


2 
ins exe{ ~(; +2)I " 


where 2 is the peak height and x and y are the coordi- 
nates of a direction. The latter are in angular measure. 

Integrating over this isolated concentration of poles in 
the usual way for a normal bivariate frequency surface, 
we obtain 


Cf Z) he 0 


—on —2 














when Zo has the value 1/2z¢,0,. (Integration limits of 
3c, and 3c, instead of © gives essentially the same 
result.) 

Setting the value of the double integral equal to 1 is 
equivalent to making the element of volume zdxdy under 
the surface equal to the probability that a crystal of the 
specimen, selected at random, has a pole of the specified 
kind in the direction x, y within the solid angle dxdy. In 
terms of weighted numbers (of crystals) the element of 
volume also gives the fraction of sample having poles 
within the range dxdy in the direction ~x, y. 
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Fic. 1. Quadrant of normal bivariate frequency surface. 
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TABLE I. Fraction of sample within two standard deviation units 
for the entire range of values of the ratio ¢:/cy. 








Integration limits 





(Weddle’s rule) o:/ty p/tz Fraction, f(2,) 
1 1.414 0.982 
0°-30°, 30°-90° 1.5 1.202 0.977 
°_30°, 30°-90° 2 1.118 0.970 
0°-18°, 18°-90° 4 1.031 0.960 
0°-18°, 18°-90° 10 1.005 0.957 
Univariate dis- 2 1 0.954 


tribution 








Using the distribution function given by Eq. (1) to 
obtain the average value of x*+-y’ or the variance, we 
find the standard deviation p is related to the parameters 
a, and a, as follows: 


p= (¢7+<,7)!. (3) 


The standard deviation gives a numerical measure of 
the sharpness of the pole concentration. For example, 
over 95 percent of the sample is represented within two 
standard deviations of the center point. Call this 
number /(2p). To determine the exact value of f(2p), 
which varies with the ratio ¢,/a,, we change the limits 
of integration in Eq. (1) to 0 to 2p and 0 to 2x and 
express the distribution function in polar coordinates r 
and @. The radial part can be integrated easily ; but the 
integration over @ is difficult except for the case when a, 
equals a,. The @ integration can be done easily, however, 
by numerical methods (Weddle’s Rule, for example). 
Results are listed in Table I. 


ABSOLUTE VALUES OF POLE DENSITY 


We may define pole density for any kind of distribu- 
tion whatever as follows: 


z=df/dw, (4) 


where df is the fractional element of sample within the 
element of solid angle dw. 

If x and y in Eqs. (1) and (2) are in radian measure or 
if dw in Eq. (4) is in steradian measure, then z may be 
said to be in absolute units. Since the unit of pole 
density has little physical meaning by itself, one may 
more conveniently think in terms of the product zdw or 
df, which lies in the range zero to one and is either a 
probability or the fraction of the sample having poles in 
the element of solid angle. 

A stereogram covers a solid angle of 27 steradians 
when it is a projection of a hemisphere of the reference 
sphere. In such a range there is more than one pole 


concentration for a single orientation texture. There are - 


three (100) poles, four (111) poles, six (110) poles, etc., 
or n (hkl) poles for the general case. Therefore, 


2r 
f sdo= n, (5) 
0 


which means that the entire sample is counted n times 
during integration over 2m steradians. 


The average pole density, which also is the pole 
density of a random orientation texture, is n/2m in the 
present units. Average pole density, therefore, depends 
on the kind of stereogram. It is twice as great for (110) 
poles as for (100) poles, but this is entirely reasonable. 

The number u/2z, unfortunately, is somewhat un- 
wieldy. A more useful result, applicable to quantative 
pole figure data that are expressed in terms of the ex- 
perimentally determined multiplicities of random in- 
tensity, is for the pole density of a random orientation to 
equal nm. This result can be accomplished easily by a 
change in units, which keeps df in Eq. (4) unchanged. 
With & expressing pole density in the new units we set 


k=df/do*, (6) 


where k now equals 272 and dw* equals dw/2m, the new 
unit of solid angle being the hemisphere. 

The pole density of a normal bivariate surface 
becomes 


u 


# y’ 
k= ky exp| — ( +=)| (7) 
Ze ie 


where ky equals 1/o,0, when the entire sample is 
represented. 
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Fic. 2. Geiger-counter spectrometer trace of a fine-grained re- 
—— specimen of silicon iron (specimen 2) (see references 
and 8 
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ANALYSIS OF QUANTITATIVE POLE-FIGURE DATA 235 


TEXTURE CONSISTING OF SEVERAL PREFERRED 
ORIENTATIONS 


When a texture consists of more than one preferred 
orientation each with isolated pole concentrations, it is 
evident that only a part of the aggregate of crystals 
representing a sample is associated with a single pole 
concentration. For a normal distribution, we have 


2 oo x y 
Ff oenl-(orZ)enmee 


es lee] 





where fa is the fraction of sample in the preferred 
orientation A and hy is the peak height of an isolated 
pole concentration to which the integration applies. 

Equation (8) reduces to the following very useful 
relationship: 


hao y= fa. (9) 
POLE-FIGURE DATA 


In a separate investigation’ on recrystallization tex- 
tures and cold-rolled textures produced from single 
crystals of 3.2 silicon iron, quantitative pole-figure data 
have been obtained. In this work a transmission Geiger- 
counter spectrometer method was used to obtain chart 
recordings of Mo K, diffraction from (110) planes. 
Figure 2 shows a Speedomax tracing for which, in one 
narrow range of directions, many crystals were in posi- 
tion to diffract. The heavy horizontal lines were drawn 
to convert the intensity levels into pole-density levels 
using the method of direct comparison with a random 
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Fic. 3. Variation of pole density with angle from peak position 
(x or y) for a pole concentration of specimen 1, a cold-rolled single 
crystal (see references 7 and 8). 
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_ Fic. 4. Variation of pole density with angle from peak posi- 
tion (x or y) for a pole concentration of specimen 1, after re- 
crystallization (see references 7 and 8). 


orientation sample.’ In terms of relative values, these 
levels are }, $, 1, 2, 4, 8, 16, and 32 times random. On the 
absolute scale the random orientation pole density is 6. 

That such a two-dimensional trace follows a normal 
distribution can be shown by taking h4 equal to 192 and 
a, equal to 2.9° and comparing the calculated value of 
pole density with the curve. Calculated values are 
shown by the circled dots. They lie either on or very 
close to the recorded curve. 

To test an actual pole concentration for normal dis- 
tribution, use is made of the quantitative pole-figure 
plot. If the constant pole-density contour lines consist of 
concentric ellipses, which is reasonably true for a 
number of observed cases, then it is only necessary to 
read x and y coordinates for each level of pole density 
and plot results as shown in Figs. 3 and 4 in order to 
complete the test. The pole density is plotted on a 
logarithmic scale against the square of the coordinate. 
Since a relatively good straight line can be drawn 
meeting at a point that determines ko or 4, one can say 
that the pole density is normally distributed for these 
examples. The straight lines also determine o, and oy; 
values appear in the figures. 

With o, and a, both in radians the product hac,o, 
[see Eq. (9) ] for the cold-rolled single crystal of Fig. 3 
is 1.02 in good quantitative agreement with a normal 
distribution for a single-orientation texture. Since the 
standard deviation is 5.3°, 98 percent of the sample lies 
within 10.6° of the peak position. 

The corresponding product for the recrystallized 
specimen represented by Fig. 4 is 0.79. It was known 
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Fic. 5. Stereogram of (100) poles of coarse-grained specimen 
(from unpublished data). 


from the complete pole-figure charts that the strong 
preferred orientation obtained was accompanied by 
some minor preferred orientations. These would have to 
produce an average pole density of 1.2 to account for the 
missing 20 percent. An estimate, however, would place 
these contributions at no more than about 5 percent. 
Also magnetic torque data® expressed in terms of rela- 
tive torque peak with a (110) [001] crystal as 1 showed 
values over 0.90. It, therefore, seems reasonable to con- 
clude, if the data are sufficiently accurate, that the 
method of plotting is in error on the low side. 

The reason for the low value may be due to the 
efficiency of x-ray diffraction. The random orientation 
sample (powdered iron) and the cold-rolled sample may 
both be more efficient than the recrystallized sample 
because of greater crystal perfection in the latter case. 
If this is the source of error, the problem can be solved 
by cold rolling recrystallized samples a small amount to 
destroy the extra perfection of the crystals. However, 
since deformation tends to alter the texture, use of a 
correction factor instead might be a preferable pro- 
cedure. 


PRODUCTION OF A QUANTITATIVE POLE FIGURE 
FROM SINGLE-CRYSTAL LAUE PATTERNS 


Taken from unpublished work as illustrative for the 
present procedure, Fig. 5 shows a plot of (100) poles for 
a disc specimen of silicon iron consisting of 196 crystals 
and having a relative torque peak of 0.83. Qualitatively, 
the texture is clearly (110) [001], but in the form shown 
lacks quantitative characteristics. 

The data may be made quantitative by giving each 
pole a weight according to size of crystal involved, 





*C. G. Dunn, Acta Met. 1, 163 (1953). 


assembling such data to calculate pole density according 
to Eq. (6) (elements of solid angle of about 0.05 
steradians in size are satisfactory), and finally plotting 
constant density contour lines. 

For purpose of analysis, however, one need not make 
the plot of contour lines. For example, the result shown 
in Fig. 6 is obtained by taking the pole-density data for 
the pole concentration in the rolling direction after 
assuming that constant pole-density contour lines can be 
taken as circles. It is to be noted that the plotted region 
can be represented quite well by a straight line. Also 
application of Eq. (9) gives a value of 0.96, which is in 
good agreement with a normal distribution for an 
isolated concentration of poles of a single orientation 





96, 
48, 
_ ee 
ny *=63 | 
| oe me | 
24) Pp +100 | 
B Fic. 6. Variation of 
a pole density with angle 
Dio | of deviation from the 
be rolling direction for a 
a coarse-grained sample of 
w O silicon iron (from un- 
a published data). 
& 6! 
O 
34 
1.5 





100 200 300 400 
(DEGREES)* 


texture. The standard deviation calculated from the 
curve is 10.0° and calculated directly from the original 
data is 10.9°. The difference is only slightly beyond the 5 
percent value of the standard error [1/(2.V), where V 
is 196, if we can consider each crystal with equal weight 
in calculating the error] and may be the result of some 
departure from the normal distribution at large angles 
of deviation from the center. 

If a distribution is reasonably close to a normal one, 
the standard deviation gives a good quantitative 
measure of the distribution of pole density. 


ACKNOWLEDGMENT 


The author wishes to thank Dr. A. H. Geisler for 
discussion of the manuscript, particularly the part 
dealing with pole-density units. 











jo 








Fe wT FY VV YY NEOUS 


of 
le 
e 


of 


l- 


1e 
al 


at 
1e 
es 


e, 
ve 


or 
rt 








JOURNAL OF APPLIED PHYSICS 


VOLUME 25, 


NUMBER 2 FEBRUARY, 1954 
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Plastic deformation was produced at about 100°C in single crystals of ADP which is normally considered 
to be brittle. The following four specimen orientations were studied by loading as a simple beam at tempera- 
tures from 90° to 115°C: (a) loaded along [110] axis normal to the (001) face (this orientation being the one 
of practical importance for all piezoelectric applications) ; (b) loaded along [100] axis normal to (001) face; 
(c) loaded along [010] axis normal to (100) face; (d) loaded along [001] axis normal to (100) face. Specimen 
(a) deformed more readily than the others. X-ray studies were made before and after deformation. Back 
reflection Laue patterns revealed no difference before and after deformation (i.e., no asterism was detected). 
A modification of the Berg-Barrett grazing angle technique proved very satisfactory and revealed that 
structural fragmentation had occurred in these crystals. 





INTRODUCTION 


MMONIUM dihydrogen phosphate (usually 

known as ADP) is a widely used piezoelectric 
crystal which at room temperature behaves as a very 
brittle material. It was found,! however, that plastic 
deformation can occur in this material below 100°C 
which is well within the temperature limit ordinarily 
regarded as safe for handling. This deformation does 
not appreciably alter the piezoelectric or elastic prop- 
erties. 

The purpose of this preliminary paper is to describe 
some of the qualitative results obtained concerning the 
deformation and to present some suggestions as to the 
mechanism of deformation derived from x-ray studies. 

Chemically, ADP (NH,H2PO,) is water soluble, but 
contains no water of crystallization, and is quite stable 
to about 100°C. Near 120°C it loses ammonia rather 
rapidly. The crystal is of tetragonal symmetry of 
Class Vg. The symmetry elements are an axis of four- 
fold alternating symmetry (the z axis), two equivalent 
two-fold axes (x and y), and two planes of symmetry 
which intersect in the z axis and bisect the angle be- 
tween x and y. 

For this preliminary work, specimens of four orienta- 
tions were chosen as follows:? (a) zat 45 (this is the 
principal cut used for piezoelectric purposes and is 
commonly referred to as the 45 Z cut), (b) 2x, (c) xz, 
and (d) xy. The last three are all unrotated cuts with 
the edges of the plate lying along crystal axes. 


DEFORMATION TECHNIQUES AND RESULTS 


Most of the specimens of the zxt 45 orientation were 
chosen from a group of commercial crystals whose 
history was unknown. The other orientations were cut 


1 The possibility of plastic deformation in ADP was brought 
to our attention by Mr. P. N. Arnold of the Sound Division who 
found curved plates in a transducer which had been opened for 
repair. 

2 The notation used here for the various cuts is that adopted 
by the Institute of Radio Engineers. In this notation the first two 
letters designated, respectively, the crystal axes (x, y, or 2) along 
which the thickness and length are regarded as lying in the un- 
rotated cut. The third letter denotes the edge of the plate (length 
l, width w or thickness ¢ about which a rotation is made and the 
number is the number of degrees rotated. 


from large blocks of ADP grown at NRL. These were 
wet-lapped to proper dimensions (1.5 in.X0.5 in. 
0.125 in.) thickness tolerance +0.001 in. and then 
given a fine grind and light etch. The etching treatment 
consisted of 5 minutes at room temperature in a 
solution of ethylene glycol 80 percent, water 20 percent. 
This treatment was found to remove all traces of 
surface working. 

Of several methods for deforming the specimens 
which were tried the most satisfactory for these tests 
was to mount the specimen as a simply supported beam 
loaded centrally with 3000 grams. The load was sup- 
ported by flexible wires hung on a ;5-in. rod which was 
in contact with the specimen. The crystal was brought 
to temperature, loaded, and held for two hours. The 
angle at the apex of the bent specimen was taken as a 
measure of the deformation. 

Under this treatment measurable deformations of 
the zat 45 cut were found to occur as low as 90°C 
(angle of bend less than 1°) and large deformations 
(angle of bend greater than 13°) at 115°C. Figure 1 
shows a typical example of a bent specimen. A wide 
variation in the behavior of individual specimens pre- 
vented the establishment of a quantitative deforma- 
tion-temperature relation. 

The deformation takes place almost entirely in the 
region of application of the load. This was found to be 
true not only on the centrally loaded specimens but on 
others loaded at two points } of the length from each 
end. Deformation of uniform curvature could be pro- 
duced by loading the specimen as a column in com- 
pression. 

Of the four orientations used in tests at 110°C the 





Fic. 1. Bent crystal specimen. 
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Fic. 2. X-ray grazing angle technique. 








zxt 45 was found to deform most readily, the xy the 
least. The 2x and xz were intermediate. No slip lines 
were observed in any of the tests. 

To check the effect of the deformation on the electro- 
mechanical properties, the resonant and antiresonant 
frequencies of a specimen were measured before defor- 
mation, after deformation, and after a reversed defor- 
mation had brought the specimen back to approxi- 
mately its original shape. No significant change was 
found indicating that both the elastic and piezoelectric 
properties were unchanged by the deformation. 


X-RAY STUDIES 


Back reflection patterns showed no significant 
difference between the deformed and undeformed 
crystals. A modification of the Berg-Barrett grazing 
angle technique, however, proved very satisfactory in 
demonstrating the nature of the deformation. In this 
technique the crystal was mounted on a simple goniom- 
eter (see Fig. 2) in front of the x-ray tube. A fluorescent 








Fic. 3. X-ray pattern from undeformed zxt 45° crystal. 
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screen was placed above the crystal and essentially 
parallel to the x-ray beam. The crystal was rotated in 
the darkened room until x-ray reflections were seen on 
the screen. The goniometer was then locked in position 
and the screen replaced by a fine grain x-ray film. 
Chromium unfiltered radiation and type M film were 
used in these experiments. With a 0.33-mm diameter 
pinhole, the exposure times were 50 milliampere-hours 
at 35 kv when the specimen was about an inch from 
the window and the film about an inch above the 
specimen. 


RESULTS 
X-Ray Patterns 


Figure 3 shows a pattern obtained from an unde- 
formed zxt 45° crystal in the manner described. The 
x-ray beam was in the (110) plane of the crystal and 
made an angle of about 15° with the [110] or P axis 
lying in the face of the crystal. The spots are seen to be 
relatively sharp and with little structure. 

Figure 4 shows a pattern obtained from an xz cut 
which had been bent about the y axis. The x-ray beam 
impinged on the crystal perpendicular to the bending 
axis. The resulting pattern shows spots containing 
striae of maxima and minima of intensity, these striae 
being parallel to the bending axis. 

In Fig. 5 is a pattern from a sxt 45° (45° Z cut) 
crystal which had been bent about the [110]. With the 
geometrical arrangement as above, the x-ray beam was 
again perpendicular to this axis. The reflections are 








Fic. 4. X-ray pattern from xz crystal bent about y axis 
(X-ray beam perpendicular to bending axis). 
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Fic. 5. X-ray pattern from zxt 45° crystal bent about [110] 
(x-ray beam perpendicular to bending axis). 


elongated and again crossed by maxima and minima 
roughly parallel to the bending axis. 

Figure 6 shows another pattern from the same zxt 
45° crystal. Here, however, the crystal had been 
rotated in the azimuthal plane so that the x-ray beam 
was parallel to the bending axis instead of perpendicular 
to it. It can be seen that very little structure appeared 
in the spots. Compare with Figs. 3 and 5. 

As a result of these patterns and others we are led to 
believe that in the zxt 45 crystals, blocks of material 
rotated uniformly about the bending axis giving rise 
to the maxima and minima of Fig. 4. Further, these 
blocks must have been filament-like, extending across 
the width of the crystal parallel to the bending axis. 
Measurements of the spacings of the maxima indicate 
that the blocks were misoriented relative to one an- 
other by 1.3°. This value incidentally is of the same 
order of magnitude as found for the misorientation of 
mosaic blocks in deformed metals. 

Crystals with other orientations were studied and 
yielded the following results: 


(a) When a zy crystal was loaded along the x or [100] 
axis, the x-ray pattern consisted of well-defined maxima 
and minima parallel to the bending axis. Again we 
interpret this to mean that in the deformed crystal, 
blocks of material were tilted about the [100]. 

(b) When a yz crystal was loaded along x the result- 


PHOSPHATE 239 





Fic. 6. X-ray pattern from same zxt 45° crystal 
(x-ray beam parallel to bending axis). 


ing x-ray pattern was similar to that obtained in (a), 
as expected. 

(c) When an xy crystal was loaded along z, [001] 
the resulting x-ray patterns consisted of diffuse streaks 
with only one or two maxima appearing parallel to the 
bending axis. As yet we do not have a clear picture of 
the manner in which deformation occurred in this case. 
It should be noted that for a given load the xy crystal 
bent to a far lesser extent than the other crystals dis- 
cussed. 


The crystal mentioned previously, which had been 
bent and then straightened, gave a pattern which 
showed that the mosaic structure had been “frozen in.” 
It will be recalled that the piezoelectric constants had 
not changed. 

Other orientations are being studied. It is planned to 
obtain stress-strain curves in both tension and shear as 
a function of temperature and to study the effect of 
plastic deformation on physical properties such as 
resistivity which should be sensitive to changes in 
microstructure. 
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A television pickup tube arrangement using a Vidicon for the direct recording of x-ray images is de- 
scribed. The transmitted x-ray picture shows noise characteristics that are clearly those of the absorbed 
x-ray photons. The internal conversion gain (number of carriers generated per absorbed x-ray photon) is 
estimated by two independent methods, one of which is based on a measurement of x-ray noise. Both 
methods give a gain of about 500 for a 100 kv x-ray photon. The agreement between the two methods is 
evidence for the validity of the simple electron-multiplier model for the noise current in the photoconductive 
selenium target. The appearance of x-ray noise means that all the information contained in the absorbed 
fraction of the x-ray beam is being transmitted. Thirty pictures per second are transmitted when irradiating 
the Vidicon with a 5 ma, 100 kv x-ray beam at a distance of two feet. Wires of one mil diameter were 


clearly observable. 





HE photoconductivity of evaporated layers of 
amorphous selenium and of antimony trisulfide 
and their use in television pickup tubes of the Vidicon 
type have already been reported.'* Tests made early 
in the investigation of these targets showed that they 
would record a picture as the result of direct exposure 
to x-radiation. The sensitivity of the direct exposure 
did not equal that obtainable by optical pickup from 
a fluorescent screen because of the small fraction of the 
x-rays absorbed by the thin Vidicon targets. The 
fluorescent screen absorbs and converts practically all 
the x-radiation to visible light. Selenium targets of 1 to 
2 mil thickness deposited on glass face plates 0.020 in. 
thick showed only about 15 percent absorption of the 
incident 75 kv x-radiation. 

There is, however, both technical and scientific 
value in knowing how efficiently the photoconductor 
uses those high energy photons which it does absorb. 
If each photon were to create several hundred electron- 
hole pairs, there should be a similar increase in the 
noise level of the photoconductive signal which would 
then be observable above the amplifier noise of the 
camera device.‘ To test this theory, an experimental 
arrangement was prepared in which a lead shield con- 
taining two windows was placed before the face of a 
Vidicon having a 1 mil thick selenium target. One 
window was illuminated by x-rays and the second by 
visible light. The intensity of the light illumination 
was adjusted until the images reproduced on the 
kinescope were of equal intensity. Noise (x-ray photon 
noise) was clearly observable in the x-ray image and 
was absent in the light image, as is shown in Fig. 1. 

The gain factor in the photoconductor, defined as 
the number of electron charges arriving at the signal 
plate per absorbed photon, was evaluated by matching 
the noise in the x-ray generated signal with the shot 
noise from a temperature limited diode. If each ab- 

1 Weimer, Forgue, and Goodrich, Electronics 23, 70 (1950). 


( ost) Weimer and A. D. Cope, RCA Review XII, No. 3, 314 
1951). 


ashe” Goodrich, and Cope, RCA Review XII, No. 3, 335 
1). 


* A. Rose, Advances in Electronics I, 134, 160-163 (1948). 


sorbed x-ray photon gave rise to one electron charge 
in the signal plate of the Vidicon, the gain would be 
unity. Under these conditions, the mean squared 
noise current per unit band width in the Vidicon signal 
plate lead would be 


(In?) a= 2el, (1) 


where e is the electronic charge in coulombs and J is 
Vidicon signal plate current in amperes. In this case I 
is numerically equal to the number of x-ray photons 
absorbed in the target per second multiplied by the 
electronic charge. Equation (1) is simply the shot 
noise in a temperature limited current of J amp. It is 
used here on the assumption that the x-ray photons 
are absorbed randomly in time just as electrons in a 
temperature limited diode are emitted randomly in 
time. 

If each absorbed x-ray photon gives rise to G 
electron charges in the signal plate of the Vidicon, the 
effect is to multiply both the signal current and the 
rms noise current by the factor G. This is also the well- 
known result for an electron multiplier; the signal 
current and rms noise current leaving the cathode of 
the electron multiplier are both multiplied by the 
gain of the multiplier.* The mean squared noise 
current per unit band width in the signal plate lead of 
the Vidicon is then given by 


(Ln?) av) @= G(T 0?) wv) = 207 
= 2G (GN) 
=2GI¢. (2) 


In Eq. (2), (In?) and J have the same meaning as 
in Eq. (1), namely, the noise and signal currents 
appropriate to a gain G of unity. ((J,?)w)¢ and Ig are 
the corresponding noise and signal currents appropriate 
to a gain of G between the absorbed x-ray photon 
current and the observed Vidicon signal plate current. 

It is now clear from Eqs. (1) and (2) that if the mean 
squared noise current per unit band width ((J,”)w)¢ is 

*The fluctuations in the multiplication process itself are 


neglected here. They are likely to contribute only a small correc- 
tion to the foregoing relation. 
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X-RAY NOISE OBSERVATION 


to be matched by the noise from a temperature limited 
diode, the temperature limited diode current must be 
(GIg). That is, the temperature limited diode current 
must exceed the current in the Vidicon signal plate 
lead by the gain factor G. 

The match between the x-ray noise current and the 
temperature limited diode noise current was made by 
observing their envelopes on an oscilloscope, connected 
near the output stage of the television amplifier. The 
band width of the amplifier was restricted to one 
megacycle for convenience of measurement. First, an 
observation was made of the envelope of the x-ray 
noise current on the oscilloscope, and the value of the 
x-ray signal current in the signal plate lead of the 
Vidicon was recorded. Second, a noise diode was sub- 
stituted for the Vidicon and its current adjusted so 


] 














Fic. 1. Comparative noise caused by illumination by x-rays 
and by visible light. The upper area was illuminated by visible 
light to give a signal of equal intensity to that of the lower area 
which was illuminated by x-rays. The coarse mottling in the 
x-ray picture which is absent in the visible light picture is the 
result of x-ray photon noise. 


t It is interesting to note that the x-ray noise is stored for the 
television frame time of 1/30 sec. This means that the x-ray 
noise in the stored charge pattern corresponds to low frequency 
noise of 30 cy/sec band width. By the scanning process this 
charge pattern is picked up at a high rate of speed and observed 
at an expanded band width of several Mc/sec. 
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X-RAY TUBE VOLTAGE IN K.V. 
_ Fic. 2. Gain, defined as the number of charges arriving at the 
signal plate per absorbed x-ray photon, as a function of the x-ray 
tube voltage when irradiating a Se Vidicon. The above gains were 


computed from the magnitude of noise current in the transmitted 
x-ray pictures. 


that the envelope of its noise, as observed on the 
oscilloscope, matched that already observed for the 
x-rays. The noise diode current was noted. The gain 
G was then computed by taking the ratio of the 
noise diode current to the x-ray signal current. 

The x-ray source was an industrial radiographic 
unit with an inherent filtration of 0.6 mm of aluminum. 
In addition, there was an absorbing path of 25 cm of 
air and of 2.5 mm of Kovar sealing glass. The Vidicon 
tube with a 1 mil thick selenium target was operated 
in a standard RCA Industrial Television unit with the 
lens mounting removed. 

The observations were made at a number of different 
values of x-ray voltages and currents. The rms x-ray 
noise current and the x-ray signal current both doubled 
when the x-ray voltage was doubled. An approximate 
check was also obtained of the proportionality of the 
rms x-ray noise to the square root of the x-ray gener- 
ating tube current at a given voltage across the x-ray 
tube. The gain as a function of x-ray tube voltage is 
shown in Fig. 2. For a 100 kv photon an average 
value for the gain is 400. 

The gain as recorded in Fig. 2 is the product of the 
number of carriers generated by an x-ray photon and 
the number of electron charges arriving at the signal 
plate per generated carrier. The latter factor is called 
the quantum yield of the photoconductor. Thus, the 
number of carriers generated by an x-ray photon is 
equal to the observed gain divided by the quantum 
yield of the Vidicon target. At the same operating 
potential at which the gain was observed to be 400, 
the quantum yield of the photoconductor for blue 
light was measured to be 0.8. If one assumes that 
this quantum yield also holds for the carriers generated 
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by x-radiation, then, the number of carriers generated 
per absorbed 100 kv photon is 500. Thus, a maximum 
energy for the formation of an electron-hole pair is 200 
electron volts. This value is likely to be lower when 
proper correction is made for the spread of x-ray 
energies and for the less than linear relationship of the 
Vidicon signal current to the x-ray intensity. 

An independent check of the number of carriers 
generated per absorbed x-ray photon was made by 
comparing the observed photoconductive current 
through the Vidicon target with the “current” of x-ray 
photons absorbed in the target. To obtain the latter, 
the intensity of x-radiation was measured at the 
Vidicon by means of a Victoreen condenser r-meter. 
The fraction of x-radiation transmitted by the face 
plate of the Vidicon was measured to be 30 percent. 
The fraction of x-radiation absorbed by the one mil 
thick Vidicon target was taken to be 15 percent from 
measurements on other layers of selenium. A value of 
590 carriers generated per 100 kv x-ray photon was 
computed in this way. This is to be compared with the 
value of 500 computed from noise measurements. The 
agreement between this direct measurement of gain 
and the “noise” measurement of gain supports the 
validity of the electron-multiplier model for the x-ray 
noise currents. 

More recent measurements of noise currents in 
photoconducting cadmium sulfide crystals have lent 
further support to this simple model. A thin crystal 
plate of insulating CdS operated as a photoconductive 
target showed x-ray photon noise when irradiated from 
a distance of two feet by a 1 ma, 10 kv x-ray beam. A 
conservative estimate of the number of carriers gener- 
ated per absorbed x-ray photon was 1000. This would 
correspond with not more than 10 electron volts for 
the generation of an electron-hole pair. Also, detailed 
noise measurements on high gain CdS crystals ir- 
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Fic. 3. Photograph of the kinescope show- 
ing the picture transmitted when two potted 
junction type transistors were laid on the face 
of a Vidicon and irradiated by a 100 kv, 5 ma 
source of x-rays from a distance of two feet. The 
two vertical lines are the shadows of fine tung- 
sten wires, a two mil diameter wire on the left 
and a one mil diameter wire on the right. 


radiated with visible light and used as simple photo- 
cells were reported to be consistent with the concept of 
this material as a “noiseless” multiplier.® 

The ready observation of noise in the x-ray picture 
means that all the information contained in the fraction 
of the incident x-radiation, absorbed by the photo- 
conductor, is being transmitted. That is, greater signal- 
to-noise ratios for a given incident x-radiation can 
come only through absorbing a greater part of the 
incident energy. Thicker targets or photoconductors 
of higher atomic number would achieve this. 

There is, however, an advantage in employing thin 
photoconductive layers of the mil thickness range. 
Higher resolution is obtained at the expense of sensi- 
tivity by the reduction of scattering. It was found, for 
example, that one mil wires were easily observed, 
especially since the final picture on the monitor offered 
a magnification of up to 50 times the original (Fig. 3). 

Good pictures at the rate of thirty per second (tele- 
vision scanning rate) were obtained at a distance of 
two feet from a 5 ma, 100 kv constant voltage source 
of x-rays. Photographic exposures under the same 
conditions required several seconds. In principle, 
x-ray film should also convey all of the information 
contained in the part of the x-radiation absorbed by 
the film since, according to Bromley and Herz® and 
Hoerlin,’ absorbed x-ray photons of greater than 20 
kv energy cause at least one photographic grain to 
be developable. Under these conditions the x-ray noise 
or graininess should be equal to or greater than the 
graininess of the film itself and should limit the infor- 


_ mation recorded. 


The authors are indebted to C. J. Busanovich for 
preparing photographs of the noise phenomena. 


5 Shulman, Smith, and Rose, Phys. Rev. 92, 857(A) (1953). 

®D. Bromley and R. H. Herz, Proc. Phys. Soc. (London) 63 
Part 2, No. 362B, 90 (1950). 

7H. Hoerlin, J. Opt. Soc. 39, 891 (1949). 
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The focusing of high-current electron beams by means of a system of periodically spaced magnetic lenses 
has been studied. The trajectories of the electrons under the influence of magnetic and space charge forces 
have been obtained by the use of an analog computer. Graphs have been prepared which permit the design 
of a lens focusing system for given values of current, voltage, and beam diameter. The solutions are obtained 
for the Glaser magnetic lens with longitudinal field variation of the form B,= Bo(1+ (z/a)?)~. The conditions 
of operation appropriate to the minimum chromatic aberration are obtained, and the entrance conditions to 


the lens system discussed. 





HE focusing of electron beams by electrostatic or 
magnetic lenses has been the subject of a large 
number of papers,':? which, however, have considered 
electron beams of sufficiently small current density that 
space-charge effects could be neglected. The effects of 
space charge in a focused electron beam have also been 
the subject of several studies.** However, in these 
studies the electrons are assumed to enter a field-free 
drift region with a given initial convergent slope, the 
details of the lens necessary to produce this initial 
focusing being omitted. 

The purpose of this study is to bring the two afore- 
mentioned cases together in a unified treatment of the 
effects of both the magnetic lens and the space charge 
on the focusing of electron beams of such current density 
that space-charge expansion of the beam cannot be 
neglected.°® 

Magnetic lenses for the control of high-current elec- 
tron beams have a number of applications in the 
electron tube field where it is desirable to use long, thin, 
relatively uniform diameter beams. With the use of 
such lenses for focusing of the beam, a considerable 
saving in magnet weight, space, and power consumption 
over the conventional solenoid can be effected. 

To show that one can easily control beams carrying 
useful current, consider for example, the electron beam 
in a low-power traveling wave tube. A typical value for 
the beam perveance in such a tube would be approxi- 


1 Advances in Electronics, edited by L. Marton (Academic Press, 
Inc., New York, 1950), Vol. II. Zworykin, Morton, Ramberg, 
Hillier, and Vance, Electron Optics and the Electron Microscope 
(John Wiley and Sons, Inc., New York, 1945). 

2 W. Glaser, Z. Physik 117, 285-321 (1941). 

3J. R. Pierce, Theory and Design of Electron Beams (D. Van 
Nostrand Company, Inc., New York, 1949), Chap. IX. 

4E. E. Watson, Phil. Mag. 3, 849 (1927); B. J. Thompson and 
L. B. Headrick, Proc. Inst. Radio Engrs. 28, 318-324 (1940); 
D. L. Hollway, Australian J. Sci. Research A5, 430-436 (1952); 
H. Moss, Wireless Engr. 316-321 (July, 1945). 

5 While this paper was in preparation, the work on periodic 
magnetic focusing of electron beams done at the Bell Telephone 
Laboratories was described by J. T. Mendel, W. H. Yocum, A. M. 
Clogston, and H. Heffner at the Conference on Electron Tube 
Research held at Stanford University June 18-20, 1953. These 
workers pointed out the practical advantages of the opposing 
field magnets and presented the results of analysis of focusing 
conditions in a beam for somewhat different magnetic field con- 
ditions than is considered in this paper. Experimental confirmation 
of their analytical results was also given. 


mately J/V!=0.15X10~-*. The limiting perveance of a 
properly focused electron beam injected into a drift 
tube or helix of diameter D and length / is* /V!= 38.6 
X10-*(D/l)*. If the beam is considered to be focused 
by m magnetic lenses spaced a distance L apart, L=/1/n 
then the limiting perveance is 


I/V'=38.6X 10-*(Dn/l)?, 


so that the typical value of perveance quoted above can 
be obtained with n=2 and 1/D=32.' 

The following physical situations will be considered 
in this analysis: 


(a) Focusing of a solid electron beam by a magnetic 
lens when the focal length is long compared with lens 
thickness and space charge expansion within the lens is 
negligible; (b) focusing of a long electron beam by an 
iterated system of magnetic lenses, taking into account 
space-charge expansion in the lens, but neglecting over- 
lap of the fields of adjacent lenses; (c) effect of the 
nearest neighboring lens in case (b); and (d) a simple 
graphical procedure for finding the envelope of a beam 
focused by an electrostatic lens, taking into account 
space charge expansion. The results of the studies of 
the magnetic lens cases are presented in the form of 
graphs that permit the design of a periodic lens system 
for given conditions. 


The consideration of the magnetic lens is restricted 
to the case of the Glaser lens; that is, to axial variation 
of magnetic field of the form® 


B,/ Bo= (1+ (2/a)?)“". 
In all of the equations mks units will be used. 


6 Reference 3, p. 151. . 
7To make this example somewhat more general, a quantity 
proportional to gain of a traveling wave tube can be written as 


CN = (KI/4V0)'fl/uo, 


where C is the Pierce gain parameter, N the number of electronic 
wavelengths in the tube, w= (2Vo)* the electron velocity, f the 
frequency, and K the helical sheath impedance. If we insert into 
this expression the value of limiting perveance quoted above and 
choosing a= 1.5, we obtain 


CN =0.17(1/D)in'. 


8 This assumed distribution of magnetic field can be duplicated 
experimentally by proper shaping of the lens pole pieces. 
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EQUATION OF MOTION 


The electrons of the beam are considered to enter 


the lens from a region of zero magnetic field with 
uniform axial velocity #9= (2nVo)# and with zero radial 
velocity. It is sufficient to consider only the forces 
acting on an electron on the edge of the beam; these 
are, the outward radial space charge force® 


F,= —eE,=ar¢epoe/2rreo 
and the Lorentz forces of the magnetic field of the lens 
P= —erbB, 
F,=e7B,—ezB,. 
The angular velocity of an electron, emitted from a 
cathode at which there is no normal magnetic field, 
and injected into a circularly symmetric magnetic 


field of strength B, on the axis, is given by Busch’s 
theorem” as 


6=np/2nr’, 


where ¢ is the total flux threading the cross section of 
the beam. If consideration is restricted to a beam near 
the axis," it can be assumed that the magnetic field 
over the cross section of the beam is uniform, and there- 
fore ¢=r°B,. The angular velocity is then given by 
the equation 


§= 3nB, on dwe. (1) 


If we make use of this relation, the equation of motion 
becomes 


*#—1r(nB,/2)*= — (1/2) (nBz)?+ (xnpore?/2mreo). (2) 
If we let 


B,= Bo/1+(2z/a)?, k?=(nBy?a?/8V 5), 


B po? = npo/ €otte? = wp*/U0", 











—— 


- Le2d 





Fic. 1. Electron trajectory in Glaser lenses; approximation 
for long focal distance. 


°K. R. Spangenberg, Vacuum Tubes (McGraw-Hill Book 
Company, Inc., New York, 1948), p. 442. 

” Reference 3, p. 36. 

" In any circularly symmetric lens with a gap that is thin com- 
pared with the diameter of the aperture, this assumption gives a 
good approximation to the true field for radii out to about half 
the aperture radius. 


and #=2nV o(d*r/dz*), one can write Eq. (2) as 


dr / To — k?r/ To , B pod” To (4) 
d(s/a)? [it(c/ayR 2 7 


Here k* is the lens parameter, proportional to the 
strength of the magnetic lens, 2a is the half-amplitude 
width of the magnetic field distribution, and B50 is the 
plasma wave number at r=ro, which can be expressed 
in terms of the beam perveance as: 


Bpo= (174/10) (To/Vo!)}. 
MAGNETIC LENS WITH LONG FOCAL DISTANCE” 





In a focused electron beam of relatively small current 
(perveance less than about 10~’) in which the beam 
diameter minimum is far from the magnetic lens, one 
can treat the effects of space charge and of lens focusing 
separately ; that is, the lens is considered to provide the 
initial converging slope to the beam and therefore comes 
in only as a boundary condition. This method, of course, 
neglects the beam expansion in the lens itself. 

The path of an electron in a Glaser lens is given by 
the equation? 


r/a=(C, sinwp+C?2 coswd)/sing (5) 


which is a solution of Eq. (4) with 8,=0, and where 
¢=tana/z, and w= 1+. In the case of an electron 
entering the lens parallel to the axis from z=+o, 
C,=0, while for an electron entering along a line 
passing through the point +2:, C2/C;=tanwd; where 
¢:= tan—'(a/z,). The constant C; can be evaluated by 
noting that r=ro at ¢=2/2 (z=0); thus 


Ci= (ro/a)/ (sinswr+ (C2/C1) cosdwr). 


The electron path is shown in Fig. 1. 
The slope of an electron trajectory leaving the lens is 
a= —dr/dz= —C;(w sind coswh— sinwd cosd) 
+C2(w sind sinwp+coswd cos¢). 
These relations are sufficient to determine the initial 
slope of an electron beam for given values of Bo and Vo. 


The distance to the beam diameter minimum d can be 
found from the equation™ 





2 

3 F(Ry’), (7) 
a Boa 

where" 

Ro’ 


Ro’ =a/Byoro and F(Ry’)=e-*0” f exp(y*)dy. 


0 


2 By focal distance is meant the distance from center of lens 
to the minimum in beam diameter. The conventional focal dis- 
tance of a lens (distance from center of lens to point electrons 
cross axis) will be termed the zero-current focal distance. 

3 Reference 3, p. 148. 

4 This function F(Ro’) has been tabulated by W. Miller and 
A. R. Gordon, J. Phys. Chem. 35, 2785-2884 (1931). 











mini 
mat. 
tanc 


Thi 
Ra 
has 
traj 
are 
sinc 
abl 
The 
to! 
bea 
sati 


its 
equ 








—_ CD tl 


Ss O80 Dw 


is- 
ns 


nd 








FOCUSING OF HIGH-CURRENT ELECTRON BEAMS 245 


SYMMETRIC TRAJECTORY 
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This focal distance is plotted in Fig. 2 as a function of 
k? and By0a, where the boundary ¢=¢o= tan“!(— 2a/z;) 
has been chosen as the point to match the slope of the 
trajectory from the lens to that of the beam. The results 
are insensitive to the choice of this matching point 
since the slope of the trajectory does not vary appreci- 
ably with z after it has been bent in toward the axis. 
There are, of course, other methods which can be used 
to match the trajectory slope in the lens to that in the 
beam; the one described here has been found to be 
satisfactory. 
The beam diameter at the minimum is given by 


1m/ro=exp(— Ro”). (8) 


A second lens could, of course, be placed at z= 2d and 
its magnetic field strength adjusted so as to make ? 
equal to the value given in Fig. 2 for the symmetric ray. 


PERIODIC MAGNETIC LENS SYSTEM 


The focal distance in general decreases as the beam 
perveance is increased, as seen from the previous sec- 
tion; therefore, additional lenses must be employed to 
control the beam over a tube length greater than twice 
the focal distance. This leads one to consideration of a 
multiple or periodic magnetic lens system for the 
focusing of high-current beams."® 

Let us consider the conditions necessary for focusing 
a solid electron beam by means of an iterated magnetic 
lens system such as that shown in Fig. 3. The envelope 
of the beam necessarily will be scalloped, and the period 
of these scallops is taken to be the period of the lens 
spacing. If the periodicity of the scallops and the lenses 

One of the earliest references to the use of two or more 
magnetic lenses for the control of high-current electron beams 
was by A. V. Haeff and L. P. Smith in U. S. Patent No. 2,225,447, 


filed September 13, 1939, and in a paper by A. V. Haeff and L. S. 
Nergaard, Proc. Inst. Radio Engrs. 28, 126-130 (1940). 
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are not equal, improper focusing of the beam will occur. 
For example, if the conditions are such as to cause the 
minimum to form at a distance greater than L/2, at 
the next lens the beam will have a smaller maximum 
radius and will continue to contract until the increased 
space charge forces cause it to expand. Conversely, if 
the minimum is formed at a distance less than L/2, the 
beam will expand initially. Thus, any deviation from 
the correct focusing conditions will result in a long 
period variation of beam diameter superposed on the 
regular scallops. 

We seek a solution for Eq. (4) which is symmetric 
about the center of the lens, considering first that the 
lenses are spaced far enough apart so that their fields 
do not overlap appreciably. It is sufficient then to 
consider the action of only one lens. This assumption 
will introduce an error in the magnitude of the magnetic 
force of less than 4 percent for d/a>3. For closer lens 
spacing, the effect of the nearest neighboring lens is 
also determined. 

Symmetric solutions of Eq. (4), for certain fixed 
values of the parameters k? and 8,00, were obtained by 


ENVELOPE OF SCALLOPED 
ELECTRON BEAM 











Fic. 3. Focusing of electron beam by periodic 
magnetic_lens system. 
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Fic. 4. Plot of electron trajectory with strength of 
magnetic lens held constant. 


the use of an analog computer. The solution was in the 
form of a trajectory plot for each set of values of k* 
and 80a. Several typical trajectory plots obtained from 
the computer are shown in Figs. 4 and 5. The ordinate 
axis of these curves (z/a=0) represents the center of 
the magnetic lens and the line r/ro=0 the axis of the 
electron beam. The envelope of the beam is generated 
by revolving the trajectory shown around the axis of 
the beam. The trajectory is symmetric about the center 
of the lens. 

Figure 4 shows the radius as a function of distance 
from the lens for various values of 8 p02, all for the same 
magnet strength. These curves are seen to be qualita- 
tively similar to those representing beams of various 
current densities injected into a drift tube with a given 
initial converging slope. The curve B,oa=0 is that 
followed by an electron in the absence of space charge; 
its intersection with the axis gives the zero-current 
focal distance of this magnetic lens. It is seen that as 
the beam perveance is increased the focal distance at 
first increases, passes through a maximum, and finally 
goes to zero for a certain finite value of 8 y0a. 

Figure 5 shows the radius as a function of distance 
from the lens for various values of k*® and a constant 
value of 8,0a. The focal distance increases at first with 
k? to a maximum, finally decreasing again. The be- 
havior is very similar to that obtained by changing 
the initial slope of a beam entering a field-free drift tube. 

The results of the solution of Eq. (4) are presented 
in Figs. 6 and 7. Figure 6 gives d/a, the distance to the 
beam minimum in units of a, as a function of B,0a for 
various values of k*. For small k® these curves are in 
close agreement with the corresponding curves of Fig. 2. 
This graph allows one to design a periodic lens system 
if the beam voltage, current, and diameter are given. 
It is seen that for a given 8,0a, a number of combina- 
tions of k? and d/a will yield the proper focusing condi- 
tion, so that some criterion for selection of the best 
operating point is needed. Such a criterion can be 
established from two considerations: (a) the depth of 
the scallops on the beam and (b) the chromatic aberra- 
tion of the system. 

Figure 7 shows the ratio of minimum to maximum 
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beam diameter. It is desirable, of course, that the beam 
diameter not vary too much because of its possible 
effect on traveling-wave tube performance. Therefore 
one would choose an operating point for maximum 
r»/t. compatible with other considerations, if the 
chromatic aberration is allowable in this region. The 
chromatic aberration will be evaluated in a subsequent 
section. 

It is seen also from Fig. 6 that only a certain region 
of the chart is accessible to satisfactory focusing; that 
is, a combination of parameters represented by a point 
above the dashed line will not yield a focus of the beam. 
It is seen that the empirically determined line 8,d= 1.44 
is a reasonable approximation to the boundary of the 
accessible region. 


EFFECT OF THE NEAREST NEIGHBORING LENS 


If the perveance of the beam to be controlled with 
magnetic lenses is increased further (above about 
2X10~-*), it is necessary to reduce the spacing of the 
lenses to such an extent that the fields overlap appreci- 
ably. Then one must consider the total field of both 
adjacent lenses. Considering only one nearest neighbor, 
we can find the beam focusing conditions between these 
two lenses from solutions of the modified Eq. (4), 











d’r/ro ‘| 1 1 | 
d(z/a)? rol 1+(z/a)? 1+[(L—z)/a}? 
(8 poa)? 
. (9) 
2r/ro 


Since the magnetic force is proportional to the square 
of the axial field B,, in the single lens case the sense of 
the fields of the adjacent magnets does not affect the 
analysis of beam focusing. However, if the magnets are 
placed closer together, so that the fields overlap, one 
must specify the relative direction of the alternate mag- 
netic fields. The plus sign in the bracket in Eq. (9) 
refers to adjacent fields in the same direction and the 
minus sign to opposing fields. The practical advantage 
in the use of opposing magnets lies in the reduction of 
external fields, thereby reducing the magnet weight, 
for a given field, below that necessary with aiding 
magnets. 
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Fic. 5. Plot of electron trajectory with 8,0a held constant. 
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Equation (9) was solved for four values of L/a 
=2, 3,4, 5.5. The solutions are shown in Fig. 8(a) in 
which * is plotted vs Boa for d= L/2, and Fig. 8(b) 
showing the radius ratio under these conditions. Curves 
are given for the single lens and for double lens with 
aiding and opposing fields. 

Notice that the curves corresponding to d/a=2.75 
for the double lens and for the single lens agree reason- 
ably well, while for lower values they diverge con- 
siderably. This implies that the single lens solution 
forms a good approximation for d/a greater than 
about three. 

It is also seen that, owing to the double-valued nature 
of the curves of Fig. 8(a), regions of operation exist in 
which the focusing is insensitive to changes in k, near 
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the vertical tangent point, and regions of insensitivity 
to changes in 8p0 near the horizontal tangent point. 
The locus of the latter regions, which are the maxima 
of the curves, is drawn on the figure. 

Figure 8(b) shows the radius of the minimum corre- 
sponding to the curves of Fig. 8(a). The upper part of 
these curves (large 7,,/ro) corresponds to the lower part 
(low k?) of the curves of Fig. 8(a). It is seen that, for a 
given set of values of the parameters, the scallops on 
the beam are deeper and the limiting perveance some- 
what lower in the case of opposing direction of adjacent 
magnets than in the aiding direction. 

The values of 80a corresponding to the vertical 
tangent yield the maximum perveance of the beam 
under the given conditions. The maximum perveance so 
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determined is plotted in Fig. 9 for the single and double 
lens solutions. The maximum perveance [J/V o!= 38.6 
X 10~-*(L/D)*] of a stream injected with the appropriate 
initial slope into a drift tube of length Z and diameter D 


is shown for comparison. It is seen that the effect of the 
magnetic field, which extends into the drift tube, results 
in an increase in the limiting perveance, for example by 
a factor of two for L/a=4. 
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CHROMATIC ABERRATION 


The information obtained from the solution of Eq. 
(4), plotted in Fig. 6, allows one to design a lens focusing 
system from given conditions. However, this chart does 
not give any indication as to the best region of opera- 
tion. In choosing an operating point on the chart, 
relative freedom of focus conditions from fluctuations 
in voltage is an important consideration. The change in 
focal distance of a magnetic lens with voltage fluctua- 
tion is, of course, the analog of chromatic aberration in 
an optical lens. 

An exact treatment of chromatic aberration in this 
periodic lens system would involve the tracing of a 
considerable number of rays through the entire system, 
using the analog computer. Since inclusion of all of 
the lenses of the system in the circuit analog in the 
computer would be rather complicated, an approximate 
method of calculation of this aberration will be used. 

It is desired to know the variation in focal distance d 
with voltage Vo as function of k* and B,0a. Since both k? 
and 6,0 are functions of voltage, the expression for the 
chromatic aberration can be written 


d Od/a dB,0a oOd/a dk* 
—(d/a)= + , 
Ok? dVo 








a OB pod dV 


With insertion of the appropriate relations for d8 ,oa/dVo 
and dk?/dVo, this equation can be rewritten 


d(d/a) 3 dd/a dd/a 
Ve——_—=- —B pod (——) = e( ) (10) 
d Vo 4 OB pod ke Ok? B po. 
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Fic. 9. Limiting perveance of lens focused electron beam vs 
length of drift tube; comparison of values with magnetic lens and 
from simple beam spread analysis. 
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Fic. 10. A factor proportional to the chromatic aberration of a 
periodic magnetic lens system. 


The two derivatives on the right-hand side of the 
equation can be evaluated graphically from Fig. 6. 
Equation (10) is plotted in Fig. 10(a) vs k? for various 
values of 80a. In the graphical evaluation of 0(d/a)/dk?, 
the data from Fig. 6 was cross plotted, and the avail- 
ability of only a limited number of points reduced the 
accuracy with which this derivative could be evaluated ; 
therefore, the curves of Fig. 10 should be considered 
only semiquantitative. It is seen that in certain regions 
of Fig. 6, 0(d/a)/0B8p,0a and 0(d/a)/dk? are of opposite 
sign, indicating that points of zero chromatic aberration 
exist. That is, in certain regions, the presence of space 
charge tends to reduce the chromatic aberration from 
a magnetic lens below that present in the space-charge- 
free case. As shown in Fig. 10, for large values of Byoa 
there is a wide range of values of k*? for which the 
aberration is small. Examination of Fig. 7 reveals that 
for the values of k? and 8,0a for which the aberration 
is small, the beam scallops are of relatively small 
magnitude. 

In addition to affecting the position of the beam 
minimum position, fluctuations in voltage will change 
the depth of the minimum. If one uses a similar equation 
as above, one can write the change in fm/ro with 
voltage as 


drm ‘r9 Orm ‘ro dB »oa 


Orm/to dk? 
Ok? dVo 


drm/To 3 Orm/To Orm/To 
ye = -~Byo( ) -#( ) an 
dVo 4 OB pod F Ke Ok? / B00 
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The two derivatives can be evaluated from Fig. 7; 
d(rm/ro)/dVo is plotted in Fig. 10(b). Although this 
graph also should be interpreted only qualitatively, it 
shows that the aberration is close to zero for values 
of k* and 8,0@ corresponding to r,,/ro near unity. 

These relations indicate that a periodic lens system 
should be designed with such values of the parameters 
as will yield minimum scallops of the beam, a procedure 
which one would be inclined to follow intuitively, from 
consideration of the possible effect of deep scallops on 
tube performance. 


ENTRANCE CONDITIONS FOR PERIODIC 
LENS SYSTEM 


The solution found for the electron trajectory in an 
iterated magnetic lens system is symmetric around the 
center of the lens and also around the line midway be- 
tween the lenses; the slope of the trajectory is zero at 
both points. For the focusing conditions in an actual 
system to be as predicted by the analysis, the beam 
obviously must enter the magnetic field properly, that 
is, with the slope and radius to match the trajectory in 
the periodic system for the given conditions of ’, 
Boa, and d/a. 

This entrance condition can be met in a number of 
ways. Probably the simplest place to match the input 
trajectory to that required for stable flow is at the 
minimum before the first lens, which is a point of zero 
slope with radius and position given by Figs. 6 and 7. 
For example, if d/a is sufficiently large, B, will be very 
small at this minimum, and the anode could be placed 
at this point. However, if d/a is so small that an 
appreciable normal magnetic field would exist at the 
minimum, the cathode can be moved farther away 
from the first magnetic lens and an electrostatic lens 
employed to control the beam in this transition region. 
If the density of the magnetic field at the cathode 
is denoted by B,, the electron angular velocity is 
6= (n/2)(B.—B.), and the magnetic force term in the 
equation of motion becomes (—rn?/4)(B?—B). Thus, 
a cathode to lens center distance of 1.52 will cause only 
ten percent error in the magnetic force. The trajectory 


VY Vw Ve 





EQUIPOTENTIAL LINES 


8v DUE TO SPACE CHARGE 
8y DUE TO ELECTRIC FIELDS 
FINAL TOTAL VELOCITY VECTOR 


Fic. 11. Method of plotting electron trajectory 
including space charge. 
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matching could be applied at any point, of course, 
such as at a value of z>d from the first lens (Figs. 4 
and 5), using a converging beam, perhaps from a 
spherical cathode. 

In the design of an electrostatic lens for control of 
the beam between the gun and the first magnetic lens, 
one must, of course, take the space charge expansion 
into account. The electrostatic lens formulas and graphs 
are, in general, inapplicable, and a graphical procedure 
appears to yield the best results. Such a simple graphical 
procedure for tracing an electron trajectory through a 
region of varying electric field, including the space 
charge expansion force, is outlined in the next section. 


GRAPHICAL ELECTRON TRAJECTORY 
TRACING INCLUDING SPACE CHARGE 


A number of methods for graphical tracing of electron 
trajectories in regions of varying electric field have 
been described.'* Also, curves and formulas are available 
for the focal distance of an electron lens as a function 
of the potentials. This information is, in general, 
applicable only to beams of very low perveance (less 
than about 10-8). Similar published data or procedures 
for high-current beams seemingly are not available. 

We will describe a simple graphical procedure for 
tracing the trajectory of an electron in an electrostatic 
lens, taking account of the effect of space charge expan- 
sion of the beam. This procedure has been found to 
yield reasonably accurate trajectories. This method in- 
volves determination of the velocity change due to 
electric fields by conventional techniques, and addition 
to this of a radial velocity vector proportional to the 
space charge force. 

The effect of the electric field of the lens can be found 
by a method due to Hansen.’? Equipotential lines 
are plotted, for example, with the aid of an electrolytic 


tank. The vector representing the initial electron 


velocity at 0 is drawn proportional to /V; (OA, 
Fig. 11). A perpendicular line is erected to the mean 
equipotential curve V,, at the point of intersection with 
OA, and the line AB is drawn parallel to it. The second 
velocity vector OC is drawn to intersect AB and is of 
length proportional to »/V2. Line AC is bisected. The 
change in velocity of the electron due to the electric 
fields is thus 3AC. 

To find an approximate relation for the incremental 
velocity 6v,- due to the space-charge force, consider 
that 

mbv,,.= F 5t= —eE At, 


provided the interval 4/ is so short that E can be con- 
sidered constant. The electric field strength due to the 
space charge in the beam is 


E,= — por/2€0 


16 Advances in Electronics, edited by L. Marton (Academic 
Press, Inc., New York, 1950), Vol. II, which also contains an 
extensive bibliography of other articles. 

17$. Hansen, Hughes Research and Development Laboratories 
(unpublished memorandum). 
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for a solid beam, and 
E,= — (por/2¢€0) (1—1r?/r?) 


for a hollow beam, where r; is the inner radius of the 
beam. 

In time 6¢ the electron will travel a distance és= u,,5t, 
where %m=(2nV,,)#, so that the incremental velocity 
change for a solid beam is 


lw pros bsI 0 
50s.= — = ’ 
A4trvV méo 


2 @ 
where és is the distance traveled by the electron in 
moving from equipotential V; to V2, Vm is the mean 
potential between V; and V2, and r is taken as the mean 
radius during this interval. 

A trajectory plot made by this method is shown in 
Fig. 12. Even for the hollow low-current (1 ma) beam 
shown, the divergence from the space-charge free solu- 
tion is seen to be significant. 

When the foregoing procedure is used to arrive at 
the desired entrance conditions to a magnetic lens, and 
when the axial magnetic field is not negligible at dis- 
tances greater than d from the lens, one must also 
include the radial Lorentz force in constructing the 
electron trajectory in the lens. This can be done merely 
by adding the term 


F,= — er6B,—=—hernB? 


to the space-charge force found previously. The mag- 
netic field distribution is presumed known. The velocity 
increment is then 





5c +50 mag= 307775S/tm— 317° BZbs/tm 


rds 
=—(w,?—w,’). 
2m 
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Fic. 12. Graphical plot of trajectories in a hollow electron beam; 
including space-charge expansion. 


CONCLUSIONS 


It is expected that the use of multiple magnetic-lens 
systems for focusing electron beams in traveling wave 
tubes will allow a considerable saving in weight, space, 
and power consumption over that required by a con- 
ventional solenoid, especially in cases where permanent 
magnets can be used. Thus the lens focusing technique 
will result in much more efficient packaging of traveling 
wave tubes, greatly increasing their applicability in 
electronic systems where space and weight are im- 
portant considerations. 
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By the use of the reversion method, certain types of ordinary nonlinear differential equations can be re- 
duced toa set of ordinary linear differential equations which may be conveniently solved by the Laplace 
transform. The first thirteen equations of this reduced set are tabulated in this paper. 





I, INTRODUCTION 


N a recent article,' the authors presented a compact 
expression for the general ordinary linear differential 
equation of the reduced linear set. The ease of expand- 
ing this equation by the technique presented was 
illustrated by writing out in detail the 14th and 15th 
ordinary linear differential equations of the reduced set. 
These two were used because in an earlier article? on 
the subject, it was pointed out that the first thirteen 
were given in a paper by Van Orstrand.’ Mr. A. C. Sim, 
who has made contributions to this subject,‘ has brought 
to our attention’ the fact that the terms in Van 
Orstrand’s paper were developed for reversion of alge- 
braic formulas rather than for the solution of equations 
where nonpermutable operators enter. Since this is the 
case here, it has been requested that the terms needed 
to fill the gap between the 7th and 14th reversion for- 
mulas be published. Since the first seven terms are 
brief, they are included for convenience. 


Il. GENERATION OF THE ASSOCIATED SET OF 
LINEAR DIFFERENTIAL EQUATIONS 


The reversion method may be conveniently applied 
to equations of the type 


X Z,J*= dV (0), (1) 
k=1 


where J(¢) is the unknown response to a given driving 
function V(t) and Z, are functional forms of the dif- 
ferential and integral operators. The factor X is intro- 
duced for the purpose of ordering the associated linear 
set and is set equal to unity once it has served its 
purpose. 

A set of linear differential equations is obtained by 
substituting 


[= > "Im (2) 


m=1 


* Professor of Electrical Engineering, Illinois Institute of 
Technology, Chicago, Illinois. 

t Research Engineer, Mechanics Research Department, Ameri- 
can Machine and Foundry Company, Chicago, Illinois. 

1G. I. Cohn and B. Saltzberg, J. Appl. Phys. 24, 180 (1953). 

*L. A. Pipes, J. Appl. Phys. 23, 202 (1952). 

3C. E. Van Orstrand, Phil. Mag. 19, 366 (1910). 

*A. C. Sim, Phil. Mag. Ser. 7, 42, 228 (1951). 

5 A. C. Sim (private communication). 


into (1) giving 
DY Z(X NT m)*=XV (8), (3) 
k=1 m=1 


and equating coefficients of like powers of \. The first 
equation in the reduced set is 


Zi1=V (it). (4) 
The second equation in the reduced set is 
ZiI2= —ZL 22, (5) 
where 
C22=T/. (6) 
The third equation in the reduced set is 
ZiI3= —Z2C3,2—Z3C3, s, (7) 
where 
C3,2=2Iehh, (8) 
C33=/;'. (9) 
The fourth equation in the reduced set is 
ZiT p= —ZL 4 2—Z3C 43-24 4,4, (10) 
where 
C42= 213M +12, (11) 
Cy3= 3K, (12) 
ga=ly. (13) 
The fifth equation in the reduced set is 
Zils= —ZC5,2—Z3C 5, 3—ZiC 5, 1—Z Ci, 5, (14) 
where 
Cs,2=2(T4lit+Isl2), (15) 
Cs5,3=3(13I°+12))), (16) 
C5,4= 4101 °, (17) 
Cs5= 11°. (18) 


The sixth equation in the reduced set is 


Zi 6= —Z2C6,2—ZCo,3—ZiCo,1—ZsCo,s—ZeCo,6, (19) 


252 








whe 
Ce 
Ce 
Ce 
Ce 
Ce 
The 
Zi. 


whe 
C; 
C; 
C; 
C; 


C; 
The 


Zyl. 


whe 


C, 
C, 





‘ SOLUTION OF NONLINEAR DIFFERENTIAL EQUATIONS 253 
where ; Co, s= 81211’, (47) 
Ce, s= 270slitLalot+ 1/21.*), (20) Co, g= 1)’. (48) 
Co3= 3142+ 6! sl ol +-123, (21) The tenth equation in the reduced set is 
Co 4= 4131 %+61271,’, (22) Zilio= —Z2C10,2—ZsC 10, 3— ZsC 10, 4— ZC 10,5 
Co 5= Slot 1, (23) —ZC10,6—Z7C 10,2 — ZsC 10, s— ZoC 10,9 
—Z C0, 10; (49) 
Co6=1i°. (24) where 
The seventh equation in the reduced set is Cy0,2= 2([ol +I el o+Ia13+Iols+1/21,2), (50) 
Z= —207,2—2ZC7,3— 207, 1—207,5 Cro, 3=3 (Ig P+ 20 Doli + Tol? +20 ol slit 21 ssl 
is, Oe (25) +f tlele+ 12), (51) 
where 
2 Cio, a= 4(17TP4+-31 lol P+31 Isl P+-315I 2711 
) Cr o=2(T6li tl slot+14]3), (26) +14184+3/20 27 2+61 [loli +3/21 21? 
Cr 3= 32+ 2 loli tleht+hl?), (27) +I), (52) 
st Cy, q™ 4(1473+313%oI?+I5))), (28) Cro, g= 5 (Pel f+ 41 lol PF +41 lel P+ 61 lel? 
y Cz 5=5(Igl!+21271,3), (29) +6177 ol ?+4/3181,+1/51,5), (53) 
Cz.6= 612/35, (30) Cyo 6 = 652 Pb +504] ol 3+ 10737°7,2+5 ‘21,71 4 
5/2747), 54 
welt. (31) + oJ ,”) (54) 
_ ail Cro2=7 (Lal 8 +60 51 ol +5181 ,4), (55) 
The eighth equation in the redued set is 
P meee — —— a = Cio, s= 8131 1'+ 28771), (56) 
6) ZiIs=ZL s,2—Z3C s,3— Za 8,4— Z5C 8,5— Zel 8, 6 . ‘ak 
) fits «offi. (32) Cio, 9= 970118, (57) 
where Cro, 10> T,”. (58) 
7) Coot Uli +-ledletIletl), (33) The eleventh equation in the reduced set is 
Co3=3(ol 242 lel t2lalitilet+iel), (34) 4fu=—42Cu2—Z:Cus—- ZC s-Z20Cirs 
: —ZCu,6—Z7C1,7—ZsCus, s— ZoC 1, 
8) Cu s= 4g P41 Dol P+ 1224611 2+], (35) a ee - 
9) —ZyC 11, 10— ZC 11, 11, (59) 
Cg 5=5(/41 '+ 4/3] .] °+2/.°7,"), (36) where 
Cs 6=613,7 P+ 157271), (37) Caye=2iolitToleot+]sl3+Jilit+lTels), (60) 
10) Cs. 7= 7T 118, (38) Cus=3U ol P+ 210 sol +l 2+ 21 3hit 2el ahi 
. _ #8 +2 6Fslot+I5l?+ 2 slalotI elites), (61) 
Cs s=1,'. (39) 
At) The ninth equation in the reduced set is Cus A el 4 Sef + Sell P+ Sel eli 
12) " ; : +31 flP+IplP 4312146 slalol 
ZiI9= —Z2C9,2—Z3C9,3— ZC 9, 1— ZC 9, 5— ZC, 6 4-31 ,1,I2+13lo+3] 21e)), (62) 
13 _ TT 
cs, Oe 40) Cus= S(T + Aol P+ Tg + OTT 
— +2727 3+47,737, +241 57+121 41 Jol? 
14) Co,2= 2 slitlilot+Tols+Is5/,), (41) +2737 2+J73J4+673121;), 
Cy, ¢= 3171 P+ 210 6f ol +20 5T elit Isl? +21 41312 Ci.6= 6([6l bP +5] slot yi+ 1074727 +5] 4730 \' 
15) +] 27,+1/3/,°), (42) +10/;7J7 +257), (64) 
16) Co 4=4([6lP +3] slol P+31 als P+31 12], Ci 7=7 (508+ 6) lol +3771 +5147 ' 
+3/37Jol,+J;I.*), (43) +15/3/.7J;'), (65) 
_ 
17) Co 5=5(1511'+- 41 ql ol +20 713+ 6131217 Cy, s= 84’ +71 Fol 8 +7121;5), (66) 
(18) +I:'l), (44) Cy p= 91918 +-4721,)), (67) 
Co, 6= 6141 2+ 30751 ol 4+ 20787,', (45) Cy, 10 = 10/21, (68) 
(19) PCy 2=7(Isl+-31 211), (46) Cun=N". (69) 
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The twelfth equation in the reduced set is 


Zul 2= —ZL 12, 2—ZCi2 3—ZCi2, a—Z5Ci2,5 
—ZC 12, 6— ZC 12,17 — ZC 12, s— ZC 2,9 


—ZyC 2 100— ZC 32 n—Z C2 12, 
where 


Ci, oo 2 Dilit lil st+Iol s+] sl t+Jils+1/21), 
Cia, 3= 3 (Tiel P+ 20 Fol +I sl ?+ 21 I 3) 14+ 2 ali 


+2071 plot el slit 2ellot+Tels? 
+21 5l4Is+II2+ 1/378), 

Cie, 4 4([olP +31 lol P4+-3 ol 214-3 sl 2 
+16lo +3161 P+6l 61 loli +31 sl sl? 


+3 IPD, +-6l lolol t+3/2 91? +31 1712 


+3/2121?+31 2I3I,+1/4I 54), 
Cie, s= 5 (sl 8+ 417] ol P+ 61 ol 712 +41 6131? 


HA TP +61 lolol P+ 4] Pi +6L 21? 


+2 lA +120 II 271,4+-61 217 2 +2077 
+4/%I2J;), 


Cio, 6= 67 8 +SI el ol 8 +-SI 5131 8+ 101 5171 
+5/27 274+ 1074737 2+ 207 41 Jol? 
+ 10/3737 3+ 15727727 +5I3I 7; 
+ 1/6],°), 
Cio = 7 (Del 18+ Gl 51 of 15+ 61 4l'3I 5+ 1504777 4 
+ 1577721 ;4+-2073J47°+3/.57,’), 
Cyo, p= 8 (1501? + 71 Dol 8 +-7/20 218 +2131 71° 
+35/4I,41;'), 
Cio, 9= 9740+ 72131 oT \'+ 8411, °, 
Cia, 10= 10737 °+ 45/78, 
Cio, n= 117211", 
Cio, 2w=T,". 
The thirteenth equation in the reduced set is 
Zu 3= —ZL13, 2—ZCis, 3s—Z Cis, 4s—Z5Ciz, 5 
—Z6Ci3,6—Z71C13,7—ZsCiz,s—Z9Cis,o 


—Z Cis, 10— Z1Ciz, 1u— ZC 13, 12 
—ZiCis, 13) 
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where 


Ci3,2= 2 Lilt Lilet] iolst+Iolst+Islst+Irle), 


C33, 3= 3 (idl P+ 2)iol oli t+ Tol 2+ 2191 sli 
+21 31 fot 20 el alit 2 slit 2ylal 
FIA P+ 2 6lolst+ Tel slotlelitdsl? 
+1713), 


Ci34= 4(Tyol FP +31 lol P+31 sl sl P+31 sl 21, 
FHP +A S+ Ol lll +30 el sl? 
+6 ol loli t3lelsl?+3lelPlit3l sll? 
FO Mal sli tS sl Plot Sill ?+31 eT el, 
+1 Je+II)), 


Cis 5=5 (Jol +41 I ol +4171 31 b+ 61,121; 
+40 6I IP +61 61 lol +40 6I 31 +21 31; 
+60 5171 P+ 120 5 sol P+-I51 24 
+120 Isl 7 1, +60 2131 ° +61 217], 
$120 F372 +-40 0213+ 2181 ?+IsI)), 


C13, 6= 6 (0918 +-SI lol 4+ Sel 314+ 100 6713 
+SI sf s*+ 201 51 sl ol P+ 107577? 
+1000 71 3+300 Isl 71 2+SIl Al, 
+107 72 ol b+I3f2°+ 1077151; 
+10I3*121,’), 

Cy3,.7= 7 Tr 8 +60 62 ol 15+ 1575027 T +61 5 311° 
+31 2T)5+300 ql sf oI 4+ 10/32, 1813 
+1571 AT 2 +5091 4+307 2121 3+ 1251;), 

Cis, = 8(1611'+-715I 2118+ 712230 8+211I 21,5 
+2173 ol 5+ 147.57 3+3513121;'), 

Cis, ~ 9 (75 18+-81 47 oly’ +40 2721'+ 28131 2711* 
+14/;47;°), 

Cis, i 10(147°+97 32 ol b+ 127,°J,"), 

Cis, n=11 (132,°+5I71,°), 

C13, 12= 127211", 


Cis, ae 7*. 
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The expression u=cr/r’, (where c is a constant) sometimes assumed for the displacement around a point 
imperfection (interstitial or substitutional impurity, lattice vacancy) gives a nonzero stress at the surface 
of the solid. The additional “image displacement” necessary to insure that this stress vanishes is usually 
neglected, but may be important. For example, it accounts for from 30 to 50 percent of the volume change 
produced by such defects. This and other effects of the image term are discussed. Miller and Russel have 
pointed out that for a point imperfection near the center of a sphere the apparent volume change deduced 
from measurements of the x-ray lattice constant is greater than the geometrical volume change. It is shown 
that the reverse is true when the defect is near the surface, and that for a large number of defects scattered 
uniformly through the sphere the geometrical and x-ray expansions are equal. It can be shown quite gen- 
erally that a body of arbitrary shape is expanded uniformly by a statistically uniform distribution of point 
imperfections, and that the x-ray diffraction pattern is altered in the way to be expected for such an ex- 
pansion. To establish this, however, it is essential to take the image terms into account. 





I. INTRODUCTION 


S a model for the distortion of a crystal lattice by 

a substitutional or interstitial atom or a vacant 
lattice site, a number of authors have taken a center 
of dilatation in an isotropic elastic continuum. In many 
cases calculations have been made using the elastic 
displacement appropriate to a center of dilatation in an 
infinite medium. This displacement cannot be correct 
since it would give a nonvanishing stress at the free 
surface of the body. It is convenient to regard the 
actual displacement as the sum of the displacement in 
an infinite medium and an “image” displacement due to 
the perturbing effect of the boundary. 

It is the object of this paper to show that the image 
term cannot be neglected in certain applications. In 
particular, if it is omitted the volume change due to 
one or more point singularities will be underestimated 
by a factor of 1.5 for metals or 1.8 for alkali halides. 
Again, if a calculation is made in which the effects of 
the free boundary are ignored, it is found that any 
nonspherical body uniformly filled with point singu- 
larities would suffer a change of shape as well as a 
change of size. When the boundary effect is taken into 
account there is a change of volume without change of 
shape. Moreover, a calculation of the change of x-ray 
lattice constant gives a result consistent with the geo- 
metrical deformation only if the image displacements 
are included. Thus, unusually, the boundary effects 
simplify the problem instead of complicating it. 


II. A POINT SINGULARITY IN AN INFINITE BODY 


The elastic displacement caused by a center of dilata- 
tion in an infinite medium is! 


wa c=—c grad(1/r), (1) 


—— work was supported by the U. S. Office of Naval Re- 
search. 

1A. H. Love, Mathematical Theory of Elasticity (Cambridge 
University Press, Cambridge, England, 1924). 


where c is a constant, the “strength” of the singularity. 
(We use the affix © to emphasize that (1) is only valid 
in an infinite medium.) The displacement has the same 
form as the field of an electrostatic point charge. The 
real justification for taking (1) as a rough description 
of the elastic field of a point imperfection in an infinite 
crystal which has been idealized as a homogeneous iso- 
tropic elastic continuum is that it is the only spherically 
symmetrical displacement which satisfies the equations 
of elasticity and does not increase with r. Still, it is con- 
venient to have some sort of detailed elastic model. As 
a model of an interstitial or substitutional atom we 
might take an elastic sphere of radius (1+ €)ro forced 
into a spherical hole of radius ro in an infinite block of 
the same material. It is easy to show that for r>ro the 
displacement is given by (1) with c= ero*(1+0)/3(1—¢) 
and that for r<ro there is a uniform compression. (¢ is 
Poisson’s ratio.) The surface of the hole suffers an out- 
ward displacement c/ro?, increasing the volume within 
it by 4mc. 

This model must not be taken too literally. The lat- 
tice constant of gold is decreased by a little dissolved 
silver. The misfitting sphere model would suggest that 
therefore a little dissolved gold would increase the lat- 
tice constant of silver, and this is not true. All that we 
can hope for is that a particular type of singularity in 
a particular matrix will be characterized by a constant 
c which can be used consistently to describe various 
phenomena. 

Again, a foreign atom in a lattice exerts forces on its 
neighbors differing from the “standard” forces they 
would experience in the perfect lattice. When we 
assimilate the lattice to a continuum, the standard 
forces are absorbed in the elastic properties of the 
medium, but the additional forces due to the imper- 
fection are still outstanding. Hence as an alternative to 
the sphere-in-hole model we may take a cluster of 
point forces to represent a point lattice imperfection 
in the elastic approximation. For a sufficiency sym- 
metrical relation of the interstitial or substitutional 
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atom and the lattice, the forces will be equivalent to 
three equal “double forces without moment” at right 
angles. The displacement will then be of the form (1) 
which can be considered! as due to a distribution of 
body force 


F(r)=—12mcK gradé(r). (2) 


(K is the bulk modulus.) In a less symmetrical case 
(e.g., carbon in iron) the cluster of forces will be equiva- 
lent to three unequal double forces without moment and 
the resulting displacement will be more complicated 
than (1). However, it is probably not justifiable to 
introduce this refinement without at the same time 
considering the anisotropy of the material, and we shall 
not consider it further. 

The displacement (1) can be produced by heating a 
point of the elastic medium, assumed to be non- 
conducting. This can be seen by imagining that the 
misfit in the first model was produced by heating a 
sphere with originally no misfit, or in terms of the 
second model by noticing that the thermal stress? due 
to a temperature distribution T(r) is the same as the 
stress produced by a density of body force proportional 
to grad 7, which for the hot spot T=const 6(r) would 
be of the form (2). This analogy will be useful in dis- 
cussing a body containing a large number of im- 
perfections. 

In general the stress associated with a displacement 
u whose Cartesian components are 11, M2, 13 is 


Ou; OU; 
pij= Oi; divatu(—“+—), (3) 


Ox; Ox; 


where \ and uw are Lamé’s constants. From the electro- 
static interpretation it is at once clear that the diver- 
gence and curl of (1) vanish, so that the stress pro- 
duced by the singularity when in an infinite body is 
simply 

Ou;” 


ij? = 2u—. (4) 
Ox; , 





Ill. A POINT SINGULARITY IN A FINITE BODY 
WITH A STRESS-FREE SURFACE 


Consider now a center of dilatation in a finite body 
with a free surface. First mark out the surface S of the 
proposed body in an infinite block of material and intro- 
duce the singularity. The displacement is given cor- 
rectly by (1). Across any surface element of S there is a 
stress{ pijnjdS, where n is the normal to S. Thus if we 
remove the material outside S the displacement will 
continue to be u® only if we apply a distribution of sur- 
face traction pn; to S. Removing this distribution to 
give a body with a stress-free surface is equivalent to 
applying an additional distribution — p,;n;. The elastic 

2S. Timoshenko, Theory of Elasticity (McGraw-Hill Book 
Company, Inc., New York, New York, 1934). 

t Throughout the paper we use the convention that a repeated 
suffix is to be summed over the values 1, 2, 3. 
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state will then be given by 


u=u*+u/, 


bis= pis” +Pis', (5) 
where the image stress p;;’ is the stress which surface 
tractions —pi;n; would produce in the body and the 
image displacement wu! is related to p;; by (3). pi;? is 
clearly free of singularities within S and satisfies 


(pis'+pis?)nj=0 on S. (6) 


Unlike u®, u’ has in general a nonvanishing divergence. 

If the surface traction and surface displacement are 
prescribed (they are not, of course, independent) the 
elastic field inside the body can be found by integra- 
tion. When only the surface traction is given, we need 
the appropriate elastic Green’s function, known for 
only a few simple shapes. Since we know the image 
traction p;;/n; but not u/ on S we cannot in general 
calculate the image field in the body. 

The change in volume of the solid can be divided 
into parts AV® and AV’ arising from the two terms in 
(5). We have at once 


ave= f u*-ndS=4ne, (7) 
s 


the integral being, according to (1), c times the solid 
angle subtended by the surface at the singularity. This 
result can be seen at once for the sphere-in-hole model. 
When the sphere is inserted, the volume of the hole 
increases by 42c, and since divu*=0 outside the hole, 
this increase is transmitted unchanged to S. Again for 
the ideal mathematical singularity for which (1) holds 
for all r we have strictly not divu*=0 but rather 


divu® = —cV?(1/r) = 42ci(r) (8) 


with a delta-function of expansion at r=0. A formal 
volume integration gives (7). 

Although we cannot find the image deformation in 
detail, we can find AV? with the help of the rule that 
the volume change of a body subjected to a distribu- 
tion of surface traction T per unit area is 


1 1 
aan rTaS=—f spans, (9) 
3KY s 3Kv 5 


where p;; is the stress produced by T and K is the bulk 
modulus. For 


fe) 
J stinas= —(x;pij)dv 
Ox; 


= f ride=sx f divudy (9’) 


since 0x;/0x;=6,; and in elastic equilibrium 0p;;/0x;=0. 

To find AV! we must put pin;= pi;!nj= — pij?nj 
with p;;* from (4). But the operator x;(0/dx;) applied 
to u.°=cx,/r merely multiplies it by —2. Hence the 
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integral (9) is equal to the integral (7) times 4u/3K 
and so 
2(1—2c) 


l+o 


Thus the total volume change on introducing a center 
of dilatation of strength c into any homogeneous iso- 
tropic body with a stress-free surface is 


AV! =41c (10) 


AV=AV?+AV!=~yAV?=4tcy, (11) 
where the constant 
y=3(1—o)/(1+0) (12) 


is about 1.5 for metals (o~}) and 1.8 for alkali halides 
(o~}). This result has already been given by Seitz.’ 
It is also implicit in the known result for the interaction 
energy of a center of dilatation and an external hydro- 
static pressure.* This energy is the product of AV and 
the hydrostatic pressure. 

If in (9’) we take p;; to be any state of purely in- 
ternal stress, so that the surface integral is zero we arrive 
at the known result that the volume of a body is un- 
affected by internal stresses provided Hooke’s law is 
valid. The volume expansion we have calculated is not 
in disagreement with this. Consider the sphere-in-hole 
model of Sec. II, and suppose for clearness that € is 
negative. Then the unstrained state is a body with a 
spherical hole of radius ro containing a sphere of radius 
ro(1— ||) and an unoccupied volume 477r;°| €| = 42] cl. 
In the strained state the surfaces of the hole and sphere 
have been drawn together and welded. Since the total 
volume of material is unchanged, the volume enclosed 
by the outer surface must have decreased by an amount 
equal to the volume eliminated between sphere and 
hole. This simple derivation does not supersede our 
more elaborate treatment since to relate the expansion 
to other effects arising from the stress field of the im- 
perfections we need to know something about u® and 
u’ separately. If there are departures from Hooke’s 
law, the volume change of the material is not quite 
zero. This is discussed in Sec. VI. 


IV. DEFORMATION PRODUCED BY A LARGE 
NUMBER OF SINGULARITIES 


If there are a number of singularities in the body, we 
have 
r—Tp 
u®(r)= >> Cxn— 


, 
n |r—r,|? 





(13) 


with summation over all imperfections. The image 
stress p;;' is that stress which has no singularities within 
S and on S annuls the surface traction calculated from 
(13). u’ is the associated displacement. 

If the defects are all alike we have 


AV/V= 4arycf/Q, (13’) 
3 Frederick Seitz, Revs. Modern Phys. 18, 384 (1946). 


‘See, for example, J. D. Eshelby, Trans. Roy. Soc. (London) 
A244, 87 (1951). 


where f is the atomic fraction of defects and Q is the 
volume per atom of the matrix. 

Of special interest is the case where there are a large 
number of identical centers spread through the body, 
with an approximately uniform density of m centers 
per unit volume. Here we can also say something about 
the change of shape if we allow ourselves to replace the 
actual distribution by a continuous distribution of 
infinitesimal centers with the same total strength per 
unit volume. (We shall try to justify this below.) If as 
before the body is embedded in an infinite matrix this 
averaged displacement is clearly 


U 


(w(t) =on f 7 Til (14) 





at any rate outside S. (It is not at once clear that we 
can give any meaning to the average displacement in a 
medium riddled with singularities.) 

The comparison already made with thermal expan- 
sion suggests that a body uniformly filled with in- 
finitesimal centers of dilatation will, like a uniformly 
heated solid, expand uniformly. The following is a 
formal proof. We first show that the displacement given 
by the volume integral (14) can be dupilicated outside 
S by a distribution of body force over S of uniform 
magnitude 

p= KAV/V =4mrcnyK 


per unit area and directed along the outward normal at 
each point. A point force F in an infinite medium pro- 
duces a displacement! 


u= AF/r+ Br(r- F)/r'’, 
B=1/16rp(1—c), A=(3—40c)B 


at a vector distance r from it. Each element of the 
surface contributes a force dF= pndS and the net dis- 
placement is 


A B 
w= ef | —bi;+ =i nds 
sir r 


0 —Z5 
=pj—_{ yav= p(A—B) [ —ae 
OX; r3 


= (u,;”). 


(We have taken the point of observation to be the 
origin.) 

Suppose now that S is marked out in an infinite 
medium, that the uniform distribution if infinitesimal 
centers of dilatation is introduced and that a layer of 
body force equal and opposite to that just described is 
distributed over S. The combined effect of these last 
two steps gives zero displacement outside S and leaves 
S its original shape and size. If the unstrained matrix 
is now cut away, the elastic state of the body bounded 
by S is unchanged, but the layer of body force becomes 
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a hydrostatic pressure p acting on the surface. When 
this is removed S undergoes the uniform expansion 


(u;)= (4/3) ancyx;. (15) 


Though (u*)+u/’ represents a uniform expansion, 
(u*) and u/ separately do not, except for a spherical 
body. Thus omission of the image terms in addition to 
giving a volume change lacking the factor y (which 
could be absorbed in the usually unknown constant c) 
would also give a nonuniform expansion. Suppose, for 
example, that S is an ellipsoid with semi-axes a, B, c. 
Then (u*)= —cn gradg where 


=4(D—Ax,— Bx.—Cx;) (16) 


with the usual notation for the potential of an ellipsoid.® 
Thus if image terms are neglected, the ellipsoid becomes 
another ellipsoid with semi-axes a+ Aa, etc., where 


Aa Ab Ac 
—=cnA, —=cnB, —=cnC. (17) 
a b c 

Since A+ B+C=4r the volume change agrees with (7). 
As an example, if a:b:c=2:1:1 then also A:B:C 
=2:1:1 very nearly. Again, a cube would become 
barrel-shaped, with the increase in distance between 
opposite face centers equal to about three times the 
increase in distance between two adjacent corners. 
These departures from uniform expansion, if they 
existed, would be hard to detect by macroscopic meas- 
urements, but as we shall see, there is a similar 
effect on the lattice constants determined by x-ray 
diffraction, and this would be easily observable. 

We must now try to justify replacing the sum (13) 
by the integral (14). Just this question arises when we 
replace the field of a set of gravitating or electrified 
particles by the field of a continuous body. This kind 
of problem can be attacked in various ways, none com- 
pletely satisfying; the following seems a plausible line 
for the elastic case. 

The observable macroscopic displacement at a point 
of a body in which the displacement fluctuates on a 
microscopic scale is essentially the displacement of the 
centroid of a region large compared with the scale of the 
fluctuations. It is therefore reasonable to define the 
gross (or macroscopic) displacement at a point as the 
average of the actual (microscopic) displacement taken 
over the volume of a sphere whose radius R is large 
enough to contain many fluctuations, but is small com- 
pared with the dimensions of the body. 

Let us find the gross displacement (u”) corresponding 
to (14) for a point inside the body. The volume integral 
over the sphere R of the displacement caused by a 
singularity at r relative to its center is equal to the 
attraction on a charge c at r produced by a distribution 
of charge of unit density filling the sphere, i.e., (4/3)acr 


50. D. Kellog, Foundations of Potential Theory (Julius Springer, 
Berlin, 1929), p. 194. 
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if r<R and (4/3)xcR'r/r if r>R. Thus 


(u*)=— > 2 rate  . mat 

R? m<R ra>R r,,? 
As R increases and becomes reasonably large compared 
with n~? the first term should be small, being propor- 
tional to the position vector of the centroid of a large 
number of points taken at random in a sphere. At the 
same time, as R increases it becomes more and more 
reasonable to replace the second term by an integral 
since the distance of all the singularities from the point 
at which their effects are summed is large compared 
with the mean distance between them. We thus reach 
(14) but with a sphere of radius R about the point of 
observation excluded from the integration. However, by 
a known result of potential theory (14) is unaltered by 


- this omission provided the sphere lies wholly within S. 


Having defined the gross displacement we can calcu- 
late a gross stress from it with the aid of (3). This 
should be the true macroscopic stress, i.e., it should 
give correctly the surface traction required to prevent 
relative motion of the faces of a macroscopic cut made 
in the material. 

We can obviously generalize these results to a dis- 
tribution of imperfections in which m is a function of 
position. The microscopic u® is still given by (13) but 
the gross displacement is 


/ ( = 
fepne (MM, 
V 


|r—r’| 


(r’), (18) 
and in the averaging process we must have »*<R 
<Kn-4| grad(n-') |. 

The gross or microscopic p;;' is the stress produced 
by surface tractions — p;;°n; calculated from (13) or 
(14,18). These two surface tractions will differ by 
rapidly fluctuating quantities with a “wavelength” of 
the order of n~? whose effect will be confined to a surface 
layer of the same order. Thus in the bulk of the material 
the image quantities are efficiently smoothed by St. 
Venant’s principle whether we smooth the infinity 
quantities or not, and we need not distinguish between 
their gross and microscopic values. 


V. EFFECT OF POINT SINGULARITIES ON THE 
X-RAY DIFFRACTION PATTERN 


Miller and Russel® originally suggested that there is 
a difference between the geometrical volume change of 
a crystal containing imperfections and the volume 
change deduced from the change of x-ray lattice con- 
stant. They calculate that for a uniform distribution of 
point imperfections the latter should be about twice 
the former.’ Huang* and Teltow® found that they were 

*P. H. Miller, Jr., and B. R. Russel, J. Appl. Phys. 23, 1163 
They have since withdrawn this factor. P. H. Miller, Jr., and 
B. R. Russel, J. Appl. Phys. 24, 1248 (1953). 


*K. Huang, Proc. Roy. Soc. (London) A190, 102 (1947). 
* J. Teltow, Ann. Physik 12, 111 (1953). 
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equal. These authors omit image effects. Miller and 
Russel calculate the image effect for a single imperfec- 
tion at the center of a sphere. They take a collection of 
such spheres with the interstices filled up to represent 
a body containing many imperfections and argue that 
the image effect is negligible because the surface trac- 
tion across these spheres is by no means zero. As we 
have seen, the effect of the image term on the volume 
change can be taken into account quite generally, and 
we shall find that the same is true for its effect on the 
x-ray lattice constant. 

For an undisturbed crystal the scattering power 
plotted in reciprocal space will be a set of patches with 
their maxima at the points of the reciprocal lattice. If 
the crystal is distorted by external forces or internal 
imperfections the patches will be displaced and de- 
formed. We may regard the new maxima as defining 
a new reciprocal lattice and we can then speak of the 
deformation of the reciprocal lattice corresponding to a 
deformation of the crystal. 

Let the position of a point of the crystal or reciprocal 
lattice before and after distortion be 


r= Lai, r+Ar= (L;+AL,)a; 
and 


B= hb, B+AB= (h;+Ah,) b;. 


Miller and Russel derive the following relation valid 
within a region around the origin of reciprocal space 
which decreases as the degree of crystal distortion 
increases: 

Ah;Ay=—h Bi (j=1,2,3), (19) 
where 


Ag=DLD LL; By=L ALiL;, 


> implying summation over all points of the crystal 
lattice. We have simplified equations (1,2,3) in refer- 
ence 6, appendix 1, by taking the origin at the lattice 
point nearest the center of gravity of the crystal: then 
the sums >-L; will differ from zero by integers small 
compared with the number of atoms in the crystal and 
may be neglected. Equation (19) has the solution 


Ahi=—MiCui, Crs= BuzAje (20) 


where A;;’ is the matrix reciprocal to A,;. C;; is not in 
general symmetric even if B;; is. Thus (20) is an in- 
finitesimal affine transformation in reciprocal space. In 
other words the reciprocal lattice points are shifted as 
if they were embedded in an imaginary elastic con- 
tinuum which undergoes a deformation in which all the 
strain and rotation components 


ei= 3 (0Ah;/dh;+04h;/dh,) = 3 (C4j3+C;:) ; 

oii= 4 (0Ah;/dh;—OAh;/dh;) =< 3 (Cyj3- Cj) 
are in general different from zero and constant for small 
h;. This implies, for example, that from x-ray measure- 
ments of the position of low-order spots alone, a dis- 


torted cubic crystal could not be distinguished from an 
unstrained monoclinic crystal slightly misoriented. 
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Following Huang and Teltow we may replace the 
displacement expressed as a sum of the effects of the 
separate imperfections by an integral if the distribution 
is statistically uniform. This corresponds to the averag- 
ing process of the previous section, and we may putt 
aAL;=(u;). The summation >> may also be replaced 
by an integral and we have 


1 1 
Ag=— f sexes, Bu=— [ xdus)av (21) 
avy avy 


But we know that when the image terms are included 
(u;) has the form (15), so that A;;= (4/3)rncB;; and 
(20) has the solution 


Ah, Ahe Ah; 


= — i. — (4/3)rncy. 


(The A,; are products of inertia of the crystal and | A,;| 
could only vanish if the moment of inertia of the crystal 
about some axis were zero.) Thus the reciprocal lattice 
contracts uniformly in the way we should expect for a 
crystal which had suffered the uniform expansion (15). 

This simple result would be destroyed if the image 
terms were omitted. We should have 


cn 0g 
Bi; 2 a x;—d?, 
aé V Ox; 


where 


g= four 


is the potential of the specimen if filled with charge of 
unit density. For an ellipsoidal crystal ¢ is a quadratic 
function of the coordinates (Eq. (16)),and it follows that 
—Ah/hy, —Ah2/h2, —Ah3/hs are equal, respectively, 
to the three quantities (17). In this case the (incorrect) 
deformation of the reciprocal lattice agrees with the 
(incorrect) macroscopic deformation with image effects 
omitted. For a body of arbitrary shape this is no longer 
true, since there is no simple relation between A,; and 
B,;. X-ray measurements would indicate that the cubic 
unit cell had become monoclinic, and its change of 
volume would bear no simple relation to the change in 
volume of the crystals calculated with or without image 
effects. These complications are implicit in Huang’s 
calculations. Each of the two terms in his expression (I) 
is similar to our (14). Thus Huang’s (I) does not repre- 
sent a uniform expansion except for a sphere, and even 
for the sphere the expansion lacks a factor . Actually 
Huang is concerned with the more general question of 
the distribution of scattering power between the re- 
ciprocal lattice points. It is easy to see that in his ex- 
pressions (II) and (III) ¢ must be replaced by cy. 
Since c is eventually eliminated with the help of his 


t For simplicity we now suppose the crystal is simple cubic 
with lattice spacing a. 
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Eq. (18) in which also c must be replaced by cy the 
final result is unaffected, as also is the important result 
that the sharpness of the diffraction peaks is unaltered 
by the uniform distribution of defects. 

Miller and Russel found by calculating the >> LAL; 
numerically that for a single singularity at the center 
of a sphere the expansion deduced from x-rays was 2.5 
times the geometrical expansion. They originally de- 
duced from this that there should be a similar difference 
(with the factor reduced from 2.5 to about 2) when 
there are a large number of imperfections distributed at 
random. 

The previous discussion indicates that this is incor- 
rect, but does not show exactly how the discrepancy 
arises. This discrepancy exists whether image terms are 
introduced or not (though introducing them would 
reduce the factor from 2 to 1+1/y) and for simplicity 
we omit them in the following discussion. 

Let us find the effect of a single imperfection at a 
point & relative to the center of a spherical crystal of 
radius R. We can save calculation by finding the 
dilatation of the reciprocal lattice and not its detailed 
distortion. Putting (w;)=c(x;— &)/|x—&|* in (21) we 
find after some manipulation 


AV" OAh; 15 ¢ 0 dv 
AE) ees" ee 
V dh; 4e R® d&;J Jy |x—&| 


The integral is the gravitational potential at & in a 
solid sphere of unit density and has the value 
29 (3R?—#). Thus 


AV*=10mc(1—#/R?). (22) 








If we exclude from the integration a sphere of radius 
ro about — a term —7r,*/R® must be introduced inside 
the bracket. Since ro can presumably be taken of atomic 
dimensions we shall omit it. 

The reason for the discrepancy now becomes clear. 
The expression (22) is greater or less than the geo- 
metrical AV” according as é is greater or less than 
/ (3/5) R=0.77R. For &=0 it is 2.5 times the geometrical 
value, in agreement with Miller and Russel. If there 
are a large number of defects scattered at random 
throughout the sphere, the average contribution to 
AV® per imperfection is given by replacing # in (22) 
by its mean value for all points of the sphere, 


R R 
()=4a J rdr / dor J dr=3R°. 
9 0 


This gives a mean x-ray AV” of 4c, in agreement with 
the geometrical value (7). There seems to be nothing 
objectionable in the replacement of sums by integrals, 
and presumably Miller and Russel’s summation pro- 
cedure would give the geometrical value if carried out 
for a reasonable number of imperfections scattered 
throughout a sphere. 

As a corollary we see that with a given number of de- 


ESHELBY 


fects the x-ray expansion depends strongly on their 
(nonuniform) distribution, while the geometrical ex- 
pansion is, of course, independent of the distribution. 
Thus, for a sphere the ratio of the x-ray AV® to the 
geometrical AV® can be given any value between 2.5 
and 0 by sweeping the defects towards the center or 
surface. When the two expansions are corrected for the 
image terms the ratio lies between 1+-1.5/y and 1—1/y. 


VI. DISCUSSION 


The equality of the x-ray and geometrical expansions 
of a crystal uniformly filled with point imperfections has 
a bearing on the question whether they are of Schottky 
or Frenkel type. Revised calculations by Miller and 
Russel’ gave a difference of not more than about 10 
or 20 percent between the two expansions in place 
of their original factor of two. The residual difference 
may be partly the result of the neglect of image terms. 

Turning to the factor y introduced into the expansion 
by the image terms it looks at first sight as if one could 
redefine the strength of an imperfection as cy and then 
forget about the image effects. This is not so. The 
contributions to the expansion from u® and w/ are in 
the ratio 1:(y—1). But the ratio of their contributions 
to any other phenomenon will in general be quite 
different, since u® is a rapidly fluctuating function of 
position associated with a pure shear, whereas wu’ is 
smooth except near the surface with an associated 
stress which is chiefly a hydrostatic pressure in a body 
of reasonable shape; c is thus the basic constant which 
we might hope to determine from measurements of one 
effect and apply in calculating the value of another. 
The following examples illustrate this. 

Nabarro” has discussed the hardness of dilute alloys. 
The hardening is due almost entirely to p;;”, the slowly 
varying p;;/ playing scarcely any part. He eliminates c 
with the help of the observed change of lattice constant 
with composition but neglects the image effect. This 
can be put right by dividing his theoretical constant 
a=0.05 by y before comparing it with the values de- 
duced from experiment. The spread of the latter is too 
great to say if this gives any improvement. 

Dexter" has calculated the effects of u* and u’ on 
the electrical conductivity of metals. The former gives 
a temperature independent and the latter a tempera- 
ture dependent contribution. They are of the same 
order at room temperature. 

Overhauser” has considered the modification of rates 
of diffusion by the strain due to point imperfections. 
The effects arising from u* and u/ depend differently 
on temperature, and the image term may become im- 
portant at high temperatures. 

Zener has calculated the change of shear modulus 
caused by the u® field of point imperfections. Evidently 


 F, R. N. Nabarro, Proc. Phys. Soc. (London) 58, 669 (1946). 
1D). L. Dexter, Phys. Rev. 87, 768 (1952). 

2 A. W. Overhauser, Phys. Rev. 90, 393 (1953). 

3 C. Zener, Acta Cryst. 2, 163 (1949). 
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the dilatation due to the image field should give rise 
to an analogous change of bulk modulus. (As we have 
seen, u® produces no dilatation of the material between 
the imperfections.) In fact we should have a change 


AK dlogK AV! dlogK y—1dl 
= —= 3— - (23) 
K dlogV V-’ dlogV vy 1 











proportional to the relative change dl/I of lattice con- 
stant but of opposite sign, since d logK/d logV is nega- 
tive. According to a simple theory" verified quite well 
by experiment —dlogK/dlogV is equal to 2r+4/3, 
where I is Griineisen’s constant. Zener’s Au/» on the 
other hand depends on the shear strain energy associ- 
ated with an imperfection and so is proportional to 
|dl/l|. 

By an atomic calculation Dienes'® has found that 
one percent of interstitials increase the bulk modulus 
of copper by 6.8 percent and of sodium by 1.9 percent. 
His calculations deal in principle with what happens in 
the immediate neighborhood of the imperfection, so it is 
reasonable to suppose that they take account of u® 
and that the effects of u’ should be added. The results 
of Dienes and of Huntington and Seitz!® suggest that 
we may take 4rc/Q to be about 0.6 and 0.9, respectively, 
for an interstitial in copper or sodium. By (13’) and 
(23) the corresponding percentage changes for one per- 
cent interstitials are lattice constant 0.9 (Cu), 1.4 
(Na), bulk modulus —4.6 (Cu), —6.9 (Na). Our calcu- 
lation cannot claim any accuracy, but it suggests that 
the image term is important, perhaps even large enough 
to change the sign of AK/K. 

The change of shear modulus found by Zener’s argu- 
ment depends on nonlinear behavior in the region close 
to the imperfection (see below) and it is therefore in 
principle already included in a calculation such as 
Dienes’ which considers the balance of interatomic 
forces near the imperfection. 

It was pointed out at the end of Sec. III that for a 
purely elastic model the actual volume of material was 
unaltered. Zener’? has shown how in such a case the 
departure from Hooke’s law gives a volume change, 
and we ought to consider what effect this will have on 
our calculations. This change has the value 


AV’=—(1+d logK/d logV)W4/K 
— (1+d logu/d logV)W./K, 
where W, and W, are the total dilatational and shear 


4 J.C. Slater, Phys. Rev. 57, 744 (1940). 
18 G. J. Dienes, Phys. Rev. 86, 228 (1952). 
16H. B. Huntington and F. Seitz, Phys. Rev. 61, 315 (1942). 


17C, Zener, Trans. Am. Inst. Mining Met. Engrs. 147, 361 
(1942). 


strain energies associated with the internal stress. The 
first term can be considered as a small correction to 
AV‘ corresponding to using in (9) the value of K appro- 
priate to the lattice as expanded. The shear strain 
associated with the sphere-in-hole model of Sec. II is 
Smuc?/ro (see reference 8). If we take the case of inter- 
stitials in a face-centered cubic material and put ro 
equal to the distance from the interstitial to the nearest 
face-centered atom we have 


AV’/V =—(i+d logu/d logV) 16m (u/K) (c/Q)’f. 


This is about one tenth of (13’) for interstitials in 
copper if as before we take c/Q~0.05. However, even 
if the ratio were quite large our previous calculations 
would not be upset. Of the shear strain energy 8xuc/r¢' 
associated with an imperfection nearly ninety percent 
is contained within a sphere of radius 2ro. Thus the 
correction comes entirely from an additional expansion 
confined to the immediate neighborhood of the imper- 
fection. This extra volume change is transmitted to the 
surface by the displacement u® which must have the 
form (1) as soon as the elastic region is reached. Thus 
the effect we are considering merely “renormalizes”’ 
the constant c in (1) and it is correct to use the modified 
value not only in (13’) but also in discussing any other 
phenomenon in which only strains in the elastic region 
are important. 

Point imperfections may expand the lattice by 
mechanisms other than misfit. Take for example an 
alkali halide crystal with doubly charged foreign cat- 
ions in some positions together with an equal number 
of vacant anion sites. The continuum model is a di- 
electric with positive and negative charges embedded 
in it. Round each there is an elastic stress field due to 
electrostriction. The dilatation is large near a charge 
and falls off rapidly with distance. The stress field is 
essentially that of a center of dilatation. A rough 
calculation suggests that its strength is of the same 
order as for a reasonable degree of misfit. Since it is 
proportional to the square of the charge, the effect 
should exist although the number of positive and nega- 
tive charges is equal. Again, if atoms of different valency 
are introduced substitutionally into a metal, the re- 
sulting change in the number of electrons in the con- 
duction band will produce a change of lattice constant 
quite apart from any misfit effects. 

It is not the aim of this paper to advocate the elastic 
approach, but to show that when it is used neglect of 
the presence of the free surface may lead to qualitative 
untidinesses (such as nonuniform deformation by a 
uniform distribution of defects) and quantitative errors 
which may be important. 
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A new approximate means of evaluating integral transforms is developed. The process, which is very 
simple and quite general, has been applied to the Fourier, Laplace, Mellin, and Hankel transforms. The 
method may also be successful as a numerical means of evaluating an integral which has a highly oscillatory 


term in its integrand. 





1. INTRODUCTION 


HE importance of integral transformations in the 
various mathematical sciences needs hardly be 
mentioned. So far as electrical engineering is concerned, 
network theory has been so completely based on the 
Fourier and Laplace transforms that the frequency re- 
sponse of systems had, for a while, assumed a much 
greater importance than its time response to the engi- 
neer. Furthermore, the various other transformations 
such as the Mellin and Hankel transforms are applicable 
in solving network problems for time-varying systems.’ 
These transforms also find use in various electro- 
magnetic field and wave problems, to mention just 
another application. However it is not uncommon that a 
particular transform cannot be evaluated due to its 
complexity and so a simple general method of obtaining 
an approximate expression for the transformation would 
be quite useful. The proposed method accomplishes this 
and it may also be successful as a numerical means of 
evaluating an integral which has a highly oscillatory 
term in its integrand. 

Although a considerable number of methods?-” exist 
for the evaluation of the Fourier and Laplace transforms, 
no simple method has been found in the literature for 
the evaluation of any integral transform. Furthermore, 
it is felt that the proposed method is as simple as any of 


” ® This par This as is based on a portion of a thesis which has been 

accepted by the faculty of the Graduate Division of the College of 

Enginecrng of New York University in partial fulfillment of the 
uirements for the degree of Doctor of Engineering Science. 

Instructor, Electrical Engineering Department, New York 
University. 

1 J. A. Aseltine, “Transforms for Linear Time-Varying Systems,” 
a of California, Los Angeles, Report 52-1 (February, 
1952). 

2 A. V. Bedford and G. L. Fredendall, Proc. Inst. Radio Engrs. 
30, 440-57 (1942). 

*G. S. Brown and D. P. Campbell, Principles of Servo-mecha- 
nisms (John Wiley and Sons Inc., New York, 1948), first edition, 
Chapter 11. 

‘W. J. Cunningham, J. Appl. Phys. 18, 656-664 (1947). 

5C. H. Dawson, “Approximation of Transient Response from 
Frequency Response Data,” Am. Inst. Elec. Engrs. Technical 
paper 53-248, presented at Am. Inst. Elec. Engrs. Summer 
General Meeting, Atlantic City, New Jersey, June 19, 1953. 

6 A. Erdelyi, Phil. Mag. 34, 533-537 (1943). 

7L.N.G. Filon, Proc. Roy. Soc. Edinburgh 49, 38-47 (1928-29). 

§ T. Roddam, Wireless World 58, 292-295 (1952). 

* J. B. Russell, J. Math. and Phys. 12, 274-290 (1932). 

“ H. A. Samulon, Proc. Inst. Radio Engrs. 39, 175-86 (1951). 

“C, J. Tranter, Integral Transforms in Mathematical Physics 
(John Wiley and Sons Inc., New York, 1951), first edition. 

2H. A. Wheeler, Proc. Inst. Radio Engrs. 25, 359-85 (1939). 


the existing methods for the evaluation of the Fourier 
and Laplace transforms. 


2. STATEMENT OF THE GENERAL PROCEDURE 


The general procedure will first be outlined before it is 
developed and illustrated by some examples. 


(a) The function which is to be transformed is ap- 
proximated by a set of confluent straight-line segments, 
none of which have an infinite slope. 

(b) The changes in slope between straight-line seg- 
ments are calculated. 

(c) These values are substituted into the general ex- 
pression for the approximation of the transformation 
and the resulting expression evaluated. 


3. GENERAL DEVELOPMENT OF FORMULAS 


Consider the following general transformation. 
b 
F=f sods, (1) 


where ¢ is a real variable, s may be either real or complex 
and the limits may assume any real values. The case 
where the limits become infinite will be considered 
subsequently. It is assumed that the following indefinite 
integrals can be found: 


G(s,t)= f H(s,)dt, 


K(s,t)= f G(s,A)db. 


Integrating expression (1) by parts, the following is 
obtained: 


od 
F(s)=([f@G(s,t) ?— f “csi (2) 


This is the basis of an approximation method in which 
the interval (a,b) is divided into m+1 sections and the 
function /(/) approximated in each section by a straight 
line segment. The average slope of the function in each 
section is approximated by the slope of the correspond- 
ing segment and these segments are taken to join end on 
end. In short, the graph of f(t) is approximated by a 
polygon whose vertices need not lie on this graph. 
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Now let Sy, be the slope of the &th straight line 
segment in the approximation, ¢, the abscissa of the 
point of intersection between the Ath and (k+1)st 
straight line segments, fo= a and tn41=0. By using Sz in 
place of df/dt in the previous expression and rearranging 
terms, the following approximation to F(s) is obtained: 


F 4 (s) _ [{@OG (s,t) J?+ Spk (s,a) 
—SpmvK 6)+ K(s,tx)ASyx, (3) 


where AS s4=Sy(441)—S yx. This is the desired result. 

The transformations considered below have infinite 
limits. If in addition to the customary assumption, as- 
suring the existence of F(s) in expression (1), the 
assumption is made that the first term on the right-hand 
side of expression (2) remains bounded at the infinite 
limit, then the resulting approximation remains valid 
when the limits of integration become infinite. Further- 
more, the straight line approximation must be such that 
the transform of the approximating function exists. 

In general, the transformation, F(s), is a complex 
function and the inverse transform is of the form 


f= f P(s,t)F(s)ds, 
Cc 


where the path of integration, C, in the s plane is 
suitably chosen insuring, among other things, that the 
integral converges. To apply the development to this 
inverse transform it will first be necessary to break the 
integral up into its real and imaginary parts, if possible, 
so that it is the sum of two real integrals. Then the above 
procedure may be applied to each part to obtain the 
total approximate expression for the inverse transform. 


4. DETERMINATION OF A BOUND ON THE ERROR 


An upper bound on the magnitude of the error be- 
tween the actual and approximate transformations can 
be obtained in the following manner. Consider again the 
general transformation (1). The error in the s domain 
produced by the approximation in the ¢ domain, f,(é), is 
given by the following: 


b 
8(s)= f Cee) fa(t) JH (s,A)dt, (5) 

so that . 
|8(s)|< f fO—fa||H(s)|dt. (6) 


Furthermore for a<t<b and s suitably restricted, the 


magnitude of the kernel, H(s,#), may be bounded. That 
is, 


| H7(s,t)| <M, 





Fic. 1. Illustration of straight line approximation of R(w). 


where M is a positive, real number. Thus, 


6 
| 8(s)| <M f | f)— fad) |dt. (7) 


This integral can be easily evaluated by calculating the 
area between the graphs of f(/) and f4(t), however this 
upper bound on the magnitude of the error will in gen- 
eral be considerably greater than the actual error. 


5. EXAMPLE: THE CONSTRUCTION OF THE 
APPROXIMATE FOURIER COSINE 
TRANSFORM 


As an example of the method of constructing the 
approximate expression for a transformation, the follow- 
ing Fourier cosine transform will be considered: 


2 C) 
W (t)=- f R(w) coswtdw. (8) 


As applied to network theory, W(/) and Rw) may 
represent the response to an impulse applied at =0 and 
the real part of the corresponding system function, re- 
spectively. Approximating R(w) by m straight-line seg- 
ments as shown in Fig. 1 such that the (n+-1)st segment 
coincides with the horizontal axis beyond ?¢, and 
formally applying the development as outlined before, 
the approximate transform is obtained 


2 n 
W,z(@=-—(Sat>d AS rx Cosw tf). (9) 
at hen 


It can be seen that this expression approaches the 
indeterminate form of zero over zero as ¢ approaches 
zero. However, an expression for this value may be 
obtained by integrating the exact expression for the 


initial value by parts and applying the approximation as 
before. This yields 


1» 
Wa (0)=- pe wrPAS rx. 


T k=l 
Finally the expression for the bound on the error is 


|8@|=|WO-W.| 


2 -) 
<- f |R(w)—Ra(w)|de. (10) 
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6. APPLICATION TO OTHER TRANSFORMATIONS 


The expressions which have been derived for the 
Fourier, Laplace, Mellin, and Hankel transforms are 
presented in Table I along with their corresponding 
initial value and error bound expressions. Needless to 
say, the functions, their approximations, and the vari- 
ables ¢, p, and s must satisfy the restrictions that hold 
for each transform. The expressions for the initial values 
are derived on the assumption that the behavior of the 
function f(#) as ¢ increases beyond all bounds is such 
that 


Lf/OLO).=0, 
where L(t) is defined by the indefinite integral 


L(t)= f H(0,t)dt. 


In obtaining the approximate expression for the 
inverse Fourier transform (Ib) the complex function, 
F (jw), is first broken up into its real and imaginary 





Fic. 2. Approximation of R(w) for the first example. 


parts: 
F (jw)=R(w)+ jl). 


These parts are then approximated over the interval, 
O0<w<o, making use of the even and odd charac- 
teristics of R(w) and I(w), respectively. 

In those cases wherein integration in the complex 
plane is required such that the path of integration is not 
along the real or imaginary axis, the method is exactly 
the same. For instance, when the inverse Laplace 
transform is applied to those s functions whose poles all 
lie in the left half s plane, the path of integration may be 
taken along the imaginary axis and the corresponding 
inverse transform becomes that given on line Ib, 
Table I. However when the s function has poles in the 
right half s plane, then the path of integration must be 
taken to the right of all these poles. That is, this path 
may be taken from c—jo to c+j parallel to the 
imaginary axis such that c is greater than the real parts 
of all the poles. In this case the approximate inverse 
Laplace transform becomes that given by the expression 
on line IIb, Table I. The straight line approximations 





t 


Fic. 3. Comparison of the actual and approximate responses for 
the first example. 


are made to the values that the real and imaginary parts 
of the s function assume along this path. 

All of these expressions are discussed in greater detail 
in reference 13. 
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APPENDIX 


Examples of the Use of the Approximate 
Transforms 


1. For illustration of the use of expression (9), the 
real part of a system function given by the following 
expression : 





RWw)= 
0.1223w*+0.300w*+ 1.000 


was approximated by five straight-line segments as 
shown in Fig. 2. The exact expression for the corre- 
sponding impulse response is 


W (t)= —1.877e7* cos(0.903/+ 2.134). 
The approximate expression obtained by use of expres- 
sion (9) is 
2 
W 4(t)= ——(—0.065— 0.469 cos0.500¢ 
nt 
+0.367 cosi.800/+-0.1204 cos3.00¢ 
+ 0.0315 cos4.00+-0.0151 cos5.78#), 
and its initial value is 
W 4(0)= 1.008. 


These responses are compared in Fig. 3. 


13 A. H. Zemanian, “Investigation of the transient response of 
linear systems,”” New York University, doctoral dissertation, 
1953, Chapter 5. 
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Fic. 4. Approximation of 1/t for the second example. 


2. As an example of the use of the approximate 
modified Mellin transform, a problem will be considered 
wherein the system function of a network is known but 
the input function is such that its exact transform can- 
not be determined. To obtain the output, the transform 
of the input may be determined approximately and then 
the usual analysis applied. 

Consider the following simple network wherein a fixed 
unit resistor is connected in series with an inductor 
whose inductance increases linearly with time. 





i @) 
f L@=t R=} 1 
ar () al t 








The voltage v(t) is impressed at ‘=1 and the resulting 
current i(¢) is to be determined. 
This problem yields the differential equation, 


tdi/dt+-2i=1/1, 
and the initial condition, 
i=0. 
The exact expression for the response, holding for />1, 


1s 
i=-(1--). 
t\ 


To obtain the approximate solution, v(¢) was ap- 


at t=1, 


ZEMANIAN 


proximated by four straight line segments as shown in 
Fig. 4 and the resulting approximate transform for this 
voltage was found to be 


1 0.6250 1 
V 4(s)= ---——_+——- 
s s(st+1) s(s+1) 


[10.5096 (1.800)**!+ 0.0978 (4.400) **! 








+ 0.01567 (11.50) **!+-0.00193 (50.35) **+ J. 


Multiplying this expression through by the Mellin 
transform admittance for this network, 1/(2—s), and 
then taking the inverse transform, the approximate 
expression for the current is obtained. 
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Fic. 5. Comparison of actual and approximate responses for the 
second example. 


1 
For 1.000</< 1.800; 7.4 (¢)=0.8125—0.2083t— een” 
1 
for 1.800<#< 4.400; i, (¢) =0.3538—0.03846/—0. —, 
1 
for 4.400<#< 11.50; 74 (4) =0.1388—0.00587/+- 1.279- : 
t 
1 
for 11.50<#< 50.35 ; 4 (t) =0.04859—0.00064/+ ee” 


1 
and for 50.35<t; i4(#)=41 a 


These results are compared in Fig. 5. 
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Letters to the Editor 


A New Magnetostrictive Material 
H. E. Stauss anp G. SANDOz 
U.S. Naval Research Laboratory, Washington 25, D. C. 
(Received September 30, 1953) 


AGNETOSTRICTION, or the change in dimensions of a 
body placed in a magnetic field, has been observed in 
ferromagnetic metals and in crystalline ferrites. In addition to 
these two classes of materials, magnetostriction can be expected 
to occur in bodies composed of ferromagnetic particles or powders 
embedded in a matrix that would permit relative motion of the 
particles. Apparently no search has been made for such materials. 
In them a change in length can be anticipated either if the particles 
rotate or if they develop mutual attractions. Either positive or 
negative magnetostriction could be developed. 

The possibility that magnetostriction may occur in a material 
composed of powdered particles in an appropriate matrix has been 
examined in this laboratory. Flakes of electrolytic iron were 
incorporated in a solid, rubbery matrix to the extent of fifty 
volume percent. The experimental method used for measuring 
magnetostriction has already been described'* and consisted 
essentially of putting a block of the specimen in a completed 
magnetic circuit with an air gap to prevent pressure from the 
magnet poles on the specimen. Change in dimension was measured 
by means of a resistance strain gauge.’ The block was 1 cmX3 cm 
3 cm, and the gap between specimen and pole face was 0.3 cm. 
In the absence of the specimen the applied magnetic field was 
3600 oersteds; no effort was made to measure the apparent induc- 
tion of the body or the influence of different fields upon the 
dimensional changes. 

Under the conditions described, this particular specimen 
increased in length by 8X10-§ cm/cm. A corresponding decrease 
was observed when the specimen and attached gauge were turned 
90° in the field. At saturation of the individual particles, their 
individual magnetostrictions would have been about 0.4X10-5 
cm/cm. If the change in length of the specimen was true magneto- 
striction, it showed that the flakes probably had rotated in the 
applied field. To account for the increase in length, the rotation 
would have had to be some tenths of a minute if it is assumed 
that the average initial direction was 45° to the applied field. 

Consideration must be given in this experiment to the possibility 
that the extension observed was the result of an attraction across 
the gap between the magnet pole face and the specimen surface. 
Whereas use of this experimental method? with metals has led to 
values of magnetostriction comparable to those obtained by other 
experimenters, the experience with metals does not give conclusive 
evidence with respect to a resilient material, such as the specimen, 
which contained a dispersion of magnetic particles. If the specimen 
can be assumed to have been comparable to a ferromagnetic metal 
so far as interaction with a field was concerned, the force acting on 
an individual pole would have been relatively small because of the 
low apparent induction. The strain, however, could have been 
large because of the low value of Young’s modulus of rubbery 
materials. If it is assumed that the stress developed across the 
gap between the specimen face and the magnet pole lay between 
0 and (B—H)B/8z; that the permeability was about 10; and that 
Young’s modulus‘ was about 500 lb/in.,? the strain produced 
would have been between 0 and 1.3 cm/cm, the latter figure being 
far greater than the measured value of 8X10~* cm. The relation- 
ship between the observed extension and possible pole effects is 
thus far from certain. 

The result reported here shows that a material with large 
positive change in length in a magnetic field was produced by 
incorporating a ferromagnetic powder in a resilient matrix. 
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Attention is called to material of this type in case it should appear 
to have practical value. 


1K, Hoselitz and M. McCaig, Proc. Phys. Soc. (London) B62, 163 (1949). 

2H. E. Stauss and G. Sandoz, J. Metals 4, 1342 (1952). 

3 J. E. Goldman, Phys. Rev. 72, 529 (1947). 

‘Walter’ E. Burton, Engineering with Rubber (McGraw-Hill Book 
Company, Inc., New York, 1949), p. 22. 





Change of the Isotopic Abundance Ratio within a 
Sphere Due to Diffusion* 
J. T. BRACKEN AND F, E. SENFTLE 


U. S. Geological Survey, Washington 25, D. C. 
(Received October 5, 1953) 


HEN diffusion occurs in a solid system containing two or 

more isotopes of a given element, a change in the isotopic 

ratio within the body would be expected because of the difference 

in mass of the isotopes. For some geological problems it is desired 

to obtain an indication of the average isotopic fractionation within 

a body, such as a crystal, due to diffusion of isotopes of different 

masses. To reduce the problem to simplicity an ideal case is 
assumed. 

A hypothetical homogeneous sphere of solvent material is 
embedded in an infinite homogeneous medium of the same solvent 
material. Within the sphere at time ¢ equals zero, all of the solute 
atoms are homogeneously distributed, i.e., the sphere is treated as 
an instantaneous source. Diffusion of the solute proceeds into the 
exterior medium at a uniform rate in all directions, and the 
diffusion coefficient D is assumed to be independent of concentra- 
tion and the same both inside and outside of the sphere. 

The concentration C, as a function of the radius a of the 
hypothetical sphere, the time #, and the diffusion coefficient D at 
any distance r<a, is 


3 [r+a]/{2(De)4] [ra] /{21Do)*) 
Cet ne exp(— shay fo exp(— dy 


en =e" |- »[-" ae") )}. 
> MPL ape SPL ap (1) 
where Qo is the original quantity of the diffusing substance 
(Barrer, 1951; Carslaw and Jaeger, 1947). 


If we now consider Q as the total quantity of an isotope of a 
given mass within the sphere, then 


Q=4 f” PCr. (2) 


Integrating and substituting (1) in (2), one obtains 


i 
on 0(F aS pects init “. rect pitt ‘) 


+o { {> exp[ 4") rexp[ =o *) }). @) 


Simplifying, it can be shown that 


om ota ss) ['-(-B)] 
~wve-(-p) |} © 


This equation satisfies the boundary conditions Q=Q» for D or 
t=0; and Q=0 when D or ‘= ~; and Q has values of Q>Q>0 
for all positive values of Dt and a. 

Since for all practical purposes Dp=(Mu/Mz)*Da=kDu, 
where the subscripts L and H refer to the masses M of light and 
heavy isotopes, an expression for the isotopic fractionation factor 
within a spherical body as a function of a, D, and ¢ can be obtained. 
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The mean percent isotope separation, S, within the sphere, is 
defined as 


S=(1—f)-10. (6) 

The authors wish to thank Roland G. Henderson of the U. S. 

Geological Survey for aid in developing the equations. This work 

has been sponsored by the Division of Research of the U. S. 
Atomic Energy Commission. 


* Publication authorized by the Director, U. 


oPy S. Geological Survey, 
Washington 25, D. C. 





Radioactive-Shadowing Technique and Note on the 
Deposition of Metal Crystals from Atomic Beams 


M. StmnaD, LING YANG, AND G. M. Pounp 


Metals Research Laboratory, Carnegie Institute of Technology, 
Pittsburgh, Pennsylvania 


(Received September 12, 1953) 


XPERIMENTS have been carried out to find the effect of 
oblique metal vapor beams upon the distribution of the 
deposits on the targets. It was believed that such a method would 
accentuate the effect of surface-roughness factors upon the 
uniformity of the deposit formed from the vapor. 

A high vacuum vapor effusion apparatus, which will be de- 
scribed elsewhere,! was designed to produce a collimated, radio- 
active silver vapor beam. The target could be placed in the path 
of the vapor beam at any predetermined angle. Two targets were 
made of copper disks, 1 cm diameter X1 mm thick and 2 cm 
diameter X1 mm thick. A series of concentric steps 1/1000 in. 
high were machined on their surfaces, the central area being the 
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highest part of the surface. The first target was placed at an angle 
of about 10° to the vapor beam. The second target was placed at 
an angle of about 5° to the beam and a copper wire, }-mm diameter, 
was placed in the path of the beam as shown in Fig. 1. A quantity 
of radioactive silver, Ag", corresponding to an average thickness 
of 500A was deposited upon the targets. The latter were then 
placed on no-screen x-ray film, and their autoradiographs were 
taken. The exposure given was four days. 

The autoradiographs of these targets are shown in Figs. 2 and 3, 


which show up the surface irregularities very distinctly. The 


dark arcs correspond to the step-face regions facing the vapor 
beam. The white areas correspond to the parts that were shielded 
from the beam by the steps. Also, the roughly machined surfaces 
show evidence of nonuniform deposition even on the flat areas 
between the steps. 

The quantitative relationships between collision frequency of 
atoms from the beam with unit substrate surface, concentration 
of adsorbed atoms, and nucleation rate are somewhat different 
from those given for heterogeneous nucleation from ordinary 
vapor? and will be discussed in a forthcoming publication.! 
However, for the present, it is sufficient to say that deposition 
rate is strongly dependent on the frequency per unit area with 
which atoms from the uniform beam strike the substrate surface. 
This frequency is directly proportional to the sine of the angle 
between the portion of surface in question and the-beam. Accord- 
ingly, surface irregularities will give rise to an uneven deposition. 
The regions of the surface that happen to lie most nearly per- 
pendicular to the beam will have the greatest number of atoms 
striking them, and deposition will be most rapid on these areas. 

In the autoradiograph of the part of the surface under the wire 
there is evidence of a deposit, the amount of which increases 
with the distance of the wire from the surface. This condition 
would appear to be due to diffraction of the beam around the wire. 
However, the de Broglie wavelength corresponding to the mean 
translational kinetic energy of silver atoms in the beam is only 


A=h/(mkT)'=10-® cm. 


The Fresnel diffraction around the wire at the surface, L cm 
distant from the wire in the direction of the beam, is given approx- 
imately by 


5=(AL/2)!. 


At the maximum L of 2 cm, 4 is only about 10~* cm. The deflection 
around the wire shown in Fig. 3 is of the order of 1000-fold greater 
than this. Therefore, diffraction does not seem to be a tenable 
explanation. Also, from the geometry of the apparatus that 
produces the atomic beam, it is possible that imperfect collimation 
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could produce the observed result. Further, surface diffusion 
cannot account for the effects seen in Fig. 3. Experiments are 
now being carried out to determine the nature of this apparent 
diffraction. 

This radioactive shadowing technique shows promise of being a 
useful method for studying small surface inhomogeneities. 
Quantitative studies of heterogeneous condensation of metal 
crystals from radioactive atomic beams are being carried out and 
will be presented later. Reference should be made to work in this 
field by Cockcroft? and Lennard,‘ which will be considered in 
detail in future communications. 

Support of this work has been given by a research program 
sponsored by the U. S. Office of Naval Research. 

' Yang, Birchenall, Pound, and Simnad, Heterogeneous Condensation of 
Metal Crystals from the Vapor Phase (to be published). 

2? J. H. Hollomon and D. Turnbull, Progress in Metal Physics, IV (Inter- 
science Publishers, Inc., New York, 1953), pp. 333-388. 


3 J. D. Cockcroft, Proc. Roy. Soc. (London) A119, 293 (1928). 
4J. J. E. Lennard, Proc. Phys. Soc. (London) 49, 140 (1937). 





Comments on “Diffraction of Electromagnetic 
Waves by an Aperture in a Large Screen”’ 
J. H. CRYSDALE 


Radio Physics Laboratory, Defence Research Board, Ottawa, Canada 
(Received October 26, 1953) 


RECENT paper by G. Bekefi' is concerned with the problem 

of the diffraction fields of an irradiated aperture in a perfectly- 
conducting screen. The significance of some of Bekefi’s assumptions 
and approximations is discussed in this letter. In addition, it will 
be shown that Bekefi’s approximate formula can be derived from 
a simple and straightforward argument based on the physical as- 
pects of the problem. 

In order to facilitate the analysis of Bekefi’s paper, it seems 
advisable to review the application of the electric Hertz vector? 
to the problem of an irradiated aperture in a plane, perfectly- 
conducting screen of vanishing thickness. As in Bekefi’s paper, it 
is assumed that the screen lies in the plane z=0 and that the 
primary sources are located in the region <0; consequently, the 
field is due to primary and induced sources in the region z <0. 
Harmonic time variation e/#¢ is implicitly assumed throughout. 
The symbol II; will be used to denote the electric Hertz vector 
resulting from the sources in the region z<0; the electric Hertz 
vector resulting from the sources induced on the surfaces of the 
screen will be represented by II,. 

The electric Hertz vector is defined by the differential equation 

vo+en=2, (1) 


€W 


where J is the volume electric current density. Consequently, 





ni jkr 
II,= 7 | K—da, (2) 


4rew 
where K is the surface electric current density and the integration 
is over both surfaces of the plane screen. Since all components of 
the electric Hertz vector are continuous through the surface of a 
perfect conductor, 


II=0, (3) 
on both surfaces of the screen. Also, because of the assumption of 
vanishing screen thickness, it ‘is evident from Eq. (2) that II, is 
symmetrical with respect to the plane z=0; accordingly, 


oll, 
= 4 
Oz . (4) 





in the aperture. Consequently, 
all _ all 


0z 0z (5) 
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in the aperture. It is evident that II, can be written in the form 
II,=11,.a:+H.yay, (6) 


where a, and a, are unit vectors parallel to the x and y axes. It 
will be assumed that the distribution of sources in the region 
z<0 is such that IT; can be expressed in the form 


II; =Tj,a:z. (7) 
Consequently, the total Hertz vector II is 


I= (iz+Tsz)az +I .yay, 
(8) 
=I1,a,+T,ay. 
It is not difficult to deduce from the properties of the fields of 
elementary electric charges and currents that the sources induce¢ 
in the surfaces of the screen do not contribute to either the normal 
component of the electric field in the aperture or the tangential 
components of the magnetic field in the aperture. 
The electric and magnetic intensities can be determined from 
the electric Hertz vector with the relations 




















E=vv-N+FI, (9a) 
_R 
H= =" II. (9b) 
wu 
From Eq. (8) and (9) it follows that 
a, oy, ,, 
-— tazayt* II, (10a) 
i, i 
ve axa’ aye + Hy — 
ei, dll, 
“* axdz Ayas’ ne 
2 all 
H, = — (10d) 
—k? ail; 
— ne (10e) 
Re fall, ally 
Bm hay te) ” 


It is well known that the electric current on the surfaces of 
the screen must have both x and y components in order to 
satisfy the boundary conditions on the rim of the aperture;?-§ 
therefore, a theory in terms of II, alone could not be exact. 
Bekefi pointed out that the use of only the x component of the 
electric Hertz vector imposes the not necessarily true restriction 
that H.=0 at every point in space. It is evident from Eqs. 
(10a-f) that such a solution can result in erroneous predictions of 
E,, E,, Ez and H,; as well. 

Bekefi also discussed the solution of the problem in terms of the 
magnetic Hertz vector.? It is known that the modifications in 
the field quantities due to the presence of an aperture in an infinite, 
plane, perfectly-conducting, vanishingly-thin screen can be 
expressed in terms of fictitious distributions of magnetic currents 
and charges in the aperture.* Let II,* denote the magnetic Hertz 
vector due to these magnetic sources. It is evident that II,* is 
symmetrical with respect to the plane z=0; therefore, 


orl,* _ 

az 

at all points in the plane z=0 not in the aperture. If it is assumed 
that the source distribution in the region z<0 is the same in the 


presence and absence of the aperture in the screen, the electric 
and magnetic intensities are 


0 (11) 


2 
E=E)——-vxI,*, (z <0), (12a) 
jJwe 


= yx, (220), (12b) 
jwe 
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H=H,—(VV-11,*+I1,"), (<<0), (12c) 
=VV-II,*+#II,*, (s>0), (12d) 


where Eo and Hp are the electric and magnetic intensities in the 
region z<0 when the aperture is not present in the screen. 
Expressions for the rectangular components of the field quantities 
analogous to Eqs. (10a-f) can be derived from Eqs. (12a-d) 
when it is noted that 





II ,* =11,.*a,+T.,*ay. (13) 
In particular, the expressions for Z,, H., and H, in the region 
z>0 are 
i * * 
E,= (42-52). (14a) 
jwe\ dy Ox 
0. , Fla", 
es = on” ’ t 
H aut axay +1 (14b) 
PI,.* , PI.,* 
E ——-+ #I1,,*. 1 
1, = axay —afe ay + v (14c) 


Since the electric charges and currents on the surfaces of the 
screen do not contribute to Z,, H,, and H, in the aperture, it is 
evident that the application of Eqs. (14a-c) to points in the 
aperture yields a set of conditions on II,* in the aperture in terms 
of the sources in the region z<0. 

Bekefi states that it is possible to construct an electromagnetic 
field from the vector component II,* which fulfills the boundary 
requirements 


Il,* =Ii,* (15a) 
in the aperture, 
* 
~=0 (15b) 


on the screen. He points out that the field calculated from these 
boundary requirements is not in agreement with experimental 
measurements. It would seem that the correct explanation for 
this disagreement is that there is no fundamental justification for 
the boundary condition of Eq. (15a) even though it is consistent 
with Eqs. (14a-c). The condition of Eq. (15b) is justified by Eq. 
(11). On the other hand, in Bekefi’s analysis in terms of the 
electric Hertz vector, his assumptions regarding the value of 
II, on the surface of the screen and the value of dII,/dz in the 
aperture are justified by Eqs. (3) and (5) of this letter. 

In Sec. III of his paper, Bekefi states that II, for a uniformly 
illuminated circular aperture can be expressed in the form 





1.(6',2) =f" JoOe)f(ra)e**™ (16) 

“ 
p’ and 2’ are coordinates in a cylindrical coordinate system. The 
definitions of the remaining symbols can be found in Bekefi’s 
paper. Actually, the integral representation of Eq. (16) is not 
applicable to this problem since its use implies that II, is independ- 
ent of ¢’, where ¢’ is the angular coordinate in the cylindrical 
coordinate system (’, ¢’, 2’). It is evident from Eq. (2) that, in 
general, II.(p’,¢’,2’) would not be independent of ¢’ since, in 
general,*§ 


OK, (p,4,0) 
ee £0 
0g 
It will now be shown that Bekefi’s approximate formula for 
II, can be derived with a simple physical argument. The assump- 
tions are: 


1. The field incident on the screen is uniform, plane and lin- 
early polarized, and can be described by the equations 


E= E.c"'**a,, (18a) 


(17) 


H= Fea, (18b) 


where Z is the free space wave impedance. £, is independent of 
the coordinates. 


THE EDITOR 


2. The currents induced on both surfaces of the screen are the 
currents predicted by the principles of geometrical optics. 
From assumption 1 and Eq. (9a), it follows that 


E. P 
II, (z’,y’,2') = pa (She). (19) 


From assumption 2, it can be found that 


2E. 
K= Z (20a) 


on the illuminated side of the screen, 
K=0 (20b) 
on the dark side of the screen. Therefore, 


—j2E.a e ikr 
11, (2,2) = 
(x’,y’,2’) yom A 


where s_ denotes the illuminated side of the screen. The integral 
in Eq. (21) can be evaluated following the method of Schoch;? 
as is usual with such integrals, it is convenient to assume that k 
is slightly complex. If (1,¢:,0) denotes a point which lies in the 
aperture, it follows that 


(21) 





Hh. (161,21) => ae [Pr etnde. (22) 

The symbols ro and a are defined in Bekefi’s paper. Consequently, 
E.az:f _. 1 

TM (p16155) =| es — = fe itrda. (23) 


The reduction of Eq. (23) to Bekefi’s Eq. (22) is obvious. Schoch’s 
method can also be used to determine the corresponding expression 
for II (p2,62,22) where the point (p2,¢2,0) lies in the screen. 

In conclusion, it might be pointed out that Bouwkamp*?® has 
criticized the papers by Bethe* and Copson™ referred to by 
Bekefi in his introduction. Copson at first disagreed with Bouw- 


kamp’s criticisms," but later acknowledged that they were 
correct.” 


1G. i? J. Appl. Phys. 24, 1123 (1953). 

2J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book Company, 
Inc-, New York, 1941), pp. 28, 430. 

aC, J. Bouwkamp, Physica 12, od f8en. 

4 J. Meixner, Ann. Physik 6, 1 (19 

5 J. Meixner and W. Andrejewski, ‘Ani. Physik 7, 157 (1950). 

*H. A. Bethe, Phys. Rev. 66, 163 (1944). 

7 A. Schoch, Akust. Z. 6, 318 (1941). 

8C. J. Bouwkamp, Philips Research ~y pte 5, 321 (1950). 

®C. J. Bouwkamp, Math. Revs. 8, 179 (1947). 

10 E. T. Copson, Proc. Roy. Soc. (London) A186, 100 (1946). 

ul E. T. Copson, Proc. Roy. Soc. (London) A202, 277 (1950). 

12 EF. T. Copson, Math. Revs. 12, 774 (1951). 





Momentum Transfer in Sputtering by Ion 
Bombardment 


GOoTTFRIED K. WEHNER 


Electronic Components Laboratory, Wright Air Development Center, 
Wright-Patterson Air Force Base, Ohio 


(Received November 12, 1953) 


HE most widely accepted sputtering theory is the evapora- 
tion theory, originated by Hittorf' and developed partic- 
ularly by v. Hippel? and Townes.’ For a sputtered wire, Fetz* 
found that the rate of sputtering increases as the diameter of the 
wire decreases. He ascribes this fact to an increase of the sputtering 
rate when ions strike the target under oblique angles. This result 
would not be explicable in terms of the evaporation theory but 
supports the momentum transfer theoreies as developed by 
Stark® and Holst,* Lamar and Compton,’ and Kingdon and 
Langmuir.* Massey and Burhop state,’ “It is evident, however, 
that more direct experiments are needed on the effect of angle of 
incidence of the ions in order to establish the validity of Fetz’ 
interpretation.” 
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Fic. 1. Cross section of metal strip under ion bombardment. 


Some simple and conclusive experiments, confirming the results 
of Fetz and revealing other strong evidence in favor of the 
momentum-transfer theories, can be made in a plasma of high 
density (10 per cm*) and low gas pressure (1 micron or less). 
Such a plasma provides ions with well defined ion velocities and 
angles of incidence (small ion sheath thickness—no collisions 
within the ion sheath), a high sputtering rate even at low ion 
energies, and an undistrubed transfer of the sputtered material to 
the places of deposition. 

When a metal strip is immersed in such a plasma and bombarded 
with positive ions, most of the material is sputtered not from the 
edges but from a seam along the edges of the sample as indicated 
in the cross-section picture of Fig. 2. When sputtering is continued 
for a long enough time, a strip of material is finally separated 
from the sheet along the edges. Figure 1 shows a cross section of 
the original metal strip and its surrounding ion sheath. If the ion 
sheath had the form of the upper picture, then the edge proper 
would be attacked most heavily. The actual form of the ion sheath 
is more elliptical, as in the lower picture, as can be shown by 
calculating and comparing the sheath thickness for the plane and 
cylindrical case. The ion paths indicated show why the place of 
heaviest attack is shifted towards the inside. 

The question now arises as to whether this preferential attack 
of the surface is due alone to the somewhat higher current density 
in this region or whether in addition to this, sputtering under 
oblique angles is more efficient. The answer is found by study of 
the sputtered deposits when the metal strip is placed in the axis 
of a large glass cylinder which catches the sputtered material. 
The result is indicated as photographed in Fig. 2. For the purpose of 
checking where the four separated deposits came from, the 
experiment was repeated with the metal strip covered on the top 
side along the right edge with aquadag, which is known to with- 
stand sputtering very well. From the lower photograph of Fig. 2, 
it can be seen that the opposite (upper left) deposit disappears, 
clearly indicating that momentum has been transferred from the 
obliquely incident ions to the sputtered atoms. 

Increasing the ion energy and keeping the ion sheath thickness 
constant by adjusting the plasma density accordingly (K= KU!) 
brings the two separate deposits closer and closer together. 
Finally, at a certain ion energy, which is different and characteris- 
tic for every gas-metal combination, these deposits merge together 
giving just one maximum on each side of the metal strip. The 
explanation of this fact is that, at low ion energies, sputtering from 
oblique angle ions is much more efficient and the big center area 
of the metal strip, which is under perpendicular bombardment, 
contributes little to the deposits. At higher ion energies, however, 
the difference between perpendicular and oblique bombarding 
ions becomes less and less pronounced so that finally the sputtering 
from the big central area contributes most to the deposits. This 
fact explains earlier and different results by Seeliger and Sommer- 
meyer,’ who made their experiments with ion energies between 
5000 and 10 000 volts. This, however, indicates that the angle of 
incidence largely determines the threshold energy (the least 
amount of energy necessary for separating metal atoms from the 


surface) and explains why experiments in the normal glow 
discharge, or with wires which are thin compared with the sur- 
rounding ion sheath and therefore undetermined angles of 
incidence, do not give clearly defined or reliable threshold energies. 

The experiments reported confirm not only the results of Fetz, 
but show in addition that under low ion energy bombardment 





Fic. 2. Deposits on a glass cylinder surrounding the sputtered metal 
strip. Contact photographs show the deposits on the upper half of the 
glass cylinder. 


momentum is transferred to the sputtered atoms. The angle of 
incidence is an important and previously neglected parameter in 
the determination of threshold energies. In every metal-gas 
combination, a different and characteristic minimum threshold 
energy is necessary to start sputtering at perpendicular incidence. 
These results cannot be explained by the evaporation theory. 
The measurement of threshold energies for different metals in 
Hg and their connection with the heat of formation and the 
velocity of sound in the metal will be reported in the near future. 
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Rotation of the Microwave Polarization 
in Liquid Crystals 
GLENN A. MANN AND R. D. SPENCE 


Department of Physics, Michigan State College, East Lansing, Michigan 
(Received November 12, 1953) 


Sie experiment reported in this note is an outgrowth of 
some previous observations on the behavior of the micro- 
wave dielectric constant of a liquid crystal placed in the static 
magnetic field. We have shown* that for a compound such as 
para-azoxyanisole in the liquid-crystal phase there is a considerable 
difference in the complex dielectric constants measured with the 
microwave electric field parallel and perpendicular to the trans- 
verse static magnetic field. For example, for para-azoxyanisole at 
a temperature of 128°C and a frequency 15 000 Mc, the dielectric 
constants parallel and perpendicular to the static magnetic field 
are €= (3.79—40.47) €0, €1= (3.46—10.85) €0. 

The large difference in the imaginary part of the dielectric 
constant leads one to expect that if microwaves were allowed to 
enter the liquid crystal polarized at an angle Yo with respect to 
the magnetic field, the component polarized perpendicular to the 
magnetic field would rapidly be attenuated compared with the 
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Fic. 1. Rotation of the plane of polarization in p-azoxyanisole as a func- 
tion of the length of sample; Yo is the angle between the static magnetic 
field and the electric vector of the microwave field. The data for this figure 
were taken at a temperature of 129°C in a field of 1300 gauss and at a 
frequency 9 400 Mc. 


parallel component. To observe this effect, we used a circular wave 
guide operating in the TE, mode. We chose to use para-azoxyani- 
sole since its liquid-crystal phase extends over a fairly wide temper- 
ature range (17°C), occurs at low temperatures, and is easy to 
prepare. The experimentally measured rotations as a function of 
the length of sample and for different angles of incidence Wo are 
shown in Fig. 1. These curves are for a field of 1300 gauss and a 
temperature of 129°C. The ultimate rotations for a given angle of 
incidence Yo approach yo. This fact simply means that the field 
eventually becomes polarized along the direction of the static 
magnetic field if the sample is long enough. Figure 2 shows the 
rotation for an angle of incidence yo equal to 60° and for the two 
fields of 1300 and 500 gauss. At fields above 1300 gauss, the 
effect is fairly well saturated, and any further increase of the 
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Fic. 2. Rotation as a function of sample length for yo =60° and two 
different values of the magnetic field. Temperature and frequency are the 
same as in Fig. 1. . 


field intensity does not produce any considerable increase in the 
rotation. Below 400 gauss, the rotation falls off rapidly and 
becomes somewhat erratic because of the alignment of the 
molecules by thermal gradients in the column of liquid crystal. 

It appears that if this effect is ever to be used in any practical 
device, two modifications will have to be sought. One needs a 
compound whose liquid-crystal phase occurs at room temperature 
and in which the attenuation of the electric field component 
parallel to the static magnetic field is very small. At present it 
appears likely that a compound in which the liquid-crystal phase 
occurs at room temperature can be found. However, it is not clear 
whether it is possible to find a compound in which the attenuation 
of the parallel component of the electric field is really small. 


*E. F. Carr and R. D. Spence, J. Chem. Phys. (to be published). 





Climaxing a seven-year series of contracts with the U. S. Signal 
Corps, The Brush Laboratories Company, Unit of Clevite Cor- 
poration of Cleveland, recently harvested this clear and shapely 
crystal from one of its quartz-growing autoclaves. It is the world’s 
largest and most nearly perfect man-made quartz crystal. The 
crystal weighs 1014 grams and was grown on a Brazilian quartz 
seed-plate 3X5 inches by } inch thick and weighing 4.5 percent 
of the present total. The process of growth was carried out over 
a period of 78 days, at a temperature of 660°F, a pressure of 5000 
pounds per square inch, and in the presence of 18 percent sodium 
carbonate in water. The feed material was small broken chunks 
from Brazilian quartz crystals. 

The crystal is considered very high quality by the radio crystal 
industry. It contains one small speck (about 10 mm?) of optical 
twinning, and, on the basis of destructive examination of other 
synthetic quartz, it is believed to be free from electrical twinning. 
In short, this crystal is of higher quality, weight for weight, than 
99 percent of all natural quartz. 


Cover Photograph 


The pilot plant of The Brush Laboratories has lately (August 
25) produced another crystal weighing 1395 grams in a run lasting 
131 days; its two major surfaces, however, contain a number of 
grooves extending into the crystal for about % of the crystal 
thickness. 

These radiograde crystals were grown in autoclaves having 
capacities of 50 pounds of synthetic quartz per run of 75 days. 
Usually, instead of such large crystals, a large number of crystals 
weighing about 90 grams each are produced, these being of a size 
much more useful for processing into oscillator plates. 

Careful tests by the Signal Corps and by several manufacturers 
of oscillator units have shown that this synthetic product is satis- 
factory for use in all frequency control applications now filled by 
natural quartz. Chemically, it is identical with natural quartz 
except a little purer. 

The work of Giorgio Spezia, Italian mineralogist, in 1905-1908 
and Richard Nacken, contemporary German mineralogist, con- 
tributed to the success of this project. 


































































































































































































